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Notations

Definitions

f a function on G = Rd , Td , Zd or Z/nZ, f̂ the Fourier transform
of f :

1 G = Rd , f̂ (ξ) =
∫

Rd f (t)e−2iπ〈ξ,t〉 dt , ξ ∈ Ĝ = Rd → extend
to L2

2 G = Td , f̂ (k) =
∫

Td f (t)e−2iπ〈k ,t〉 dt , k ∈ Ĝ = Zd (Fourier
coefficient)

3 G = Zd , f̂ (ξ) =
∑

k∈Zd f (k)e2iπ〈k ,ξ〉, ξ ∈ Ĝ = Td (sum of
Fourier series)

4 G = Z/nZ, f̂ (`) = 1√
n

∑m−1
k=0 f (k)e2iπk`/n, ` ∈ Ĝ = Z/nZ

(Discrete Fourier transform).
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Definitions

Definitions

Definition

Let S,Σ subsets of G = Rd , Td , Zd or Z/nZ.
(S,Σ) is an annihilating pair if

supp f ⊂ S & supp f̂ ⊂ Σ ⇒ f = 0;

(S,Σ) is a strong annihilating pair if ∃C = C(S,Σ) s.t.
∀f ∈ L2(G),

‖f‖L2(G) ≤ C
(
‖f‖L2(G\S) + ‖f̂‖L2(Ĝ\Σ)

)
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)



Annihilating pairs Discrete Fourier transform Trigonometric polynomials Continuous Fourier transform

Definitions

Definitions

Definition

Let S,Σ subsets of G = Rd , Td , Zd or Z/nZ.
(S,Σ) is an annihilating pair if

supp f ⊂ S & supp f̂ ⊂ Σ ⇒ f = 0;

(S,Σ) is a strong annihilating pair if ∃D = D(S,Σ) s.t.
∀f ∈ L2(G), supp f ⊂ S,

‖f‖L2(G) ≤ D‖f̂‖L2(G\Σ)
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Motivation

— sampling theory : how well is a function time and band
limited ?

— PDE’s...
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Questions

Question
Given S,Σ ⊂ G

is (S,Σ) weakly/strongly annihilating ?
estimate C(S,Σ) in terms of geometric/arithmetic
quantities depending on S and Σ !
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Link with compressed sensing

Definition
(Ω, s) has Uniform Uncertainty Principle (Restricted Isometry
Property) if ∃δs ∈ (0,1) s.t., ∀S ⊂ Z/nZ, |S| = s ∀f ∈ L2(Z/nZ),
supp a ⊂ S

(1− δs)
|Ω|
n
‖f‖22 ≤ ‖f̂‖

2
L2(Ω) ≤ (1 + δs)

|Ω|
n
‖f‖22 (1)

δs is called Restricted Isometry Constant of (T ,Ω, s).

⇒ (S,Ωc) is a strong annihilating pair ∀S s.t. |S| = s,

‖f‖2 ≤
(

1 +

√
n

(1− δs)|Ω|

)(
‖f‖L2(Sc) + ‖f̂‖L2(Ω)

)
.

⇐ If (S,Σ) is a strong annihilating pair ∀S s.t. |S| = s, then set
C(Σ) = sup|S|=s C(S,Σ), (Σc , s) satisfies UUP with

δs = 1− 1
C(Σ)

1
1− |Σ|/n

.
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Non probabilistic results

1 Matolcsi-Szucks 1973/ Donoho-Stark 1989: if
f ∈ L2(Z/nZ) = Cn, |supp f ||supp f̂ | ≥ n i.e. if S, σ ⊂ Z/nZ
are s.t. |S||Σ| < n, then (S,Σ) is a weak annihilating pair.

2 if n = p prime, |S|+ |Σ| ≤ n, then (S,Σ) is a weak
annihilating pair.

3 ⇒ (compactness argument) ∃C = C(S,Σ) s.t.

1
C(S,Σ)

‖f‖L2(Z/nZ) ≤ ‖f‖L2(Z/nZ\S) + ‖f̂‖L2(Z/nZ\Σ).

Argument gives no estimate on C(S,Σ).
4 Extended to change of bases by Elad-Bruckstein...
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Non probabilistic results

Strong annihilating property (Ghobber-J.)
If S,Σ ⊂ Z/nZ are s.t. |S||Σ| < n, then

‖f‖2 ≤
(

1 +
1

1− (|S||Σ|/n)1/2

)(
‖f‖L2(Z/nZ\S) + ‖f̂‖L2(Z/nZ\Σ)

)
Proof: Assume first supp f ⊂ S

‖f̂‖L2(Σ) = ‖1ΣF [f ]‖L2(Z/nZ) = ‖1ΣF [1Sf ]‖L2(Z/nZ)

≤ ‖1ΣF1S‖L2→L2‖f‖L2 ≤ ‖1ΣF1S‖HS‖f‖L2(S)

‖1ΣF1S‖HS =

 ∑
j∈Σ,k∈S

∣∣∣∣∣e2iπjk/n
√

n

∣∣∣∣∣
2
1/2

=

(
|S||Σ|

n

)1/2

.
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Non probabilistic results

‖f̂‖L2(Z/nZ\Σ) ≥ ‖f̂‖L2(Z/nZ)−‖f̂‖L2(Σ) ≥

(
1−

(
|S||Σ|

n

)1/2
)
‖f‖L2(S).

General case:

‖f‖ ≤ ‖1Sf‖+ ‖1Sc f‖

≤

(
1−

(
|S||Σ|

n

)1/2
)−1

‖1̂Sf‖L2(Z/nZ\Σ) + ‖f‖L2(Z/nZ\S)

‖1̂Sf‖L2(Z/nZ\Σ) = ‖f̂ − 1̂Sc f‖L2(Z/nZ\Σ)

≤ ‖f̂‖L2(Z/nZ\Σ) + ‖1̂Sc f‖L2(Z/nZ\Σ)

≤ ‖f̂‖L2(Z/nZ\Σ) + ‖1̂Sc f‖L2(Z/nZ)

= ‖f̂‖L2(Z/nZ\Σ) + ‖1Sc f‖L2(Z/nZ)
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Probability

Question
Is every set a part of an annihilating pair ?

Yes, the following is a corollary of Bourgain-Tzafriri’s restricted
invertibility theorem:

Proposition (Ghobber-J.)

S,Σ ⊂ Z/nZ s.t. |S|+ |Σ| = n. ∃σ ⊂ S s.t. |σ| ≥ (n − |Σ|)2

240n
and, ∀f ∈ `2d ,

‖f‖2 ≤
13√

1− |Σ|/n
(
‖f‖L2(Z/nZ\σ) + ‖f̂ |L2(Z/nZ\Σ)

)
.
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Probability

k ≤ n, δ0, . . . , δn−1 n independent random variables
P(δj = 1) = k/n and P(δj = 0) = 1− k/n.
Ω = {i ∈ Z/nZ : δi = 1} random subset of average cardinality
k , P

[
|Ω− k | ≥ k

2

]
≤ 2e−k/10.

Theorem (Rudelson-Vershynin)
∃κ s.t. ∀0 < η < 1,
— with probability > 1− 7n−κ(1−η), Ω has cardinality
|Ω| = n/2 + O(n1/2 log n), Σ = Z/nZ \ Ω also
— ∀S ⊂ Z/nZ with |S| ≤ n/ log n, ∀f ∈ L2(Z/nZ),

‖f‖L2(Z/nZ) ≤
2
√
η

(
‖f‖L2(Z/nZ\S) + ‖f‖L2(Z/nZ\Σ)

)
.

Applies to other unitary transforms (F → complex Hadamard
matrice).
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Lemma (Nazarov, d = 1, Fontes-Merz d ≥ 2)

p(θ1, . . . , θd ) =

m1∑
k1=0

· · ·
md∑

kd =0

ck1,...,kd e2iπ(r1,k1
θ1+···rd,kd

θd )

a trigonometric polynomial in d variables.
E ⊂ Td , |E | > 0
Then

sup
(θ1,...,θd )∈Td

|p(θ1, . . . , θd )|

≤
(

14d
|E |

)m1+···+md

sup
(θ1,...,θd )∈E

|p(θ1, . . . , θd )|.

— ord p := m1 + · · ·+ md is called the order of p.
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Lemma
With the same notations, 1 ≤ p <∞

‖P‖Lp(Td ) ≤
(

28d
|E |

)ord P+1/p

‖P‖Lp(E).

Proof: ∀ε > 0,∣∣∣∣∣
{

x ∈ Td : |P(x)| <
( ε

14d

)ord P
‖P‖∞

}∣∣∣∣∣ ≤ ε.
Take ε = |E |/2:∣∣∣∣∣

{
x ∈ Td : |P(x)| <

(
|E |
28d

)ord P

‖P‖∞

}∣∣∣∣∣ ≤ |E |2
.
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∫
E
|P(x)|p dx ≥

∫
E
χ
|P(x)|≥

(
|E|
28d

)ord P
‖P‖∞

|P(x)|p dx

≥ |E |
2

(
|E |
28d

)pord P

‖P‖p∞

≥
(
|E |
28d

)pord P+1

‖P‖pp

Question
Is there a way to deduce this (at least for p = 2) directly from
results for the discrete Fourier transform?
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Benedicks-Amrein-Berthier-Nazarov Theorem

Theorem

Let S,Σ ⊂ Rd have finite measure. Then

(Benedicks 1974-1985) (S,Σ) is weakly annihilating.
(Amrein-Berthier 1977) (S,Σ) is strongly annihilating.
(Nazarov d = 1 1993) C(S,Σ) ≤ cec|S||Σ|

(J. d ≥ 2 2007) C(S,Σ) ≤ cec min
(
|S||Σ|,|S|1/dω(Σ),ω(S)|Σ|1/d

)
ω(S) = mean width of S, / |S|1/d if S convex.
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Benedicks-Amrein-Berthier-Nazarov Theorem

Optimal Theorem ?

Optimal Theorem ?

f = e−π|x |
2

= f̂ , S = Σ = B(0,R)∫
Rd
|f (x)|2 dx ≤ ce(2π+ε)R2

(∫
Rd\B(0,R)

e−2π|x |2 dx

+

∫
Rd\B(0,R)

e−2π|ξ|2 dξ

)
.

Optimal: C(S,Σ) ≤ ce(2π+ε)(|S||Σ|)1/d
.

The above is almost optimal if S,Σ have nice geometry!
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Proof of Benedicks’s Theorem

Proof 1/2

|S|, |Σ| < +∞, f ∈ L2(R), supp f ⊂ S & supp f̂ ⊂ Σ.

1 WLOG |S| < 1

2

∫
[0,1]

∑
k

χΣ(ξ + k) dξ = |Σ| < +∞⇒

for a.a. ξ ∈ R, Card {k ∈ Z : ξ + k ∈ Σ} finite

3

∫
[0,1]

∑
k

χS(ξ + k)︸ ︷︷ ︸
=0 or ≥1

dξ = |S| < 1⇒ ∃F ⊂ [0,1], |F | > 0 s.t.

∀x ∈ F , k ∈ Z, f (x + k) = 0.
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Proof of Benedicks’s Theorem

Proof 2/2

4 by Poisson Summation∑
k∈Z

f (x + k)e2iπξ(x+k) =
∑
k∈Z

f̂ (ξ + k)e2iπkx .

By 2, the RHS is a trigonometric polynomial Z (f )(x) in x
(for a.a. ξ)
By 3, the LHS is supported in [0,1] \ F

5 Z (f ) = 0⇒ f̂ = 0⇒ f = 0.
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Proof of Nazarov’s Uncertainty Principle

Random Periodization

Lemma (Nazarov, d = 1)

ϕ ∈ L1(R), ϕ ≥ 0,∫ 2

1

∑
k∈Z \{0}

ϕ
(
v k

)
dv '

∫
‖x‖≥1

ϕ(x) dx
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Random Periodization 2 : Proof

∫
SO(d)

∫ 2

1

∑
k∈Zd\{0}

ϕ
(
v ρ(k)

)
dv dνd (ρ)

'
∑

k∈Zd\{0}
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1≤‖x‖≤2

ϕ(‖k‖x) dx
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∑
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1
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ϕ(x) dx
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1
‖k‖d
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Random Periodization 2 : Proof

∫
SO(d)

∫ 2

1
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ϕ
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'
∑
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1
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ϕ(x) dx

'
∫
‖x‖≥1

ϕ(x)
∑

‖k‖≤‖x‖≤2‖k‖

1
‖k‖d︸ ︷︷ ︸

bdd above & bellow

dx
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Proof of Nazarov’s Uncertainty Principle

Average order

Lemma
Σ be a relatively compact open set with 0 ∈ Σ

Λ = Λ(ρ, v) := {v tρ(j) : j ∈ Zd} a random lattice
Mρ,v = {k ∈ Zd : v tρ(k) ∈ Σ} = Λ ∩ Σ

then
Eρ,v

(
ordMρ,v − d

)
≤ Cω(Σ).

remark

If order→ size of support, Eρ,v
(
CardMρ,v − d

)
≤ C|Σ|.
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Proof of Nazarov’s Uncertainty Principle

End of Proof 1/4

Scale to have |S| = 2−d−1 and take f ∈ L2 with supp f ⊂ S

Set Γρ,v (t) =
1

vd/2

∑
k∈Zd

f
(
ρ(k + t)

v

)
Set Eρ,v = {t ∈ [0,1] : Γρ,v (t) = 0}

Γρ,v (t) = vd/2
∑

m∈Zd

f̂
(
v tρ(m)

)
e2iπmt (Poisson summation)

=
∑

m∈Mρ,v

+
∑

m/∈Mρ,v

:= Pρ,v + Rρ,v

withMρ,v = {m ∈ Zd : v tρ(m) ∈ Σ}
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Proof of Nazarov’s Uncertainty Principle

End of Proof 2/4

From the Lattice averaging lemma, one can choose ρ, v s.t.

— ‖Rρ,v‖22 ≤ C
∫

Rd\Σ
|̂f (ξ)|2 dξ (w.h.p)

— ord Pρ,v ≤ C(ω(Σ) + d) (w.h.p)

— |Eρ,v | ≥ 1/2 (certain)

— |̂f (0)| ≤ |Pρ,v (0)| (certain).

ρ, v s.t. all 4 properties hold.
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Proof of Nazarov’s Uncertainty Principle

End of Proof 3/4

On Eρ,v , we have Γρ,v = 0, thus Pρ,v = −Rρ,v so

∫
Eρ,v
|Pρ,v (t)|2 dt =

∫
Eρ,v
|Rρ,v (t)|2 dt ≤ C

∫
Rd\Σ

|̂f (ξ)|2 dξ

So E := {t ∈ Eρ,v : |Pρ,v (t)|2 ≤ 16C2 ∫
Rd\Σ |̂f (ξ)|2 dξ} has

|E | ≥ 1/4.
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Proof of Nazarov’s Uncertainty Principle

End of Proof 4/4

|̂f (0)|2 ≤ |P̂ρ,v (0)|2 ≤

∑
k∈Zd

|P̂ρ,v (k)|

2

≤
(

sup
x∈Td

|Pρ,v (x)|
)2

≤

[(
14d
|E |

)ordPρ,v−1

sup
x∈E
|Pρ,v (x)|

]2

≤

(14d
1/4

)ordPρ,v−1

4

(
C
∫

Rd\Σ
|̂f (ξ)|2 dξ

)1/2
2

≤ CeCω(Σ)

∫
Rd\Σ

|̂f (ξ)|2 dξ.

Apply to f → fy (x) = f (x)e−2iπxy , Σ→ Σy = Σ− y and
integrate over y ∈ Σ QED
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