Some annihilating pairs in Harmonic
Analysis

Philippe Jaming

MAPMO-Fédération Denis Poisson
Université d’Orléans
FRANCE
http://Jjaming.nuxit.net
Philippe.Jaming@gmail.com

Marnes-La-Vallée, mai 2010



Outline of talk

o Annihilating pairs
@ Notations
@ Definitions
@ Motivation

e Discrete Fourier transform
@ Link with compressed sensing
@ Non probabilistic results
@ Probability

e Trigonometric polynomials: Turan type Lemma

e Continuous Fourier transform
@ Benedicks-Amrein-Berthier-Nazarov Theorem
@ Proof of Benedicks’s Theorem
@ Proof of Nazarov’s Uncertainty Principle



Annihilating pairs
[ ]

Notations

Definitions

f a function on G = RY, T9, 79 or Z/nZ, f the Fourier transform
of f:
Q@ G=R, (€)= [ f(H)e 2™ &N dt, ¢ € G=R? — extend
to L2



Annihilating pairs
[ ]

Notations

Definitions

f a function on G = RY, T9, 79 or Z/nZ, f the Fourier transform
of f:
Q@ G=R, (€)= [ f(H)e 2™ &N dt, ¢ € G=R? — extend
to L2
Q G="T9 (k) = [4f(t)e 2kt dt, k € G =79 (Fourier
coefficient)



Annihilating pairs
[ ]

Notations

Definitions

f a function on G = RY, T9, 79 or Z/nZ, f the Fourier transform

of f:
Q@ G=R, (€)= [ f(H)e 2™ &N dt, ¢ € G=R? — extend
to L2
Q G="T9 (k) = [4f(t)e 2kt dt, k € G =79 (Fourier
coefficient)

Q G =129 (&) = X yepo (k)P € € G="TY (sum of
Fourier series)



Annihilating pairs
[ ]

Notations

Definitions

f a function on G = RY, T9, 79 or Z/nZ, f the Fourier transform
of f:
Q@ G=R, (€)= [ f(H)e 2™ &N dt, ¢ € G=R? — extend
to L?
Q G="T9 (k) = [4f(t)e 2kt dt, k € G =79 (Fourier
coefficient)
Q G =129 (&) = X yepo (k)P € € G="TY (sum of
Fourier series)
O G=17/nz, H(¢) = I i, f(k)¥™ I, (€ G=17Z/nZ
(Discrete Fourier transform).
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Definitions

Definitions

Let S, ¥ subsets of G =RY, T9, 79 or Z/nZ.
@ (S,Y) is an annihilating pair if

suppfc S & supp?cz = f=0;

@ (S,Y) is a strong annihilating pair if 3D = D(S, X) s.t.
Vf e LZ(G), suppf C S,

Il 2(q) < Dllfll2(a\5)
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— PDETs...
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Questions

Given S,x Cc G
@ is (S, X) weakly/strongly annihilating ?

@ estimate C(S, ¥) in terms of geometric/arithmetic
quantities depending on S and ¥/
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Js is called Restricted Isometry Constant of (T, Q, s).
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Link with compressed sensing

Definition

(2, s) has Uniform Uncertainty Principle (Restricted Isometry
Property) if 36s € (0,1) s.t., VS C Z/nZ, |S| = s Vf € L?(Z/nZ),
suppaC S

(1= 0 2 < gy < (1 + 020113 ()

Js is called Restricted Isometry Constant of (T, Q, s).

= (S,Q°) is a strong annihilating pair VS s.t. |S| = s,

n ~
< -_— c .
11z < (1= ) s + iz

< If (S, X) is a strong annihilating pair VS s.t. |S| = s, then set
C(X) = sup|g=s C(S. ), (X7, s) satisfies UUP with
1

1
=1 e T mn
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Non probabilistic results

Q@ Matolcsi-Szucks 1973/ Donoho-Stark 1989: if
f e 2(Z/nZ) = C", |supp f||supp f| > ni.e.if S,0 C Z/nZ
are s.t. |S||X| < n, then (S, X) is a weak annihilating pair.

Q if n=pprime, |S|+ |Z| < n, then (S, X) is a weak
annihilating pair.

© = (compactness argument) 3C = C(S, %) s.t.

1 ~
m”fHLZ(Z/nZ) < ”fHLZ(Z/nZ\S) + ||fHL2(Z/nZ\)Z)‘

Argument gives no estimate on C(S, X).
© Extended to change of bases by Elad-Bruckstein...



Discrete Fourier transform
(o] le}

Non probabilistic results

Strong annihilating property (Ghobber-J.)
If S,X C Z/nZ are s.t. |S||X| < n, then

1 A
11 < (1+ T—ramsrme) (Mecmms + M)




Discrete Fourier transform
(o] le}

Non probabilistic results

Strong annihilating property (Ghobber-J.)
If S,X C Z/nZ are s.t. |S||X| < n, then

1 A
11 < (1+ T—ramsrme) (Mecmms + M)




Discrete Fourier transform
(o] le}

Non probabilistic results

Strong annihilating property (Ghobber-J.)
If S,X C Z/nZ are s.t. |S||X| < n, then

1 A
11 < (1+ T—ramsrme) (Mecmms + M)

Proof: Assume first suppf C S



Discrete Fourier transform
(o] le}

Non probabilistic results

Strong annihilating property (Ghobber-J.)
If S,X C Z/nZ are s.t. |S||X| < n, then

1 A
11 < (1+ T—ramsrme) (Mecmms + M)

Proof: Assume first suppf C S

ey = NMeFliz@mnzy = 11 F 11 sllizz/nz)
< NMeFslleellflle < 12 F1sllpslifllzs)



Discrete Fourier transform
(o] le}

Non probabilistic results

Strong annihilating property (Ghobber-J.)
If S,X C Z/nZ are s.t. |S||X| < n, then

1 A
11 < (1+ T—ramsrme) (Mecmms + M)

Proof: Assume first suppf C S

ey = NMeFliz@mnzy = 11 F 11 sllizz/nz)
< NMeFslleellflle < 12 F1sllpslifllzs)

1/2
N\ isE 2
_ (Isl=y ™,

g2imik/n

Jn

s F1sys = ( >

jEX keS
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Non probabilistic results

R R . S|z 1/2
Fliegejmmm > Hlizmm -1z > (1 (B ) Wy

General case:

Il sl + [[1sf]

1
S|z /2 _
(1 a (| ‘r|7 ‘> 11sfll2z/nzvxy + 1l i2z/nz\s)

A

IN

11sfll2z/n2\5) If = 1sefll2(z/nz\5)

< N fllee@z/nzsy + 11 seflli2z/nm )
< N flleez/nzysy + 1 seflli2z/nm)

11l c2z/nzs) + 11 sefll 2z nz)
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Probability

Is every set a part of an annihilating pair ?

Yes, the following is a corollary of Bourgain-Tzafriri’'s restricted
invertibility theorem:

Proposition (Ghobber-J.)

(n—|=])?

1. =n. o] >
S, X CZ/nZst |S|+|X|=n JoC Sst o > 540

and, Vf € (2,

13 -
I£ll, < m(”fuLZ(Z/nZ\g) + 1fl2@z/mz\x)) -
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k <n,dp,...,0n_1 nindependent random variables

P(6; =1) = k/nand P(6; =0) =1 — k/n.

Q={ieZ/nZ : 6 =1} random subset of average cardinality
k, P [m — k| > g} < 2eK/10,

Theorem (Rudelson-Vershynin)

drkstVO<n<i,

— with probability > 1 — 7n="(1=) Q has cardinality
IQ| = n/2+ O(n'/?log n), ¥ = Z/nZ\ Q also

—VS C Z/nZ with |S| < n/log n, Vf € L?(Z/nZ),

2

1l 2z nzy < \ﬁ(”fHB(Z/nZ\S) + 1l 2z /nz\x)) -

Applies to other unitary transforms (F — complex Hadamard
matrice).



Trigonometric polynomials

Lemma (Nazarov, d = 1, Fontes-Merz d > 2)




Trigonometric polynomials

Lemma (Nazarov, d = 1, Fontes-Merz d > 2)

2/7rr O1+rg k.0
@ p(hy,...,04) = Z Z%, kg €Nty 17 Ta 5 0a)
ky=0

a trigonometric polynom/a/ in d variables.




Trigonometric polynomials

Lemma (Nazarov, d = 1, Fontes-Merz d > 2)

2/7rr O1+rg k.0
@ p(hy,...,04) = Z Z%, kg €Nty 17 Ta 5 0a)
ky=0

a trigonometric polynom/a/ in d variables.
@ ECTY, |E|>0




Trigonometric polynomials

Lemma (Nazarov, d = 1, Fontes-Merz d > 2)

@ p(fy,...,00) = Z Z Ck17.“71((“,5,.2/7r(r1,k1 01+ I kg 0d)
k=0  ky=0
a trigonometric polynomial in d variables.
@ ECTY, |E|>0
@ Then

sSup ‘p(01779d)|

(04,...,04)€Td
14g\ ™M Ftmd
§<|E]> sup  [p(01,...,0q)|
(917---79d)6E




Trigonometric polynomials

Lemma (Nazarov, d = 1, Fontes-Merz d > 2)

@ p(fy,...,00) = Z Z Ck17.“71((“,5,.2/7r(r1,k1 01+ I kg 0d)
k=0  ky=0
a trigonometric polynomial in d variables.
@ ECTY, |E|>0
@ Then

sSup ‘p(01779d)|

(04,...,04)€Td
14g\ ™M Ftmd
§<|E]> sup  [p(01,...,0q)|
(917---79d)6E




Trigonometric polynomials

Lemma (Nazarov, d = 1, Fontes-Merz d > 2)

2/7rr 01+4--rq k.0
o p(b,...,04 Z chh’d (MK 01419 1y 0ar)

a trigonometric polynom/a/ in d variables.
@ ECTY, |E|>0
@ Then
sup  [p(b1,...,0q)l

(04,...,04)€Td
14g\ ™M Ftmd
§<|E]> sup  [p(01,...,0q)|
(917---79d)6E

—ordp:=my +---+ my is called the order of p.
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With the same notations, 1 < p < co

[Pl to(ray < TET

Proof: ve > 0,

e d
{x e 1P < (15g) P\\Prw}

1Pl eey-

<e.




Trigonometric polynomials

With the same notations, 1 < p < co

IPlaces < (T27) I1Pllscey
Proof: Ve > 0,
e \ordp
{xer L |P(x)| < (m) HP]OO} <e.
Take ¢ = |E|/2:
ordp
d . E| < |El
|{xeﬂr 1IP0I < ( gy ||PHOO} <2




Trigonometric polynomials

PeoPex = [ x 4 IPOOPX
/E £ 1Pooi= (1) 1P
|E‘ |E‘ pOfdP b
> BLCED e,

E| \ POrd P+
(289)  IPIE



Trigonometric polynomials

/ IP(x) [P dx
E

Vv

|P()IP dx

X ord
/E P () P

28d

|E| |E‘ pOfdP b
> Slgg)  IPI

E| \ POrd P+
(289)  IPIE

Is there a way to deduce this (at least for p = 2) directly from
results for the discrete Fourier transform?
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Benedicks-Amrein-Berthier-Nazarov Theorem

Let S, ¥ c RY have finite measure. Then
@ (Benedicks 1974-1985) (S, ¥) is weakly annihilating.
@ (Amrein-Berthier 1977) (S, X) is strongly annihilating.
@ (Nazarovd =1 1993) C(S,x) < ce®lSII*|

o (J.d>22007)C(S,5) < ce®Mn(ISIIELISI % (E) w(S) =]/
w(8S) = mean width of S, < |S|'/? if S convex.
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Optimal Theorem ?

Optimal Theorem ?

o f=e*=F S=5 = B(0,R)

/ |f(X)|2 dx < Ce(27r+£)R2 / e—271'|x\2 dx
RY RI\B(0,R)

+/ e2rleP dg) :
RY\B(0,R)

@ Optimal: C(S,%) < ce@m+e)(ISII=)'/
@ The above is almost optimal if S, ¥ have nice geometry!
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Proof of Benedicks’s Theorem

Proof 1/2

S|, || < +oo, f € L2(R), suppf C S&suppf C ¥.
Q@ WLOG || < 1
O [ Yrle+kde =T <o
fo[r7a].al.(§e]R, Card{k € Z : £+ k € L} finite
o /[01]ZX5(§+k)d§:|S|<1:>3FC[O,1],|F|>OS.t.
A 7k

=0 Of >1
Vxe F,keZ, f(x+k)=0.
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@ Dby Poisson Summation

Z F(x + k)e2imEt+h) — Z?(f + k)e2imhx,
keZ KEZ

By 2, the RHS is a trigonometric polynomial Z(f)(x) in x
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By 3, the LHS is supported in [0,1] \ F
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Proof of Benedicks’s Theorem

Proof 2/2

@ Dby Poisson Summation

Z F(x + k)e2imEt+h) — Z?(f + k)e2imhx,
keZ KEZ

By 2, the RHS is a trigonometric polynomial Z(f)(x) in x
(fora.a. €)
By 3, the LHS is supported in [0,1] \ F

Q Z(H=0=f=0=f=0.
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Lemma (Nazarov, d = 1)
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Random Periodization

Lemma (Nazarov, d = 1)

€ L'(RY), ¢ >0,

/30 / Z dVdVd(P) /”X||21 o(x)dx

kezd\{0}
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Proof of Nazarov’s Uncertainty Principle

Random Periodization 2 : Proof

[3 y / S (v (k) dvdvg(p)

kez9\{0}
= > [ ellkiod
kEZd\{O} <HX”<2
= > () dx
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Proof of Nazarov’s Uncertainty Principle

Random Periodization 2 : Proof

[3 y / S (v (k) dvdvg(p)

kezd\{0}
= > [ ellkiod
kEZd\{O} <HX||<2
= > e plx) dx
kezavoy KN Jiki<ixi<aiwg

1
_/|X||>1SO(X) ) T O

[kl <[lxlI<2]lk|
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Proof of Nazarov’s Uncertainty Principle
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Average order

Lemma

@ X be a relatively compact open set with0 € ¥
@ A= A(p,v) = {vh(j) : j €z} arandom lattice
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Average order

Lemma

@ X be a relatively compact open set with0 € ¥

@ A= A(p,v):={vi(j) : je 29} arandom lattice
@ M,,={keZ?: vip(k)eX}=ANZ

@ then

Epv(ord M, , — d) < Cw(X).
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Proof of Nazarov’s Uncertainty Principle

Average order

Lemma

@ X be a relatively compact open set with0 € ¥

@ A= A(p,v):={vi(j) : je 29} arandom lattice
@ M,,={keZ?: vip(k)eX}=ANZ

@ then

Epv(ord M, , — d) < Cw(X).

If order — size of support, E,, , (Card M,,, — d) < C|Z|.
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Scale to have |S| = 279" and take f € L2 with suppf C S
1 p(k + 1)

kezd
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Scale to have |S| = 279" and take f € L2 with suppf C S
1 p(k + 1)

kezd
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IOESZEDY f(v!p(m))e? ™™ (Poisson summation)
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Proof of Nazarov’s Uncertainty Principle

End of Proof 1/4

Scale to have |S| = 279" and take f € L2 with suppf C S

1 p(k + 1)

kezd
SetE,, = {t €[0,1] : T, (t) = 0}
IOESZEDY f(v!p(m))e? ™™ (Poisson summation)
mezd
- Z + Z = Pp7v + Rp’v
mEMp,v m¢Mp,v

with M, , = {m e Z9 : vip(m) € £}
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From the Lattice averaging lemma, one can choose p, v s.i.

—IRulg<c [ Ife)Pd whp
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—ordP,, < C(w(X) + d) (w.h.p)

— |E,v| > 1/2 (certain)

— |f(0)| < |P,v(0)] (certain).
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Proof of Nazarov’s Uncertainty Principle

End of Proof 2/4

From the Lattice averaging lemma, one can choose p, v s.i.

—IAmE=C [ [HerPas o)

—ordP,, < C(w(X) + d) (w.h.p)

— |E,v| > 1/2 (certain)

— |f(0)| < |P,v(0)] (certain).

p, v s.t. all 4 properties hold.
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End of Proof 3/4

OnE,,,wehavel,, =0,thus P,, = —R,, so

L 1Ptet= [ IRupFdt=c [ [HOP s
E,v E,v Rd\Z

S0 E:={t€E,y : [P,y(t)2 <16C? [pa 5 [(¢)[2 ¢} has
|E| > 1/4.
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End of Proof 4/4

2
02 < [P,y (0)2 < (Zﬁf,v(k)) < (sup P,y (x)])?
kezd xeT?
- 2
14d OI‘de’V—‘]
< — P
= _(ra) sup| P’”(X”]
r 3 1/272
14d Ol‘de,V‘I A
< et 4| C / (€)% d
< |(7%) ( [, T 5) ]
< ce®® [ ie)Ra
RA\Y

Apply to f — f,(x) = f(x)e 2™ ¥ - ¥, =% — y and
integrate over y € ¥ QED
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