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Introduction

n� n real symmetric or hermitian random matrix Mn

its eigenvalues fλ
(n)
l gnl=1

test function ϕ : R ! R

linear statistics

Nn [ϕ] :=
n

∑
l=1

ϕ
�

λ
(n)
l

�
= Trϕ(Mn)

centered linear statistics

N �
n [ϕ] = Nn [ϕ]� EfNn [ϕ]g

We are interested in the limiting laws of Nn [ϕ] as n! ∞.
possibly after putting a normalization factor in front (LLN and CLT
type)
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Introduction

LT�s is an active �eld of the RMT:
Marchenko, P 67; P 72; Girko 70-80; Bai-Silverstein 80-90,
Costin-Lebowitz 95; Khorunzhy-Khoruzhenko-P. 96; Spohn 97;
Johansson 98; Sinai-Soshnikov 98; Soshnikov 98, 00; Keating-Snaith
00; Cabanal-Duvillard 01; Diaconis-Evans 01; Guionnet 02;
Bai-Silverstein 04; Anderson-Zeitouni 05; P. 06; Lytova-P. 09

Valid due to a di¤erent mechanism (VarfNn [ϕ]g does not grow with
n) and even not always valid P. 06, Lytova-P. 10 .

Applications and links: statistics, strong Szego theorem on
asymptotics of Toeplitz determinants, universal conductance
�uctuations of small metallic particles (mesoscopics), 1/n2- expansion
in SM and QFT, telecommunications, quantitative �nances, etc.

Noblesse oblige (L.P.): Lyapunov (�rst modern proof of CLT), S.
Bernstein (�rst CLT for dependent r.v.�s), both from Kharkov
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Gaussian Ensembles
Generalities

De�nition: Mn = n�1/2Wn, Wn = fWjkgnj ,k=1

P(dW ) = Z�1n e�TrW 2/4w 2 ∏
1�j�k�n

dWjk .

Since
TrW 2

n = ∑
1�j�n

W 2
jj + 2 ∑

1�j�k�n
W 2
jk ,

the above implies that fWjkg1�j�k�n are independent Gaussian random
variables such that

EfWjkg = 0, EfW 2
jkg = w2(1+ δjk ).

Gaussian Orthogonal Ensemble (GOE)

Lytova-Pastur (MD ILT) LT Wig-Wish Marne la Vallee, 18 May 2010 5 / 30



Gaussian Ensembles
Law of Large Numbers (LLN)

Theorem
Let Mn be the GOE) and Nn [ϕ] be a linear eigenvalue statistics of its
eigenvalues. Then we have for any bounded and continuous ϕ : R ! C
with probability 1:

lim
n!∞

1
n

n

∑
l=1

ϕ
�

λ
(n)
l

�
=
Z

ϕ(λ)Nscl (dλ),

where the measure

Nsc (dλ) = ρsc (λ)dλ, ρsc (λ) = (2πw2)�1
p
4w2 � λ21jλj�2w

is known as the Wigner or the semicircle law.

Wigner 52 and many others.

Lytova-Pastur (MD ILT) LT Wig-Wish Marne la Vallee, 18 May 2010 6 / 30



Gaussian Ensembles
Law of Large Numbers (proof)

It su¢ ces to consider the Normalized Counting Measure of eigenvalues
(NCM)

Nn(∆) = ]fλ
(n)
l 2 ∆g/n, 8∆ � R

and its Stieltjes transform

gn(z) =
Z Nn(dλ)g

λ� z , Im z 6= 0,

determining Nn. Use now

(i) Gaussian di¤erentiation formula:

Efξ lΦ(ξ)g = Efξ2l gEfΦ0
l (ξ)g, l = 1, ..., p;

(ii) Poincaré-Nash-Cherno¤ inequality:

VarfΦg �
p

∑
l=1

Efξ2l gE
�
jΦ0

l j2
	
.

Lytova-Pastur (MD ILT) LT Wig-Wish Marne la Vallee, 18 May 2010 7 / 30



Gaussian Ensembles
Law of Large Numbers (proof)

By spectral theorem gn(z) = n�1Tr(Mn � z)�1, by resolvent identity for
fn(z) = Efgn(z)g

fn(z) = z�1 + (zn)�1
n

∑
j ,k=1

EfMjkGkj (z)g,

by (i) fn(z) = z�1 + z�1Efg2n (z)g, and by (ii) (Bose-Chatterjee 04; P. 05)

Varfgn(z)g � 2w2/n2j Im z j4

while Varfgn(z)g � w2/nj Im z j4 for random Schrodinger.
This leads to

fsc (z) = z�1 + z�1f 2sc (z)

for limn!∞ fn = fsc uniformly on any compact set of CnR, thus
fsc (z) = (

p
z2 � 4w2 � z)/2w2 (Im f (z) Im z > 0). Convergence of gn

to fsc , hence Nn to Nsc by Borel-Cantelli.
Lytova-Pastur (MD ILT) LT Wig-Wish Marne la Vallee, 18 May 2010 8 / 30



Gaussian Ensembles
Central Limit Theorem

Theorem
Let Mn be the GOE matrix, ϕ : R ! R be a di¤erentiable function with a
polynomially bounded derivative. Then N �

n [ϕ] = Nn [ϕ]� EfNn [ϕ]g
converges in distribution to the Gaussian random variable with zero mean
and the variance

VGOE [ϕ] =
1
2π2

Z 2w

�2w

Z 2w

�2w

�
ϕ(λ1)� ϕ(λ2)

λ1 � λ2

�2
� 4w2 � λ1λ2q

4w2 � λ21

q
4w2 � λ22

dλ1dλ2.

A MIRACLE!
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Gaussian Ensembles
Central Limit Theorem (proof)

Proof is again based on the Gaussian di¤erentiation formula and the bound

VarfNn [ϕ]g �
2w2

n
EfTrϕ0(Mn)(ϕ

0(Mn)
�)g � 2w2(sup

λ2R

jϕ0(λ)j)2

for Nn [ϕ] = Trϕ(M) by Poincaré. We have to prove that

lim
n!∞

Zn(x) = exp
�
�x2VGOE [ϕ]/2

	
, Zn(x) = E

�
e ix

�
N n [ϕ]

�
uniformly in x , varying on a �nite interval of R. Assume �rst that ϕ
admits the Fourier transform bϕ and (1+ jtj)jbϕ(t) 2 L1(R). Then

Zn(x) = 1+
Z x

0
Z 0n(y)dy , Z

0
n(x) = i

Z bϕ(t)Yn(x , t)dt,
where

Yn(x , t) = E
n�
un(t)en(x)

o
, en(x) = e ix

�
N n [ϕ], un(t) = Tre itM .
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Gaussian Ensembles
Central Limit Theorem (proof)

Use Un(t) = e itMn (instead of Gn(z) = (Mn � z)�1) and the Duhamel
formula

un(t) = n+ i
Z t

0

n

∑
j ,k=1

MjkUjk (t1)dt1,

the di¤erentiation formula, the Poincaré, and the Schwarz to obtain

Yn(x , t)+ 2w2
Z t

0
dt1

Z t1

0
dt2vn(t1� t2)Yn(x , t2) = xZn(x)An(t)+ rn(x , t),

An(t) = �2w2
Z t

0
dt1

Z
e it1λ ϕ0(λ)EfNn(dλ)g, vn(t) = Efn�1TrU(t)g

jYn j �
p
2w jtj sup

t2R

jϕ0(λ)j,

j(Yn)0t j �
p
2w(1+ w2t2)1/2, j(Yn)0x j � 2w2t sup

λ2R

jϕ0j.

Hence, there exists fYnj g converging uniformly on any compact set of R2

to Y , satysfying
Lytova-Pastur (MD ILT) LT Wig-Wish Marne la Vallee, 18 May 2010 11 / 30



Gaussian Ensembles
Central Limit Theorem (proof)

Y (x , t) + 2w2
Z t

0
dt1

Z t1

0
dt2v(t1 � t2)Y (x , t2) = xZ (x)A(t),

A(t) = �2w2
Z t

0
dt1

Z
e it1λ ϕ0(λ)Nsc (dλ), v(t) =

Z
e iλtNsc (dλ).

This leads (by the Laplace transformation) to

Z (x) = 1� VGOE
Z x

0
yZ (y)dy .

The equation is uniquely soluble and yield the result for
(1+ jtj)jbϕ(t) 2 L1(R). General case of C 1 (even Lip 1) test functions is
obtained by Poincaré and approximations.
The scheme dates back to Khorunzhy-Khoruzhenko-P. 96, where the
Stieljtes transform (the resolvent) was used, thus real analytic test
functions. Here we use the Fourier transform and obtain C 1 test functions.
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Wigner Ensembles
Generalities

Mn = n�1/2Wn, Wn = fW (n)
jk g

n
j ,k=1

with W (n)
jk = W (n)

kj 2 R, 1 � j � k � n independent and

EfW (n)
jk g = 0, Ef(W (n)

jk )
2g = (1+ δjk )w

2,

i.e. the two �rst moments of the entries coincide with those of the GOE or

P(dWn) = ∏
1�j�k�n

F (n)jk (dWjk ),

where F (n)jk has above moments. The GOE corresponds to

F (n)jk (dW ) =
1

(2πσ2jk )
1/2 e

�W 2/2σ2jkdW , σ2jk = (1+ δjk )w
2.
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Wigner Ensembles
Law of Large Numbers (semicircle law)

Theorem

Let Mn = n�1/2Wn be the Wigner matrix, satisfying the L2 (à la
Lindeberg)

lim
n!∞

n�2 ∑
1�j�k�n

Z
jw j�τ

p
n
W 2F (n)jk (dW ), 8τ > 0.

and Nn be the Normalized Counting Measure of its eigenvalues. Then with
p.1: limn!∞ Nn(∆) = Nsc (∆), 8∆ � R ( macroscopic universality).

P. 72; Girko 75. No Poincaré but the martingale-type bounds
EfjN�n (∆)j4g = O(n�2). Thus, it su¢ ces to prove that if Mn is the
Wigner matrix and bMn is the corresponding GOE, then

Rn(z) := Efn�1Tr(Mn � z)�1g � Efn�1Tr( bMn � z)�1g ! 0, n! ∞

uniformly on a compact set of C nR, cf recent results by Erdos et al 09
for Im z = O(n�1).Lytova-Pastur (MD ILT) LT Wig-Wish Marne la Vallee, 18 May 2010 14 / 30



Wigner Ensembles
Law of Large Numbers (proof)

Proof is based on

General di¤erentiation formula (Khorunzhy-Khoruzhenko-P. 95):
If Efjξjp+2g < ∞, p 2 N, Φ : R ! C of C p+1 with bounded
derivatives, then

EfξΦ(ξ)g =
p

∑
j=0

κl+1
l !
EfΦ(l)(ξ)g+ εp ,

jεp j � CpEfjξjp+2g sup
t2R

jΦ(p+1)(t)j,

where fκlg∞
l=1 are the cumulants of W12. Note that the l = 1 term is

"Gaussian".
"Interpolation trick" (P. 2000): use the product space of the Wigner
Mn and the GOE bMn with the same �rst and second moments and set

Mn(s) = s1/2Mn + (1� s)1/2 bMn, 0 � s � 1,

Lytova-Pastur (MD ILT) LT Wig-Wish Marne la Vallee, 18 May 2010 15 / 30



Wigner Ensembles
Law of Large Numbers (proof)

Assume �rst w3 := supn max1�j�k�n E
n��W (n)

jk

��3o < ∞ and write

Rn(z) =
Z 1

0

d
ds
Efn�1Tr (Mn(s)� z)�1ds =

1
2

Z 1

0
(T1 � T2)ds

T1 = (n3s)�1/2 ∑
1�j ,k�n

EfW (n)
jk (G

2)jkg,

T2 = (n3(1� s))�1/2 ∑
1�j ,k�n

EfcWjk (G
2)jkg.

Apply to T1 the general di¤erentiation formula with p = 1 and
Φ = (G 2n )jk and to T2 the Gaussian di¤erentiation formula. We have the
cancelation, resulting only in ε1:

jε1j �
C1w3
n5/2 ∑

1�j�k�n
sup
M2Sn

jDjk (G 2n )jk jg �
C 01w3

n1/2j=z j4 , Djk =
∂

∂Mjk
.

Sn is the set of n� n real symmetric matrices.
Lytova-Pastur (MD ILT) LT Wig-Wish Marne la Vallee, 18 May 2010 16 / 30



Wigner Ensembles
Central Limit Theorem (zero excess)

Theorem

Let Mn = n�1/2Wn, Wn = fW (n)
jk gnj ,k=1 be the real symmetric Wigner

random matrix. Assume that µ4 = Ef(W
(n)
jk )

4g does not depend on j , k
and n, κ4 = µ4 � 3w4 = 0, and the L4:

lim
n!∞

n�2
n

∑
j ,k=1

Z
jW j�τ

p
n
W 4F (n)jk (dW ) = 0, 8τ > 0,

If ϕ possesses the Fourier transform bϕ and (1+ jtj5)jbϕ(t)j 2 L1(R, then
�
N n [ϕ] converges in distribution to the Gaussian random variable with zero
mean the GOE variance (again the macroscopic universality, even a bit
more).

Proof by the "interpolation" trick from the GOE. For "Lindeberg-4 " see
KKP, 95.

Lytova-Pastur (MD ILT) LT Wig-Wish Marne la Vallee, 18 May 2010 17 / 30



Wigner Ensembles
Central Limit Theorem (general case)

Theorem

Let Mn = n�1/2Wn be the real symmetric Wigner random matrix,
µ4 = Ef(W

(n)
jk )

4g do not depend on j , k and n and

w6 := sup
n

max
1�j�k�n

Ef(W (n)
jk )

6g < ∞.

If (1+ jtj5)jbϕ(t)j 2 L1(R, then �
N n [ϕ] = Nn [ϕ]� EfNn [ϕ]g converges

in distribution to the Gaussian random variable of zero mean and of
variance

VWig [ϕ] = VGOE [ϕ] +
κ4

2π2w8
I 2Wig ,

IWig =
Z 2w

�2w
ϕ(µ)

2w2 � µ2p
4w2 � µ2

dµ,

Lytova-Pastur (MD ILT) LT Wig-Wish Marne la Vallee, 18 May 2010 18 / 30



Assume that κ4 6= 0, then:

IWig = 0: the GOE CLT, e.g. for an ODD ϕ.

IWig 6= 0: a modi�ed CLT, generically and, in particular, for an EVEN ϕ
such that Z 2w

0
ϕ(µ)

2w2 � µ2p
4w2 � µ2

dµ 6= 0.

Lytova-Pastur (MD ILT) LT Wig-Wish Marne la Vallee, 18 May 2010 19 / 30



Wigner Ensembles
CLT (O(1) bound for the variance of linear statistics)

Proof: by combining the schemes of proof of the CLT for the GOE and the
"interpolation" trick, in particular, by proving and using

Theorem

Let Mn = n�1/2Wn be the real symmetric Wigner random matrix and
Nn [ϕ] be the linear eigenvalue statistic of its eigenvalues. Assume that

w6 := sup
n

max
1�j ,k�n

E
����W (n)

jk

���6� < ∞.

Then

VarfNn [ϕ]g � C (w6)
�Z

(1+ jtj5/2)jbϕ(t)jdt�1/2

,

where C (w6) depends only on w6.

The bound replaces the Poincaré one in the case of Wigner ensembles.
Lytova-Pastur (MD ILT) LT Wig-Wish Marne la Vallee, 18 May 2010 20 / 30



Wigner Ensembles
CLT (origin of new term in the variance)

Yn(x , t) =
3

∑
a=1

Ta + ε3,

where now

Ta =
i

a!n(a+1)/2

Z t

0

n

∑
j ,k=1

κa+1,jkE
�
Dajk (Ujk (s)e

�
n (x))

	
ds, Djk =

∂

∂Mjk

and
jε3j � C (x)w5/6

6 (1+ jtj4)/n1/2.

The term T3 contains Ujj (t1)Ujj (t2)Ukk (t3)Ukk (t4) Because of

DjkUab(t) = iβjk

Z t

0
ds [Uaj (t � s)Ubk (s) + Ubj (t � s)Uak (s)] .

These are only combinations of U�s that contribute.
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Wigner Ensembles
Universality Classes w.r.t. CLT

Universality class w.r.t. to the CLT : the set of random matrices, having
the same CLT (variance) for linear eigenvalue statistics.
Universality classes of the Wigner matrices w.r.t. the CLT are indexed by
the �rst two even moments of their o¤-diagonal entries:

w2 = Ef(W (n)
jk )

2g, µ4 = Ef(W
(n)
jk )

4g, 1 � j < k � n
(two dimensional moduli space).
An example of "collective theorem", Linnik 70�s.
The Gaussian universality classes: κ4 := µ4 � 3w4 = 0.
In the conventional probability setting for the CLT of independent random
variables fξ

(n)
l gnl=1 the universality classes w.r.t. the CLT of linear

statistics are indexed by a single parameter, the variance σ2 = Ef(ξ(n)l )2g.
All classes are Gaussian.
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Sample Covariance Matrices
Generalities

Mm,n is a n� n real symmetric matrix of the form (matrix χ2)

Mm,n = n�1ATm,nAm,n,

with Am,n = fAαjgm,nα,j=1 having i.i.d. entries (m observation on n
parameters)

P(dAm,n) =
m

∏
α=1

n

∏
j=1
F (n)αj (dAαj )

such that
E fAαjg = 0, E fAαjg = a2.

The case of i.i.d. Gaussian fAαjgm,nα,j=1 is known since the early 30�s as the
(white or null) Wishart Ensemble.

Lytova-Pastur (MD ILT) LT Wig-Wish Marne la Vallee, 18 May 2010 23 / 30



Sample Covariance Matrices
Law of Large Numbers

Theorem
Let Mm,n be the sample covariance matrix such that τ > 0

lim
n!∞,m!∞,m/n!c2(0,∞)

1
mn

m

∑
α=1

n

∑
j=1

Z
jy j>τ

p
n
y2F (n)αj (dy)! 0, 8τ > 0

Then its Normalized Counting Measures Nn converges with probability 1
to the non-random measure: NW (dλ) = ρW (λ)dλ

ρW (λ) = (1� c)+δ0 +
q
((λ� a�)(a+ � λ))+

.
2πa2λ,

where a� = a2(1�
p
c)2 (macroscopic universality again)

Marchenko, P. 67; Girko 70�s.
Proof: Wishart by the resolvent identity, Gaussian di¤erentiation formula,
and Poincaré. General case as for the Wigner (i.e. the interpolation again).
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Sample Covariance Matrices
CLT (Wishart)

Theorem

Let Mm,n be the Wishart random matrix. If ϕ is C 1, then
�
N n [ϕ]

converges in distribution as m, n! ∞, m/n! c > 0 to the Gaussian
random variable with zero mean and the variance

VWish [ϕ] =
1
2π2

Z a+

a�

Z a+

a�

�
ϕ(λ1)� ϕ(λ2)

λ1 � λ2

�2
� 4a4c � (λ1 � a)(λ2 � a)p

4a4c � (λ1 � a)2
p
4a4c � (λ2 � a)2

dλ1dλ2,

where a = 1/2(a� + a+) = a2(c + 1).

Proof: By mimicking the proof for the GOE, i.e. by the Gaussian
di¤erentiation formula and Poincaré.
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Sample Covariance Matrices
CLT (4th cumulant is zero)

Theorem
Let Mm,n be the sample covariance matrix such that:

(i) w5 := supm,n max1�α�m, 1�j�n E
n��Aαj

��5o < ∞

(ii) µ4 = E
n��Aαj

��4o do not depend on α, j , m, and n, and

κ4 := µ4 � 3a4 = 0.

If (1+ jtj5)jbϕ(t)j 2 L1(R), then �
N n [ϕ] converges in distribution as

m, n! ∞, m/n! c > 0 to the Gaussian random variable with zero
mean and the variance VWish [ϕ].

Proof: by interpolation from Wishart.
Bai, Silverstein, 04: Stieltjes transform, real analytic test functions, direct
and rather long proof.
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Sample Covariance Matrices
CLT (general case)

Theorem
Let Mm,n be the sample covariance matrix such that:

(i) w6 := supm,n max1�α�m, 1�j�n E
n��Aαj

��6o < ∞

(ii) µ4 = E
n��Aαj

��4odo not depend on α, j , m, and n.

If (1+ jtj4)jbϕ(t)j 2 L1(R), then �
N n [ϕ]converges in distribution as

m, n! ∞, m/n! c > 0 to the Gaussian random variable with zero
mean and the variance

VWish [ϕ] +
κ4

4cπ2a8

 Z a+

a�
ϕ(µ)

µ� ap
4a4c � (µ� a)2

dµ

!2
.

Proof: by the same scheme as in the Wigner case, i.e., by combining the
schemes of proof of the CLT for the Wishart case and the "interpolation"
trick
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Multivariate statistics

ϕ : Rp ! R symmetric and

Up,n [ϕ] = ∑
0�l1<...<lp�n

ϕ(λ
(n)
l1
, ...,λ

(n)
lp
),

Np,n [ϕ] =
n

∑
l1=...=lp=1

ϕ(λ
(n)
l1
, ...,λ

(n)
lp
).

We have:
1. with probability 1 (LLN):

lim
n!∞

n�pUp,n [ϕ] = lim
n!∞

n�pNp,n [ϕ]

=
Z
p times

Z
ϕ(λ1, ...,λp)Nscl (dλ1)...Nscl (dλp);
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2. in distribution

lim
n!∞

n�p+1Up,n [ϕ] = lim
n!∞

n�p+1Np,n [ϕ]

= lim
n!∞

N1,n [ϕ�],

where

ϕ�(λ) =
Z
(p � 1) times

Z
ϕ(λ,λ2...,λp)

�Nscl (dλ2)...Nscl (dλp),

i.e., the CLT.
Both assertions are valid in the cases, where there are corresponding
results for p = 1.
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Borel type theorem

Theorem
Let Un be a n� n unitary random matrix, whose probability law is the
normalized Haar measure on U(n), and An be a n� n matrix such that

lim
n!∞

n�1TrA�nAn = 1.

Then TrUnAn converges in distribution to the standard complex Gaussian
variable: γ = γ1 + iγ2, Efγ1g = Efγ1g = 0, Efγ21g = Efγ22g = 1/2.

E. Borel 05 (An = fδj1δk1gnj ,k=1), Diaconis et al 03; Snyady-Stolz 06.
On the other hand, by using analogs of the di¤erentiation formula and the
Poincaré type inequality for U(n) and O(n) (P.-Vasilchuk 06) and the
above scheme, a short and simple proof of the assertion can be obtained.
Analogous assertions are valid for O(n) and Sp(n).
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