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KM (x) := min
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.1Õ
y ∈ {0, . . . , p} Ki� 0 [k.;0<25B96^=@4�BeNOZ7.16�2 xn

Q<NO6GZ_Nr6^?\Z_N�B947.10 PS?M698m[k=@6^69?:0<[k?
xn = yn/p
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yn+1 ≡ ayn[m]
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m
?:25B)N;2929?+`y�16�NO0<P K oG0��18:0@8\6�NOZ�u;Z_N�Q38:6947.SPS?bP@? (yn)n
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29.10lB�Q@6^?\hj47?\6�2!?\0lB96^?q?\=@¯�u3?kBy294
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­ NO0<2![\?\69B^NO470@?m2/N10<[k47?\0@0<?:2ea@47a@ZC47.OB^�@�:Wl=@?m2!PS?q[\N1Z7[\=@Z�29[\4C?:0;B^4�w�W;=<?1ui.10�=SB947Z74729? (a, m) = (1313, 259)
.1=s?\0<[\.16^?

(a, m) = (75, 231− 1)
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Y := fµ,m(U1, . . . , Um)
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U1(ω), . . . , Un(ω)
u§Wl=@4p29.10lBq[k.103254_PS8\6^8\?m2y[\.1hjhj?�Z7?:2b6^8:N1ZC4_29NOB947.10<2yQ�.1=@6

ω ∈ ΩPS?
n ` K N K 6 K 4 K 4 K P K 29=@4 ` NO0lB�=@0@?rZ7.14�=@0@4C��.16^hj?�25=<6 [0, 1] K@� ?bB9�<8\.16^�\hj?rQ@6^8:[\8:PS?:0;B�NXcj6^hj?qNOZ7.16�2/Z�X ?k¯S4725B9?:0<[k?qP�X =@0@?��.;0<[�B^4C.;0

fµ
B^?\Z7ZC?EWl=@?

fµ(U1(ω)), . . . , fµ(Un(ω))
29.147?\0lB�Z7?:2d6^8:NOZ74_29NOB947.10<2�PS?

n ` K N K 4 K 4 K P K PS?sZ7.14 µ Kp­ NO0<2dZ_NQ@6�N�B^47Wl=@?;uS.10�Q@6^8k��8\6^?\6�N�=SB947ZC4_29?\6�PS?m2)hd8\B9�@.SPS?m2!Q@Z7=<2!?+c [:N1[\?:2:uiN1=«[\N12)Q3NO6![\N;2 K
+ Ik� ��~9{\|<I´¡ K£¢SK ¤ ,���¸^º<��F<��H����C�OF�� �lI)DGF3HvIk�/H�F:DvF<H 1"3 � ?:h NO6�W;=<.10<2)Wl=@?�P�X NOQ@6^�:2eZ_NjZC.;4§PS?:2)�;6^N10<P@2e0@.;h�a@6^?:2:u@254

(Xn : (Ω,A, P) → R
d, n ∈ N

∗)?m2xB>=@0<?�25=<4�B^?]PS? ` K N K 4 K 4 K P K P@?�ZC.;4 µ
u/?\0 P�X NO=SB^69?EB^?\6^hj?:2>=<0 ±q8:[��3NO0lB947ZCZ7.10#PS?EB�NO47ZCZ7?�470Sw<0@47?q²�u/N1ZC.;6^2 Q�.1=<6

µ
TUQ@6^?:2^W;=<?MB^.1=SB

ω ∈ Ω
u@Z_Ndhj?:29=@69?r?:hdQ<4C6^47Wl=@?

En(ω) :=
1

n

n∑

i=1

δXi(ω)

[\.10 ` ?:69�;?�8kB^69.;4�B^?\hj?\0lB ` ?:6^2bZ_N�ZC.;4 µ K§Ï ZG?\0¹PS8m[k.1=<ZC? Wl=@? Q�.1=@6 µ
TUQ@6^?:2^W;=<?�B^.1=SB

ω ∈ Ω
u�Z7NEPS.;0@0@8\?>P@?dZ_N]��|SH��UIH�FmDGF<HJI

(Xn(ω), n ∈ N∗)
[\NO6�N1[kB98:694_25? ��º@z��O~�HJ{k|<I\�jI\F<�MZ7N´ZC.;4

µ K�¼ 0��;8\0@8:6^NOB9?:=@6MPS?�0@.1h�a@69?m2�Q<29?\=3PS.OT�NOZ78:NOB9.1476^?:20@?y��.1=<690@4CB!W;=<?bPS?m2y��|SH���Ik�ªDGF3HJI��
(X1(ω), . . . , Xn(ω))

u@Wl=@4�0@?b29=dc>29?\0lBeQ3N12)��[:NO6�N1[�B^8\6^4729?\6/Z7N�ZC.;4
µ Ki­ ?rhj¬\hj?1uZ7?:2f8m[��<NO0lB947Z7ZC.;0<2fQ@6^. ` ?\03NO0lBGPS?�PS.10<0@8\?m2f698:?\Z7ZC?m2p=SB947Z747298:2p?:0 2xB�N�B94_25B94_W;=<?�25.;0;BpB^.1=�¨x.;=@6�2�DGF<H_��uO?\BvZ�X =@0 PS?m2p.1a@¨x?:[�B^4��J2Q@6^470<[k47Q<NO=@¯´PS?qZ7Nj25B^NOB94_2xB^47Wl=@?q?m2xB�PS?�29?q25?:6 ` 476)P@?�[k?:2!29=@4CB9?m2ew<0@47?:2�PS?q[\?rBxglQ�?qQ�.1=@6�N1Q@Q@6^.¶¯i47hj?\6e.1=�?:25B947hj?\6�Z_NZ7.14

µ
PS?q[k?:65B�NO470<2)Q@�@8:0@.1hj�\0<?:2:u@��Z_N1Wl=@?:ZCZ7?r.10E0§X NdQ<N12!PS476^?:[�B^?\hj?\0lB�N1[:[k�m2 K

+ Ik� ��~9{\|<Iy¡ K£¢SK ¥ ,���F3H���HJ�O�»H_�\����HJ��F´�;I����lz\F�z\~9����Ik|S~��/�O�Cz�������H�~9Ik� 1"3 � N ` NOZ7?\=@6§470@4CB94_NOZ7?vPS=r�18:0@8\6�N�B^?\=@6�Q325?:=<PS.OT�NOZ78:NOB9.;4C6^?PS?dZ7.14f=@0@4C��.16^hj? �������sQ�?\=@Br¬\B96^?d[��<.14_2547?�?:0��18:0@8\6�NOZ K�­ N10<2 ¦ N�B^Z7N1a �Su�Z�X 8\B^NOBr470lB9?:690@?jPS=]�18\0<8\6�N�B9?:=@6r[k.103254_2xB^?
� �+����h/��j�so��qI{�n/h^�	q+n/�'��w�n[� �Õko��{/�,w'{^u/i>�3kl���+h/w�uYjCm)w'�3w'�	u/��wI�
��� h/z/������w'{���� � !��Y�ypo�#"%$ $�&('�) )+* * *(,.-0/�$�"(,2143�5+67,8/49:,8;<&#)4=>-0/ $�?+-@6�$46 )�3�-�$�,8"%$�-@A��

®+¯t°y±g²´³ µ�¶g·�
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 #�*�%g� � ��� #�
2� � ��*,���	� %+*,� �v
(� � � ���	� %+� %+*,� ¢ �
?:0�=@0 ` ?:[�B^?\=@6>P@?�Z7.10<�1=@?:=@6 ¤ �@ufWl=@?«Z�X .10 Q3?:=SB>.1aSB^?\0@476 Q<N16 Z7N¹[k.;hjhjN10<PS? #�� �����������
#*%���%������s?kB hj.SPS4�Tw<?:6jQ<NO6jZ_NA[\.1hjh NO0<P@?����������	�
#&%���%!���	

#�� K -/? ` ?m[�B9?:=@6 ?:25B =SB947Z747298EQ3.;=@6 Q@6^.iP@=@4C6^?�Z7NA25.;65B^4C?EPS?«Z_N���.;0<[�B^4C.;0�������3u@Wl=@4�Q3?:=SBMQ@6^?\03PS69?rB^.1=SB^?:2MZC?m2 ` NOZ7?\=@6�2�PS?�Z�X ?\0<29?\h�a@ZC?�P@g;N1P@47Wl=@? {k 2−53, k ∈ N, 0 6 k 6 253 − 1

} K�� ?m28\B^N�B�2«470;B^?\6^0@?:2�PS= �18:0@8\6�N�B^?\=@6�29.10lB�0i=@hj8\6^.OB^8:2E?\B�Q3?:= ` ?:0lB�¬kB^69?�298\Z7?:[kB947.10@0<8:2«?:0 =SB947ZC4_2^NO0lB�Z7NR[k.1hjh NO03PS?
�����������
#&%���%����	

#	�jN ` ?m[>=@0 #�?\0lB947?\6muª?kB ZC?E[\N;2 #���
A[k.;696^?:29Q3.;0<P NOZ7.16�2��]Z_N ` NOZ7?\=@6j470@4CB94_NOZ7?sQ<N16dP@8k�JNO=@B Kv� 0Q�?\=SBy69?:0<PS6^?qZC?��;8\0@8:6^NOB9?:=@6!=@0«Q�?\=«hj.1470<2!Q@6^8:P@47[kB947a@ZC?�?\0«=SB^4CZ7472^NO0lB�Z�X �<?\=@6^?�[k.;=@6�NO0lB9?rQ�.1=@6M298\Z7?:[kB947.10@0<?\6�Z�X 8\B^NOB470lB9?\6^0@?y¾4���������	�
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��37� ,-�7������iu9h NO4_2ª[k.1hjhj?v?\¯SQ@ZC4_Wl=@8eQ@698m[k8mPS?\hjhj?\0lB:u¶[k?:Z7NM?:25BfN1=<2^254l0<N����<Wl=§X 4C0ST=SB^4CZ7?G® ­ N10<2 � [kB^N ` ? ¢SK ¡1ukZ�X 8\B^NOB�470;B^?\6^0@?vPS=��18\0<8\6�N�B9?:=@6Y[\.10<294725B9?p?:0�=@0 ` ?:[kB9?\=<6YPS?GB�NO47ZCZ7? � ¢ �Su\?kB�Q�?\=@B�¬kB^69?v.1aSB^?\0i=Q<N16fZ7Nr[k.;hjhjN10<PS? #�� ������������#*%���%������iu�?\BGhd.SPS4Cw<8!Q<N16fZ7Nq[\.1hjh NO0<PS?������!������#&%!��%�����
 #�� K�Ï PS?:hÒQ3.;=@6*�S[\4CZ_NOa KoG0@w<0§u¶4CZl�JN1=SBf29?)25.;= ` ?:0@4C6ªWl=§X 47ZiQ3?:=SBp¬kB^69?vB96^�:2ª=SB947Z7?ePS?)2^NO= ` ?\�;N16^P@?\6�Z�X 8\B^N�Bf470;B^?\6^0@?)PS=��;8\0@8:6^NOB9?\=<6�N ` NO0lBªP@?v�JN14C6^?=@0<?b294Ch�=@Z_N�B947.10YulPS?y�JN�U\.10´��Q�.1= ` .1476v6^?\Q@6^.SPS=@4769?y?k¯@N1[kB9?\hj?:0;BeZ7N�hj¬\hj?b29=@4CB9?bQ<29?\=<PS.1TUN1ZC8mN�B^.14769?�=<Z�B^8\6^4C?:=@69?:hj?\0lBQ�.1=@6)�JN14C6^?qPS?:2![\.1hjQ<N16^N14729.10<2/Q<N16!?k¯S?\hjQ@Z7? K
021�� � @+7PNK;>E�B"@>5 � OK=F;>52@
� 9<E�H ;>=	NªH 	Y5�� ��B @>5�� OK=RH D,9<E�H"B"@CB"@+5��

�i.;4�B
µ
=@0@?!Z7.14@29=@6

R
PS?e��.;0<[�B^4C.;0jP@?e6^8\Q3NO69B94CB947.10

F K �S4 G PS8m2547�10<?eZ�X 4C0 ` ?:6^29?)[k.10lB^4C0i=@?!�b�;N1=<[��@?)PS? F
u1PS8kw30@4C?Q�.1=@6)B^.1=SB

y
P@NO0<2

[0, 1]
Q<N16

G(p) := inf{x : F (x) > p},N1ZC.;6^2:u1Q�.1=@6/B9.;=SB9? ` K N K =@0<4���.;69hj? U
25=<6

[0, 1]
ulZ_N ` K N K G(U)

?m2xB!PS?bZC.;4
µ K ©pNO6/?k¯S?\hjQ@Z7?1uiQ�.1=@6eZ7N�ZC.;4�PS?r-eN1=<[��ig1uPS?!PS?:0<294�B^8

(π(1+x2))−1 25=@6 R
uO.10jN

F (x) = arctan(x)/π+1/2
?kB

G(p) = tan(π(p−1/2)) KO� Nba@4Ca<ZC47.OB^�@�:Wl=@?�lB^4�¯Sa�.¶¯>Q3.;=@6 ¦ N�B^Z7N1a>��.;=@690<4�B!Z7?:2/��.10<[kB947.10<2)PS?r6^8\Q<N165B^4�B^4C.;0<2/4C0 ` ?:6^29?:2/Q�.1=@6!Wl=@?\Z_Wl=@?:2eZ7.14_2e=<25=<?\Z7ZC?m2\u@[k� K B^NOa<ZC?mNO=¡ K ¡bQ<NO�;? ¤ Ù K-/?kB9B9? hj8kB^�@.SPS?1u§P@.10lBqZ7NE294ChjQ@Z747[\4�B^8 Q3?:=SB�298:PS=@476^?1u�25.;=S°�69?jh NOZ7�@?\=<69?:=<25?:hj?\0lBrP@?>[k?\69B^N14C032y�3NO0<PS4_[\N1Q<2 K ov0?\°�?\B:ulZ7N���.10<[kB947.10
F−1 Q�?\=SB)¬kB^69?y[k.1t@B9?\=325?b��294Ch�=@ZC?:6:u;Q<NO6e?k¯S?:hdQ<ZC?yZC.;6^2^Wl=@?M29.10 ?k¯SQ@6^?:2^294C.;0j�JNO4CB/470;B^?\6 ` ?:0@4C6ePS?:2��.;0<[�B^4C.;0<2ªB96�NO0<2^[k?:0<P@N10;B�NOZ7?:2p[\.1hjhj?

log
u √ u

cos
uO?\B^[ Kl­ X NO=@B96^?!Q<NO69B:u1[\.1hjhj? U

?:25Bv2547h�=@Z78\?!Q3NO6p=@0 �;8\0@8:6^NOB9?\=<6PS?!Z_NrZ7.14S=@0@4C��.16^hj?1uOZ7?:2 ` N1ZC?:=@6�2pQ3.l292947a@ZC?m2p25.;0lBG?\0j698mNOZ74�B^8)?\0 0@.;h�a@6^?ew<0@4<29=@6 [0, 1]
u�?\BvZ7?\=@6G6^8\Q3NO69B94CB947.10d?:25BvNOZ7.16�2±yPS47Z7NOB98\?�²�Q<N16

F−1 Z7.16�2!PS?qZ�X 8 ` NOZ7=<N�B^4C.;0EP@? F−1(U) K¬W 470<254�u3[\?kB9B9?qhj8kB^�@.SPS?�0§X ?:25BMQ<N;2eB96^�:2�2^N�B^4725�JNO4_29N10lB9?rQ<NO6?\¯i?:hjQ@ZC?rQ�.1=@6!Z7?:2 ` N1ZC?:=@6�2eP@? U
Q@6^.S[��@?:2!P@?:2)Q�.1470;B�2!.1Õ

F
Nj=@0<?rP@8\6^4 ` 8\?r0i=@ZCZ7?q.1=sB96^�:2)Q�?kB^4�B^? K

� ÅªÃiÆ<É �iÂ³À 
�Î"!YÎ 
 �$#§Ê�Â 5ªÍ

@Ä:ÊJÆ�Ó�Ç�ÀAÍ

¹Í�Æ3Ê!À�%�ÈvÆ�Ó�ÀiÓ�ÄmÊJÀiÍJÍ�À ��Î � ��H�� U
|SF�I � 3��"37~ 3e�1Id�7��Hv|SF3H ]k��~�� I���|S~

[0, 1]I\�
λ > 0

|SF�~9z�I\� �/���7��~����C� �'3�� 37~ 3 −λ−1 log U
��|SH��/�C� �7��H/I
�k}@�OF�I\F<��HJIk���CIj�;I)}<��~9�O�j·\��~9I

λ
3

¼ 0�?k¯S?\hjQ@Z7?)P�X 47Z7ZC=<25B96�N�B^4C.;0�?\0 ¦ N�B^Z7N1a�?:25BfP@.10@0@8e[k4CTUP@?:2^25.;=<2\um?kBf29Ny25.;65B^4C?/�16�NOQ@�<47Wl=@?GQ3NO6ªZ7N�w<�1=@6^?M¡ K ¡ K -/?\B5B^?hj8kB^�@.SPS?/2:X NOQ@Q@Z74_W;=<?va@47?\0�?\0lB9?:0<PS=�N1=S¯qZC.;472ªPS?&;]?:4Ca<=@ZCZ�u�[�� K 29?:[�B^4C.;0�Ù K ¥<K 9 Q<N1�1?y¡ ¤ Ù<u:PS.;0lB�Z7?:2ªZC.;472�?k¯SQ�.10@?:0lB947?\Z7ZC?m20@?b[k.;0<2xB^4�B^=@?\0lB)W;=YX =@0�[\N;2pB96^�:2/Q<N165B^47[\=@ZC47?\6 K;� N�a@47Z74C.1B9�@�mW;=<?%�lB^4�¯Sa�.¶¯d��.;=@6^0@4�BeZ7N���.10<[kB947.10 ����),"	&�� '4+�Wl=@4�Q3?:69hj?\BP�X .1a@B9?\0<4C6rPS?:2y6^8:NOZ74_29NOB947.10<2�P@?�Z7.14fPS? ;A?\47a@=@Z7Zf?kBrPS.10<[�?\0�Q3NO69B94_[k=@Z74C?:6bP@?�Z7.14ª?k¯SQ3.;0@?\0lB^4C?:ZCZ7? K ce4C?:0�?\0lB9?:0<PS=§u�2^NPS?m29[\6947QSB^4C.;0s2:X .;aSB947?\0lB�Q<N16 ���! �" ����),"�&�� '4+d?\B�ZC?q[\.iP@?�[k.16^6^?:29Q3.;0<P@NO0lBeQ<NO6�%	',"�� ����),"	&�� ' + K
� �(*)�+-,/.0)21-3547698;:9<>=�8;?9@A<CBED�FG8
H0I>H <>JLK M�N9OP+RQ5(S)�TUOPDAFWV�.GM0MSQAF/X�V�(�DYOUVYX�ZY[�D�F�X0F�T\O$X�(�($X]M ^
_ <P`9aWJ/<�K McbLX�F5d�OeTUXGM ^A8gf�<S`9a�J/<\K MchL)�(PX�Q9iUdjM ^�8k7lGmon2p 1rqYO�dUT�DsK

−

<e@�tuKcvw`�x�ByKw603/3 mSz ^U^U{9(*)�+|,/.0) m$z 3�3 m 3 m$z ^	8
} <e@ H K nGm (*)�+-,A.0)

∗

J�f } K
−

(*)�+-,A.A)
∗

n ^ m M7~
−∗

M ^
<CJ�tAJ0x2BuK M l +�[�OCi�Oe�AQ�XWM m M>��q9X�D�i�OP�/Q9X�M ^

� �-/.1hjhj?M?\¯SQ@ZC4_Wl=@8MQ<698m[k8:P@?\hjhj?\0lB:ulZC?yZC.;�;N1694CB9�@hj?�=@B947ZC4_258yQ3.;=@6)2547h�=@Z7?\6/Z7N�ZC.;43?\¯SQ3.;0@?\0lB947?\Z7Z7?yPS47Z7NOB9?yZ7N�698:Q<NO69TB^4�B^4C.;0jP@?:2 ` NOZ7?\=@6�2fQ@6^4729?:2fQ3NO6pZ7?e�;8\0@8:6^NOB9?:=@6pPS?!Z7NrZ7.14S=<0@4���.;69hj?;uOQ@6^. ` .SWl=<NO0lB�?:0jQ<NO69B94_[k=@Z747?\6p=@0@?)6�NO6^8k�JN;[�B947.10dPS?:2�;6^N10<PS?:2 ` N1ZC?:=@6^2vQ3.l292947a@ZC?m2\u;?kB/P@.10<[!=<0>h NO= ` NO4_2v[\.1hjQ�.169B9?\hj?:0;By±�NO=SB^.1=@6vP@?MZ�X 470Sw<0@4S² K oG0´P�X NO=@B96^?:2fB^?\6^hd?m2\ul254Z7?��18:0@8\6�N�B^?\=@6M=@0@4C��.16^hd?
U
Q@69?:0<P�29?:2 ` N1ZC?:=@6�2�P@NO032�Z�X ?:0<25?:h�a@Z7?�P@g;N1P@47Wl=@? Dr

PS8\w<0@4CByQ<N16�×5¡ K ¥ Ø�u�NOZ7.16�2 − logU
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Simulation d’une loi exponentielle

Empirique
Theorique

������� ¡ K ¡ � �i47h�=@Z_N�B^4C.;0�P@?qZ7NdZ7.14�?k¯SQ�.10@?:0lB947?\Z7ZC?qPS?qQ<N16^N1hj�kB96^? 1/2
NO=Ehj.�g1?:0sPS?�2^N���.10<[kB947.10EPS?q698:Q<NO69B94CB947.10 K

Q@6^?\03PS6^Nd29?:2 ` NOZ7?\=@6�2!P@N10<2)Z�X ?\0325?:h�a@Z7?
− log Dr = {r log 2− log k k ∈ N, 0 6 k 6 2r − 1},[\?MWl=@43?m2xBeP�X N1=SB^N10lB/Q@Z7=<2/hjN1= ` NO4_2vWl=@? k

?:25BvQ@6^.i[��<?MPS?
0 K;¼ 0<?Mhj8kB^�@.SPS?MQ�.1=@6e[k.;0;B^.1=@6^0@?:6vNO=>hj.;4C0<2v?\0>Q3NO69B947?[\?qQ@69.;a@Z7�\hj?�[k.;0<294725B9?:6^N14�B�� =SB^4CZ74_25?:6M=@0�N1ZC�;.16^4�B^�@hj?rP@?s±yQ3.;ZCgi�1.;0<NOZ74_29NOB947.10�²EPS=�hd¬:hj?qBxgiQ3?�Wl=@?�[k?\Z7=@4�=SB947ZC4_298Q�.1=@6qZ_N�ZC.;4G�;N1=<2^2547?\0@0<?1u�[�� K 29?:[kB947.10�¡ K � K ¤ Q<NO�;? ¤l¢SK -/.;0;B^6^N14C6^?\hj?:0;BqNO=¹[\N;2r�;N1=<292947?\0§u�Z_N�B � [��<?d?m2xB�a�?:N1=<[k.;=@QQ@Z7=<2!294ChjQ@Z7?q4_[k4Y[:NO6)Z7N���.;0<[�B^4C.;0EP@?q698:Q<NO69B94CB947.10s4C0 ` ?:6^29?b?:25BM[k.10<0l=<?b?\¯SQ@ZC4_[k4CB9?:hj?\0lB!?kB�?:25B!B96^�:2!2947hdQ<ZC? K

021�� � @+7PNK;>E�B"@>5 � OK=F;>52@
� 9<E�H ;>E 7LD�B"JK5 O =RO N H =
	�=�B

� 0 N�B9B96^4Ca@=<?eQ3NO69��.14_2p[k?kB9B9?!hj8kB^�@.SPS?���� K ` .10 Ö ?:=@h NO0@0 K �i.14CBG=@0@?!Z7.14 µ PS?�PS?:0<294�B^8 f
29=@6

R
u1Wl=@?)Z�X .10 PS8m25476^?294Ch�=@Z7?\6 K¡ K �i=@Q@Q�.;29.10<2rWl=@? f

?m2xB�[k.;0lB9470l=<?�?\Bq�E29=@Q@Q�.169Br[\.1hjQ<N;[�B
[a, b] K§� ?j�;6^N1Q@�@?�P@? f

?m2xB�PS.;0<[d[k.10lB^?\0i=AP<NO0<2=@0�6^?:[�B�NO0@�;ZC?
[a, b] × [0, M ] K�� 0�[k.;0<254_PS�:69?�N1ZC.;6^2�P@?:2 ` ?:[kB9?:=@6^2MNOZ78:N�B^.14769?m2!470<PS8\Q�?\03P@NO0lB^2 ((Xn, Yn))n>025=@4 ` NO0lB =@0@?EZ7.14!=@0@4C��.16^hj?�29=@6 [a, b] × [0, M ] Kv� 0 P@8kw<0@4CB>?\0325=@4CB9? T

[k.1hjhj?�ZC?EQ@Z7=<2jQ�?kB94CB
n
B^?\Z�Wl=@?

f(Xn) 6 Yn
K W ZC.;6^2).;0shj.10lB^69?qWl=@? T

?m2xB!w30@4§Q@6^?:2^Wl=@?b29t@6^?\hj?\0lB!?kBMWl=@?
XT

NjQ�.1=@6!Z7.14
µ K¢@K �i=@Q@Q�.;29.10<2/Wl=§X 47Z�?k¯S4725B9?y=@0@?bPS?\0<294CB98 g

�JN1[\4CZ7?M��2947h�=@Z7?\6vB9?\Z7Z7?yWl=@?
f 6 cg

Q3.;=@6v=@0<?y[k.;0<25B^NO0lB^?
c > 0 K �i.14CBNOZ7.16�2

(Wn)n
?\B

(Un)n
PS?:=S¯�29=@4�B^?:2qPS? ` K N K 6 K 4 K 4 K P K 470<PS8:Q3?:0<P@N10;B^?:2qN ` ?:[�Z7?:2 Wn

P@?dZ7.14pPS? PS?:0<294�B^8
g
?\BZC?m2

Un
PS?qZC.;4�=@0@4C��.16^hj?�25=@6

[0, 1] K@� 0EQ�.;29? Yn = cUng(Wn)
?kB

T
ZC?qQ<ZC=<2)Q�?kB^4�B

n
B^?\ZYWl=@?

Yn < f(Wn) KW Z7.16�2)Z7NdZ7.14§PS? UT
N�Q�.1=<6�PS?\0<294CB98

f K-/?m2�PS?\=@¯�hj8kB^�@.SPS?:2y2\X 8kB^?\0<P@?\0lBb2^NO0<2MPS4´c>[\=@Z�B^8:2y�>PS?:2MZC.;472M�>PS?\03254CB98�29=@6
Rd K�� ?:2Mhj8kB9�<.iP@?:2MP@?�69?5¨x?kBM.;0lBM8kB^8PS8 ` ?:ZC.;Q@Q38:?:2e?kBMN1hj8\Z74C.;698:?:2:u;?\BM25.;0;B!Z_NO6^�1?:hd?:0lBe=SB^4CZ74_258:?:2!P@N10<2)Z7NdQ@6�N�B^47Wl=@? K oGZ7ZC?m2).10lB!Z�X N ` NO0lB^N1�1?rPS?r0@8:[\?:2^254CB9?:6
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Q�?\=#PS?�[:NOZ_[k=@Z_2jZ7.16�29Wl=§X ?\Z7ZC?m2 25.;0lB´[k.1=<Q@ZC8:?:2 � PS?m2jB^N1a@Z7?:2 Kv� N¹a@47a@Z74C.1B9�@�mWl=@? �lB94C¯Sa3.¶¯���.1=@6^0@4CB B96^.14_2j��.103[�B947.1032
����+2' ��-*/�u��������4/3/0��?kB6����"�- ',#3#rWl=@4YQ3?:69hj?kB9B9?:0;B�P�X .1a@B9?\0<4C6�PS?m2)698mNOZ7472^N�B^4C.;0<2)PS?rZC.;472)a<4C0@.;hj47N1ZC?m2\ui�;N1hjhjNd?\B!P@?©f.14_2^25.;0EN ` ?:[qZ_N hj8kB^�@.SPS?�P@=�69?5¨x?kB K�� 0�Q�.1=<696�N [k.;0<25=<Z�B^?\6 � ce.1= 9 �iu Ï>!�K ¥3K ¤ u<Q K #OÙ �Y.;=�?\0<[\.16^? � c � Ù 9 u !MÏ�K � K ¡��@uQ K ¡ 9 � �§Q3.;=@6�PS?:2)Q<69?:= ` ?m2 K
021�� � @+7PNK;>E�B"@>5 � OK=F;>52@
� OK@
�2�
H���B"=��

�i.;4�B
p1, . . . , pn

PS?m2y0<.1h�a<69?m2MP@N10<2
[0, 1]

B9?\Z_2rWl=@?
p1 + · · · + pn = 1 K oG0�Q<N165B^4�B^4C.;0@0<N10;BbZ�X 470;B^?\6 ` NOZ7ZC? [0, 1]?:0shj.16�[k?mNO=S¯´N;P¶¨5N1[\?\0lB^2!P@?qZC.;0@�1=@?:=@6�2

p1, . . . , pn
u<4CZ ` 47?\0lBq¾

� ÅªÃiÆ<É �iÂ³À 
�Î	�§Î 
 �$#§Ê�Â 5ªÍ

@Ä:ÊJÆ�Ó Ç87:5ªÓ�À�ÍJÆ�ÊpÇ�Ê�Á:Ë1É �;ÄmÀ�
�Á�5�È�ÈvÆ3É¶Ä �fÓ�Ê �¶Î�� �OH�� U |SF�I%� 3��"37~ 3p�1Iq�C��Hª|SF<H ]k�O~��jI��|S~
[0, 1]

Ik�
P := p1δx1

+ · · ·+ pnδxn

|SF�I��C��Hv�OH_�\¸k~9·\��Id�
�E�CI��
xi
�\��F3�/����|i����H �yzk~9I\F<��� 3��y�C��~��q�C� �'3�� 37~ 3

x1I{U<p1} + x2I{p16U6p1+p2} + · · ·+ xnI{p1+···+pn−16U61}��|SH��v�7� �C�OH
P
3

� ?�[\.SPS? ¦ N�B^Z7N1a�29=@4 ` N10lBe��.;=@6^0@4�B�Z_N���.10<[kB947.10 �!�('�#&% Wl=@4§47hjQ@ZC8:hj?\0lB9?qZ7?q698m25=<Z�B�N�B�PS=sB9�@8:.16^�\hj?j¡ K � K ¡d¾
� �=���x�: H�I @5x i�X�)9(�O�d 1 i�.�Ocd\TWKcZ m [Y^
����������� ���� �!�"�#� �$�"�%'&( �!��� �$)%�"���*,+.-0/�&)*1!�%�"2+�"�#�3���4�$�*151#
/�6�6�%���$87�"9&�";:9 �$)%9<�"�=�/�*?>�@
�A��*� �!�"�#CBC��+�"�#�$D:�EDFG6H>
�I6 *�#
$2/�&KJ�*)3�$�*�/)�1+�*A����*�!�#L6�%�#�"�$�"�7�#,$�*�!,=�/�*K#M/�<N:G6O>9B�P�@
�QE *�#
$2/�&KJ�*)3�$�*�/)�1+�*A����*�!�#C+�*R<�S9<�*K$� )"�!�!�*,=�/)*R6TFU+)%'&�&� �&)$V!�*1#
/�6�6�%���$W@
�A��*� �!�"�#CBC���� �!�"�#� �$�"�%'&X+�*2!� 2!�%�"2+�"�#�3���4�$�*8$�=ZYD:[E�\�P]>
B�6)\�P^F�@�@�@�F[Y.:[E�\
&?>
B�6�\
&T@
�L_�*�#2���� �!�"�#� �$�"�%'&]#X#
/]3�3�*)#�#�"�J�*)#`#�%9&�$a3�%'&]#�"�+�������*)#X3�%9<�<]*8"
&)+���6�*�&)+� �&)$)*)#X3' ��
�2*�!�!�*)#,3�%�����*)#
6�%'&)+�*�&)$a5C+�*�#2 �6�6�*�!�#K#
/]3�3�*)#�#�"�7�#K+�*C�� '&�+T@

FU1s<CJ/x5t H ?uK>[ ^�8
i$12vw`�x�BL8
)A1 308
,U12[�K z ^�8
=>@5v O�1 z�b F

−

z�m
I = K�K\i[c/1Y)A^�d-K$i0e�1�,s^�^

i�X�)5(�O�dU12ZsK�O�^�8
vUJ H �5v�x�8

J\x/B
)�1Y,]8
,�1Y,MfY[jK�O�f z ^�8

J\x/B
i�X�)5(�O>dU1YZjK>F ^�8
vUJ H �9v�x 8

� �

g �iI\~9¸\HJ¸^I�¡ K � K£¢ 3 ¦ .;0;B^69?3`dWl=@? [\?kB5B^?jhd8\B9�@.SPS? 2:X 8\B9?:0<P]2^NO032bP@4´c>[k=<Z�B^8:2qNO=@¯�ZC.;472qPS4_2^[k6^�kB9?m2r�s29=@Q@Q�.169B�PS8\0@.;hdTa@6�NOa<ZC? Ki­ .10<0@?+`q=@0EQ�?kB^4�BMQ<69.;�16�NOhjhj?yP�X 4CZ7Z7=<2xB^6^NOB947.10 K
� Nra@4Ca<ZC47.OB^�@�:Wl=@? �iB94C¯ia�.¶¯d��.1=@6^0@4CBvZ7Nq��.10<[kB947.10ih\�����!%0'� ,�rW;=<4<Q�?\6^hd?\BeP�X .1a@B9?\0<4C6/ZC?m2vWl=<NO0lB^4CZ7?:2GP§X =@0<?MZ7.14<�qQ3NO69B9476P�X =@0E8:[��3NO0lB947ZCZ7.10s?\hjQ@47694_Wl=@? K � NO4CB9?m2����3 �"jh\�����!%('� ,� K� ?j0@.;h�a@6^?�hj.�g;?\0]P§X 470<25B96^=<[�B^4C.;0<2 'MkE?\¯S8:[k=@B98\?m2rP@NO0<2bZ7? [k.SPS?jPS?jZ7N´��.10<[kB947.10 �!� ',#&%�?:25B ` .14_25470�PS? log n K� 0]Q3.;=@696�N�[k.10325=@ZCB9?:6rQ<NO6r?k¯S?:hdQ<ZC? � µr0l= 9 ¡ �GQ�.1=@6�P@?:2bhj8kB9�<.iP@?:2qQ@Z7=<2r6�NOQ@4_PS?m2M�JN1472^NO0lBr4C0lB^?\6 ` ?\0<4C6qPS?m2bB^NOa<ZC?m2Q@6^8:[:NOZ_[k=@Z78\?m2/��Q<N165B^4C6!PS?m2/Q<69.;a<NOa@47Z74�B^8:2

pi
K@� N�ZC.;4�=@0@4C��.16^hd?rPS4_29[\69�\B9?bQ3?:=SB�¬kB^69?r294Ch�=@ZC8:?bB96^�:2e6^N1Q@4_PS?\hj?\0lBmui2^NO032N1=<[k=@0<?b470<25B96^=<[�B^4C.;0�[\.10<P@4�B^4C.;0@0@?\Z7Z7?1u@[k.;hjhd?qZ7?rhj.10lB96^?rZC?�[\.iP@?r29=@4 ` NO0lB�¾
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� �=���x�: H�I @5x i�X�)9(�O�d 1 i\)/F�.YO d � i�KcZ m F m +u^
�����������������
�,��"M<�"�!� )"���*15C�� '&�+ @ �)*�&)J)%�"�*,+�*�#2���� �!�"�#� �$�"�%'&]# "?@[" @�+ @ +�*2!�%�"C/�&]"�7)%��'<]*
�,#M/��AE^: P�>?F�@�@�@�F E :9!�*�&���$	�W:�EH>�>H@
�I&1*�$ < #�%
&�$K+�*�#,*�&)$�"�*���#8%'6)$�"�%'&�&�*�!�# F J� �!� �&)$ Pj6) ��1+���7� �/)$ @

I = K\x9`AvUt I x�1�1�3�^ m
J0v\v�@�vWK M�
W)�d�VY)/d�d�X
��V0.AX�V�[2)	i�)�+���T�i�X�d�M ^08

JY<��0J I = K�x9`AvUt I x 1�1 z ^ m
F�1 z 8�+ 1 z 8

JY<��0J I = K�x9`AvUt I xW1�1��w^
+]1 z 8
JY<��0J I = K�x9`AvUt I xTc���^
J0v\v�@�vWK MP�sicD\[�V0.AX	V�[2)	i�)�+���T�i�X�d�M ^08

J\x/B
i�X�)5(�O>dU1�vUJ��U?5` } J�KcZsK�:�J I </K�<7JAx2t H ?yKcZ�^

∗

v�`�x�B KcF m +|^�^\^ m F m + ^08
vUJ H �9v�x 8

� �

+ Ik� ��~9{\|<I ¡ K � K ¤ 3 � N�[\.1hjh NO0<P@? ¦ NOB9Z_NOa �!������"�����/d��.;=@6^0@4�B!=@0<?yQ�?\6^h�=SB�N�B^4C.;0´Q<29?\=<P@.OT�NOZ78:N�B^.14769? K oG0EP�X NO=SB^69?m2B^?\6^hd?;uS?\Z7ZC?�[\.10<25B94CB9=<?b=<0��;8\0@8:6^NOB9?:=@6!PS?qZ7NdZ7.14�=@0<4���.;69hj?q25=<6!ZC?q�;69.;=@Q3?q29gihd8\B96^47Wl=@? K
� ÅªÃiÆ<É �iÂ³À 
3Î ��Î�� �$#§Ê�Â 5ªÍ

SÄmÊJÆ�Ó�ÇªÀ Í

´Í�Æ3Ê§ÌªÊ�Ó�Æ�Â³Ê

<ÍJÀ �¶Î � ��HJI\F<� U1, . . . , Un

�1Ik� �'3�� 37~ 3�H 37H 3��"3ª�1IM�C�OH§|SF<H ]k�O~��jI��|S~
[0, 1]

�v���C�O~����C� � 3��"37~ 3
n∑

i=1

I{Ui<p}

��|SH��v|SF�Iq�C�OH/�\H�F����dHJ���7Id�;I�����H����7I
n
I\�e�;I�}@�O~9��� ·k��~9I

p
3

� ÅªÃiÆ<É �iÂ³À 
3Î ��Î � �$#§Ê�Â 5ªÍ

@Ä:ÊJÆ�Ó�Ç�ÀqÍC
�ÍJÆ�Ê�Ç�À��yÆ3Ê�Á:ÁmÆ3Ó �¶Î � ��HJI\F<� (Ei)i>1
�;I��8�'3�� 37~ 3@H 37H 3�� 3��1Ie�C�OH�I
��}<��F�IkF3��HJI\���CI�;I)}<��~9�O�j·\��~9I

λ > 0
�/�O�C��~��q�C� � 3��"37~ 3

I{E161<E1+E2} + 2I{E1+E261<E1+E2+E3} + 3I{E1+E2+E361<E1+E2+E3+E4} + · · ·
��|SH��v|SF�Iq�C�OH/�1I��!�OH_�^�\�OF¹�;I)}<��~9�O�j·\��~9I

λ
3 �k��IkFAI����!�1I����\�jI!}<��|S~��

I{E161} + I{E1+E261} + I{E1+E2+E361} + · · ·
-/.1hjhj?�0@.;=<2>Z7? ` ?\6^69.;0<2 P@NO032>Z_N³25?m[�B^4C.;0 � K ¡«Q<NO�;? ¡ � ¡;uv[k?\B5B^?�hj8kB^�@.SPS?�[k.;696^?:29Q�.10<P ?k¯@N;[�B9?:hj?\0lBs� Z_N294Ch�=@Z_N�B947.10 PS?EZ7NAZ7.14�PS?

N1
.;Õ

(Nt)t>0
?:25B =@0�Q<69.S[k?m2929=<2jPS?E©f.14_2929.10 2547hjQ@Z7?�P�X 470lB9?:0<254CB98

λ Kv� X 8 ` 8\0@?:hj?\0lB
{E1 + · · ·+ Ei 6 1 < E1 + · · ·+ Ei+1}

[k.;696^?:29Q�.10<P N1=´[\N;2G.1Õ´ZC?bQ@6^.i[\?:2^25=32vN�2^NO=SB^8M?\¯SN;[�B^?\hj?\0lB
i
��.14_2eN ` N10lBZ7?bB9?\hjQ<2

1 K
���! ��"� #�$&%('*),+�-�.0/�-�1"23'
�i.;4�B

n ∈ N∗
=@0<?/a<N;25?)PS?e0i=@hj8\6�N�B947.10 K -/�3N1Wl=@?e698m25=@ZCB^NOBfP§X =@0j2^[��@8\h NMP@?)ce?:690@.;=@Z7ZC4i[k.;0<254_25B^NO0lBf?\0�=@0@?!25=<4�B^?P�X ?k¯SQ�8\6^4C?:0<[k?m2v4 K 4 K P K (Xi, i ∈ N

∗)
�

n
4_2929=@?m2vQ�.;2^2547a@Z7?:2)PS?bZC.;4�=@0@4C��.16^hd?r29=@6 {0, . . . , n− 1} Q�?\=SB�29?y6^?\Q<698m25?:0;B^?\6Q<N16)Z�X 8:[\694CB9=@6^?b?\0�a<N129?

n
P�X =@0�0@.1h�a@69?r6^8\?:Z�P<NO0<2

[0, 1] K oG0«P�X NO=@B96^?:2/B9?:69hj?:2:uS.10EN�Z7Nj29=@6J¨x?m[�B^4C.;0 In
25=<4 ` NO0lB^?d¾

In : (x1, . . . , xk, . . .) ∈ {0, . . . , n− 1}N
∗ 7→

+∞∑

i=1

n−i xi = 0, x1 · · ·xk · · ·
︸ ︷︷ ︸4�5�687(9:4 n

∈ [0, 1].
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� 0 Q�.1=@6^6�NsQ�?\0325?:6��«Z_N«a<N;25? n = 2

?kBjNO=³2^[��@8\h N«PS?�c/?:690<.1=@Z7ZC4/[kZ_N12^254_Wl=@?>PS?´Q<4CZ7?>.1=¹�JN;[k?´N ` ?:[j=@0<?>Q@47�:[k?8mW;=<4CZ74Ca<698:? K@� N ` NO6^4_NOa@Z7?bN1ZC8mN�B^.14769? U
P@8kw<0@47?qQ<N16q¾

U := In(X1, . . . , Xk, . . .) :=
+∞∑

i=1

n−i Xi,

29=@4CB)=<0@?qZC.;4�=@0@4C��.16^hj?�25=@6
[0, 1] K oG0E?k°�?kB:u3254 a := a1n

−1 + · · ·+ amn−m
?:25B!=@0E0@.1h�a@6^?

n
T�N1P@47Wl=@?;ul.;0«Ns¾

P(a < U < a + n−m) = P(X1 = a1, . . . , Xm = am) = P(X1 = a1) · · ·P(Xm = am) = n−m.

� 8m[k47Q@6^.iWl=@?:hj?\0lB:uª[k?s[:NOZ_[k=@Zehj.10lB96^?sWl=@?sZC?m2�[\.i?>c>[k47?\0lB^2
(Xm)m>1

PS?sZ�X 8:[\694CB9=@6^?>?:0�a<N;25?
n
P�X =<0@? ` NO6^4_NOa@Z7?N1ZC8mN�B9.;4C6^?�=@0<4���.;69hj?q25=<6

[0, 1]
25.;0;B)4 K 4 K P K PS?yZ7.14�=<0@4���.;69hj?r25=<6 {0, . . . , n− 1} K � ?\h NO6�Wl=@.10<2eWl=@?bZ�X ?\0<29?\h�a@Z7?bPS?m20@.;h�a@6^?:2

n
T�N1PS4_Wl=@?:2b?:25B�PS?jhj?:29=@69?d0i=@Z7ZC?jQ�.1=@6rZ_NsZ7.14f=@0<4���.;69hj? K�W 4C03254�u�ZC?m2r0@.1h�a@6^?:2bPS? [0, 1]

PS.;0;BqZ�X 8m[k6^4�B^=@6^??:0#a<N129?
n
?:25B�[\.10<25B^N10lB9?��³Q3NO69B9476´P�X =@0R[k?:65B�NO470#6^N10@�'±�0@?�[k.;hjQSB9?:0;B�Q<N12)²�?:0RWl=@?\Z_Wl=@?�29.169B9?1u/?kB In

?:25BQ@6^?:2^Wl=@?kT�29t@69?:hj?\0lB/=@0<?q4C0�¨x?m[�B^4C.;0§u@?kBMP@.10<[b=@0@?qa<4 ¨x?m[�B947.10EQ K 2 K
g �iI\~9¸\HJ¸^Is¡ K � K � 3eoG0«PS8:PS=<4C6^?y=<0@?qhj8kB9�<.iP@?bQ�.1=<6!�18\0<8\6^?\6)P�X =<0E29?\=<Z§[k.1=<Q k

698mNOZ7472^N�B^4C.;0<2v470<PS8:Q3?:0<P@N10;B^?:2!PS?rZ7.14=@0<4���.;69hj?�29=@6 {1, . . . , n} �´Q<NO69B9476yP§X =@0<?�6^8:N1ZC4_29NOB947.10�PS?dQ@6^8:[\47294C.;0 k
?:0�a<N;25?

n
P�X =<0@?�Z7.14f=@0<4���.;69hj?�29=@6

[0, 1] KÏ hjQ@Z78\hj?\0lB^?\6�[k?r6^8:29=@ZCB^N�B!?:0�8m[k6^4 ` N10;B!=@0<?r��.10<[kB947.10 ¦ N�B^Z7N1a KL =@?�29?�Q<N;2929?kT�B5TU4CZSQ�.1=<6 U
2543Z�X .10 29=@Q@Q�.;29?�W;=<?�ZC?m2

Xi
0@?M29=@4 ` ?:0;BGQ<ZC=<2v=@0@?!Z7.143=@0@4C��.16^hd?�29=@6 {0, n−1} h N1472Q@Z7=SB�bOB�=@0<?>ZC.;4 {p1, . . . , pn}

Wl=@?:Z7[\.10<Wl=@?jw<¯i8:?´P�X N ` NO0<[\?�njoG0�P§X N1=SB96^?:2rB^?\6^hj?:2:uYWl=@?\Z7ZC?m2�29.10lB�Z7?:2qZ7.14_2q47hjN1�1?m2Q�.;2^2547a@Z7?:2)Q�.1=@6yZ7Nd��.;0<[�B^4C.;0 In
29=@6

[0, 1]
nd-/.1hjhj?

(nrU)
hj.iP

nr
N Z_Njhj¬\hj?qZ7.14�Wl=@?

U
Q�.1=@6�B9.1=@B

r ∈ N
u@ZC?�;6^N1Q@�@?qPS?�Z_Nj��.;0<[�B^4C.;0�PS?�6^8\Q<N165B^4�B^4C.;0EP@?

U
Q�.;2^25�mPS?q=@0@?�Q@69.;Q@6^4C8\B98�P�X 4C0 ` NO6^4_NO0<[\?�P�X 8m[��@?\Z7Z7?>¾3[1X ?m2xBM=<0«��6^N;[�B�NOZ K� Nj��.10<[kB947.10�P@?�6^8\Q<N165B^4�B^4C.;0EP@? U

?m2xBr[k.10lB^4C0i=@?;u<h NO4_2MZ_N Z_N>Z7.14ªPS?
U
?m2xBb8kB96�NO0<�1�\6^?�� Z_N>hj?:29=@6^?�PS? � ?\a�?:29�1=<??\B�ZC?m2!ZC.;472MPS?

U
25.;0;B!B^.1=SB^?:2!8\B96�NO0@�;�\6^?:2e?\0lB^69?r?\Z7Z7?:2�Wl=<N10<P�Z7NjZ7.14YP@?:2

Xi
a<N1Z7N¶g;?yZ�X ?\0<29?\h�a@ZC?�P@?:2!Z7.14_2�PS4_29[\69�\B9?m229=@6 {0, . . . , n− 1} K3� X ?\¯i?:hjQ@ZC?�PS?�[k.SPS?�Q3.;=@6 � [kB^N ` ?�Wl=@4ª25=<4�BrN ` ?:[r2^N>29.169B947?q�16�NOQ@�@4_Wl=@? ¡ K£¢ Q<N1�1? ¤ � 47Z7ZC=<25B96^?[\?bQ<�@8\0@.;hj�\0@? K3� 0sQ�.1=@6^6�N�[\.10<29=@ZCB9?\6�� ­ - ­ 9l¢ a§uS?\¯i? K@¤@K ¤@K ¡���Q<NO�;? 9 ¡ �Uu � c � Ù 9 u@?\¯iQ<Z KSÏ>!�K ¤<K � K 474C4�Q3NO�1?m2b¡ ��� T^¡ � ¤?\B !�K � K ¤ Q<N1�1?j¡ ¥;¥ ��?kB�?:0Sw<0 � c � Ù 9 uS?\¯S? K !�K � K ¡'��Q<N1�1?j¡�� �'�§�dQ@6^.1Q�.;2!PS?�[\?:2�±MZC.;472e��6�N1[kB^NOZ7?:2p²

� ����Q_)%�"�# � �� )3�$� �!�*)#8+� '&�#A/�&V#�3 ���
<] ,+�*��)*���&�%'/�!�!�"15I&V"�#�#
/�*)#Z&�%
&8/�&]"�7)%��'<]*)#
:0<SJ�`9v]8
� @�vcJ D�����8
F/i�1 z 3	3�3A8
[9iUX � 1 z 3	3A8
�
,5)�d�X z 1���8
[ z 1 z {��/8
� } v I x H =5K M n )�d�V�.9X�d\VW(�D2Owd�VA.0X	V
	 X	i�F�D/Q�(�( OwVA.0X	V/[9)�i�)	+�X�Twi�X\V����94�
�FuM m [ z ^
� } v I x H =5K M �j.AV2i��A)�(�47VjO7F2.���[ 4eVY.AX	VW(>DYO�V0.AX�V
	 X	i�F�D�QY(�( O�V5d�Q5i5V��/3 m$z�� 4$4�4�
YFuM m 

[9iUX �

∗

FAiA^
� D�X���dw1�i�X�[/+ )�T�K : � ��} vc@\B�K�D�F5X�d�KU[�i�X � m z ^�{s,5)�d�X z ^ mSz]m FAi2^08
i�X�)5(�O>dU1 � � � K�i�,AO*F/D�+ K k [�i�X � m FAi p9m ,9)	d�X z

−

z0m [ z ^�4
∗
� D�X���dj^08k X�����X � T�O���d m � (�)9d\d�XAd p 1�? I � H K�i\X/)�(cOcd m [9iUX �

∗

z 3�^	8
:5<>=W8
H0I>H <>JLK M�b O�����X�i\X0F�T\d�V � )0d�VA[�D	QAi�V2(�)YV��>D/F � T�O�D�FsV0.AX	V5i�X�[W)/i�T�O T�O�D�FuVA.0X	V�� M ^08
?�@/<oBED�F�8
} <e@ H K � ($)�d\d�X�d m � (�)�d�d�XAd�^�8
} <e@ H K � ($)�d\d�X�d m :G� � � � � K�X�����X � TAO��UdW^�{5F/i2^08
�
,5)�d�X	�91! �8
[0�A1 6	{�"A8
� } v I x H =5K M n )�d�V�.9X�d\VW(�D2Owd�V5,2O F2D/+ O )A(SX	d�V0.AX�VjT0)YOw(�(wXAV�� .�V�X�T�VA.0X	V/[9)�i�)	+�X�Twi�X\V����94�
�F M m 


®+¯t°y±g²´³ µ�¶g·�
©̧ ¹�ºlºt»�¼>½�¾�½/¿ ²�ÀÂÁZÃ�Ä ¾ ®+¶gÅoÆ ÅlÇ ¾�È�É Ä[Ê À�¯t°y±gË ¿ Æ�· ¾YÌtÍdÎoÏ´Ð�Ñ�ÎoÒ�ÓlÑlÏÕÔyÖ ×¬Ø Á¬Ù�Ú´Ú´Û�Ü�ÚÕÝ�Ü´ÚrÞ ¾ Ê ß>àoálâ ¹ ε ¾/¹¬Øyã À ¿ÕäZå ² ¿d¹yºoºo»�¼�æ�çtè ¹lé'¾ ê+ëoìoí_î ◦ ï$#gñ



B
R

O
U

IL
LO

N

¤ � �������	��

������������� 
�������� 
!���"
$#"�!�&%'�(� #)��� %+*,�(-

,9)	dwX � m [ ��^
� } v I x H =5K M �j.AV2i��A)�(�47VjO7F2.���[ 4eVY.AX	VW(>DYO�V9,YOSF2D/+ O )A(SX	d�V�d�Q9i2V��/3 m$z�� 4�4$4 
YF M m 

[9iUX �

∗

FAiA^
� D�X���dw1�i�X�[/+ )�T�K : � ��} vc@\B�K�D�F5X�d�KU[�i�X � m z ^�{s,5)�d�X	�j^ mSz]m FAi2^08
i�X�)5(�O>dU1 � � � K�i�,AO*F/D�+ K k [�i�X � m FAi p9m ,9)	d�X �

−

z0m [ �2^�4
∗
� D�X���dj^08

k X�����X � T�O���d m � (�)9d\d�XAd p 1�? I � H K�i\X/)�(cOcd m [9iUX �
∗

z 3�^	8
} <e@ H K � ($)�d\d�X�d m :G� � � � � K�X�����X � TAO��UdW^�{5F/i2^08
�
,5)�d�X �51���8
[ �/1 z {	�08
� } v I x H =5K M n )�d�V�.9X�d\VW(�D2Owd�VA.0X	V
	 X	i�F�D/Q�(�( OwV�d � + �\T�iUOS��Q2X\dwV�� �94�
�F M m ,9)	dwX � m [ �9^
� } v I x H =5K M �j.AV2i��A)�(�47VjO7F2.���[ 4eVY.AX	VW(>DYO�V0.AX�V 	sX�i�F 47V�d � + 47V�d�Q9i5V��/3 m�z�� 4$4�4�
YFuM m 

[9iUX �

∗

FAiA^
� D�X���dw1�i�X�[/+ )�T�K : � ��} vc@\B�K�D�F5X�d�KU[�i�X � m z ^�{s,5)�d�X �s^ mSz]m FAi2^08
i�X�)5(�O>dU1 � � � K�i�,AO*F/D�+ K k [�i�X � m FAi p9m ,9)	d�X �

−

z0m [0�Y^�4
∗
� D�X���dj^08

k X�����X � T�O���d m � (�)9d\d�XAd p 1�? I � H K�i\X/)�(cOcd m [9iUX �
∗

z 3�^	8
} <e@ H K � ($)�d\d�X�d m :G� � � � � K�X�����X � TAO��UdW^�{5F/i2^08
�
f�<P`9aWJ/<�K M h )	(7X�Q�i M ^08
_ <P`9aWJ/<�K M��sD�F � T�OeD�FWVA.0X	V2i\X�[W)/i\T\O�T\O$D�F M ^�8
<CJ�tAJ0x2BuK M��WD�O�V�Q9F5O ��D�i�+ X�M m 

� } v I x H =5K M�����X � V9.�X\d�V�	 X	i\FYD�Q�( (�OwV � z 4��
�jM m [ z ^ m 

� } v I x H =5K M�����X � V9.�X\d�V9,YOSFYDA+ O )A(SX	d�V�K �|. m V � z 4 � ��^sM m ,9)	dwX � m [ �5^ m 

� } v I x H =5K M�����X � V9.�X\d�V�	 X	i\FYD�Q�( (�O�V�d � +RX�T�iUOS��Q5X�d M ^ m 
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Valeur

Differents cas pour la fonction de repartition de U

Loi uniforme
Avec des Bernoulli 0.25

Avec des binomiales (7, 0.56)
Avec des Bernoulli symetriques
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021�� � @+7PNK;>E�B"@>5 � OK=�� ;>52@ � G2E2N�� �"@>=�� �K=��

� ?m2rhj?\47ZCZ7?\=@6^?:2rhj8\B9�@.SPS?m2\uYN1=<2^254pa@47?\0¹Q�.1=@6qZ7?\=<6q6^N1Q@47P@4�B^8jWl=@? Q�.1=<6qZC?:=@6�Wl=<NOZ74�B^81u§29.10lB�29N10<2qPS.;=SB9?>[\?\Z7ZC?m2Q@6^8:29?\0lB^8\?:2qP<NO0<2�Z7N«29?:[kB947.10�¡ K � K ¤ Q<NO�;? ¤;¢@K -/?\Q�?\0<P<NO0lB:u�0@.1=<2�[k.1hjhj?\0VUk.1032qQ<NO6�PS?\=S¯¹hj8kB^�@.SPS?:2�a<N1298\?m2�25=<6Z�X 470 ` NO6^47N10<[k?bQ<NO6!6^.OB�N�B^4C.;0sPS?m2)ZC.;472)�lNO=<2^2547?\0<0@?:2:u@Wl=@4§25.;0lB!�dZ_Nd��.14_2eB96^�:2![\Z7N;292947Wl=@?m2e?kB K:K\K B^69�m2)ZC?:0;B^?:2 K
�������"� ��� /
	 $�� 2�
�$&1"-�% +�2�
�� +�2��8-�1��&$ +�%�/
	�� 2�� 2�� $�������� 1(1 2 + �
� ÅªÃiÆ<É �iÂ³À 
3Î"!§Î�
 �$#§Ê�Â 5ªÍ

SÄmÊJÆ�Ó³Ç87:5ªÓ�À«Í�Æ3ÊGÓªÆ3É¶Â 
@ÍJÀ �¶Î � ��H�� (X, Y ) = (r cos(θ), r sin(θ))

|SF ��I�¸k��Ik|S~q���7z^�OÐ����H�~9I��1I
R2 3��y�C�O~�� (X, Y )

��|SH��p|SF�Ib�C��H N (0, I2)
��HfI\�p�\Ik|S�7Ik� IkF3�f��H

r2 := X2 + Y 2 Ik� θ := arg(X + iY )
�\��F3�H�F��1z�}@I\F��;��F<��Ik�jI\�!��|SH��¶I\F<��~^I���}<I^¸\��H��¶I\�jI\F<�!|SF�Ij�C�OH!I
�k}@�OF�I\F<��HJIk���7I´�1Ib}@�O~9��� ·k��~9I

1/2
Ik�M|SF�Id�C�OHe|SF3H ]k��~�� Ij��|S~

[0, 2π]
3

Ï Z§?:0�PS8m[k.;=@ZC?�Wl=@?q294 U1
?\B

U2
29.10lB!4C0<P@8\Q�?\0<P@N10lB9?:2)?\B�=@0@4C��.16^hj?:2!29=@6

[0, 1]
u@NOZ7.16�2eZC?m2 ` K N K 6 K

√

−2 logU1 cos(2πU2)
?kB √

−2 logU1 sin(2πU2)29.10lBG4 K 4 K P K PS?yZC.;4<0@.;69h N1ZC?�[\?\0lB96^8\?!6^8:PS=<4�B^? K c/47?\0 ?:0lB9?\03PS=§u1Q�.1=<6GB9.;=SB (m, σ) ∈ R×R∗
+

u;=@0@? ` N1694_NOa<ZC?�N1ZC8mN�B9.;4C6^?6^8\?:ZCZ7?
Z
29=@4�B/Z7NqZ7.14 N (0, 1)

294@?kB/29?\=<ZC?:hd?:0lB/2543Z7N ` K N K 6 K m+σ Z
29=@4CBvZ_NrZC.;4 N (m, σ2) K;Ö .1=<2vN ` .1032pPS.10<[�Z7�r=@0<?hj8kB^�@.SPS?/P@?/294Ch�=@Z7NOB947.10�P@?vZ7.14_2§�;N1=<2^2547?\0@0<?:2§=<0@47P@4Chj?\032547.10@0<?\Z7ZC?m2�Wl=@?:Z7[\.10<Wl=@?m2 K$! .14_[k4l=@0�?\¯i?:hjQ@ZC?eP�X 4CZ7ZC=32xB^6^NOB947.10PS.;0lB)Z_Nj25.;65B^4C?r�;6^N1Q@�@4_W;=<?y?m2xBMPS.;0@0@8:?bQ3NO6!Z_N�w3�1=@6^?j¡ K ¤ ¾

� �:5<>=�8;?�@/<oBED�FG8
H0I>H <>JLK M�N9OP+RQ5(S)�TUOPDAFWV�.GM0MSQAF/X�V�(�DYOUV/F�D	i�+r)	(7X�M ^�8
_ <P`9aWJ/<�K M l ����X � T�O ��duM ^A8gf�<P`9a�J�<�K MchL)0(PX\Q5iUdWM ^�8k7lGmon2p 1rqYO�dUT�D K �$#2v H K

−

�
∗

<e@�tuKcv�`�x�B|K�6/3�3�3 m z ^�^�^�4
∗

:�@ �2K,�
∗
} I
∗

v�`�x�ByK�6/3�3�3 m�z ^�^ m�z 3�3 m 3 m z ^�8
} <e@ H K n�m K8�

∗
} I ^$%5K

−

z {���^
∗

J�f } K
−

n 4&%3�/{ �/^ m M7~
−∗

M ^�8
<CJ�tAJ0x2BuK M l +�[�OCi�Oe�AQ�XWM m M>��q9X�D�i�OP�/Q9X�M ^08

� �-/?\B5B9?jhj8kB^�@.SPS?>PS? 294Ch�=@Z7NOB947.10]Q3.;Z7N14C6^?�?m2xB�[\.1tSB^?\=<29?d?\0]B9?\hjQ<2�PS? [\NOZ_[k=<ZG[\NO6r?:ZCZ7?j0@8:[\?:2^254CB9?jZ�X 8 ` N1ZC=3N�B947.10APS?:2��.;0<[�B^4C.;0<2�B96�NO0329[\?\0<P@N10lB^NOZ7?:2
log
u √ ?\B

cos K oG0q6^8:N1ZC4CB98;uk.10qQ�?\=@B�25=<Q@Q3.l25?:6YWl=@?pZ_N!Q<NO69B947?p6�N1PS4_NOZ7? r2 = − 1
2 log U1

uWl=@4i?:25BGPS?)ZC.;4i?k¯SQ3.;0@?\0lB^4C?:ZCZ7?1u¶?:25Bf��.1=@6^0@47?/Q3NO6f=@0d�18\0<8\6�N�B9?:=@6fNO=S¯S47ZC4_NO4769?/Q3.;=@6fZ7NyZ7.14S?k¯SQ�.10@?:0lB947?\Z7ZC? K¶­ X NO=SB^69?)Q<N165BmuZ�X 8 ` NOZ7=<N�B^4C.;0�PS?vZ_N!��.;0<[�B^4C.;0 cos
Q�?\=@Bª¬\B96^?v8 ` 4CB98:?/?:0��JNO4_2^NO0lBªN1Q@Q3?:Z;Q3NO69B947?\Z7ZC?:hd?:0lBª�yZ7NMhd8\B9�@.SPS?)PS=�69?5¨x?kB:u¶[k.;hjhd?PS8m[k6^4�B�[\4�T�NOQ@6^�:2 K

�������(' ��� /
	 $�� 2�
�$&1"-�% +�2)� +�2+*	2 /
�i4

(X, Y ) = (ρ cos(θ), ρ sin(θ))
29=@4CBGZ7NyZ7.14S=@0@4C��.16^hj?e29=@6pZ7?!PS472^Wl=@?e=@0@4CB98�PS=dQ@Z_NO0§uON1ZC.;6^2�ZC? ` ?:[�B^?\=@6pN1ZC8mN�B9.;4C6^?

√

−4 log(ρ)

ρ
(X, Y )

29=@4CBv=@0@?yZC.;4<0@.;69h NOZ7?�[k?:0lB96^8\?!6^8:PS=@4CB9?ya@4_PS4Chj?:0<2547.10<0@?\Z7ZC? K;� NqZC.;43PS? (X, Y )
?:25Bv�JN;[k47ZC?y��2547h�=<ZC?:6GQ<NO6/Z7N�hd8\B9�@.SPS?PS=�6^?x¨x?kBM�dQ<N165B^4C6�P§X =@0<?qZC.;4�=@0@4C��.16^hd?q29=@6!Z7?�[\NO6^6^8

[−1, +1]2
×J69?5¨x?kBMP@N10<2 ¢ ¡�,
PS?:2![:N12)Q@=<472^Wl=@?

π/4 ' 0.79
Ø K� 0E69?:h NO6�W;=<?\6�N�Wl=§X 47[\4�u θ ?\B ρ

25.;0lB�4C0<P@8\Q�?\0<P@N10lB9?:2:u<Wl=@?
ρ
29=@4CB�=@0@?qZ7.14YP@?�PS?\0<294CB98

u 7→ 2uI[0,1](u)
?kBMWl=@?

θ
25=<4�B�=@0<?qZC.;4�=@0@4C��.16^hd?�29=@6

[0, 2π] K@­ X NO=SB^69?rQ<N165BmuS.10«N
√

−4 log(ρ)

ρ
(X, Y ) =

√

−4 log(ρ) (cos(θ), sin(θ)).

� 0 ` 8:694Cw<?qNOZ7.16�2G�JN;[k47ZC?:hj?\0lBMWl=@? −4 log(ρ)
25=@4CB�=@0@?rZ7.14§?\¯SQ3.;0@?\0lB947?\Z7Z7?rP@?qQ<NO6�NOhj�kB^69?

1/2
¾

∫ 1

0

f(−4 log(ρ)) 2ρ dρ =

∫ +∞

0

f(u)
1

2
e−u/2 du.
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Simulation d’une loi normale

Empirique
Theorique

����� � ¡ K ¤ � �i47h�=<Z7NOB947.10EPS?qZ7NdZ7.14�0@.;69h N1ZC?bQ<NO6!hj8\B9�@.SPS?´±MQ3.;Z7N14C6^?!²

-/?\B5B9?bhj8kB^�@.SPS?1u@Wl=@?yZ�X .10sQ3?:=SB�W;=3NOZ74�w<?:6eP@? ±�Q3.;Z7N14C6^?�Tp6^?x¨x?\Bp²�ui?m2xB)Q<NO6e?k¯S?:hdQ<ZC?b=SB947Z747298\?qP@N10<2 ¦ N�B9Z_NOa ¥ Q�.1=<647hjQ@ZC8:hj?\0lB9?:6MZ_Nd��.10<[kB947.10 ��������� K oGZ7Z7?�PS?:hd?:=@6^?�[k?\Q�?\03P@NO0lBbN;2929?+`qZ7?\0lB^?1u<?:0«6^N14729.10«� Z_Nd��.14_2MP@?:2 ¢ ¡ , PS?�6^?x¨x?\B?\BqP@? Z�X 8 ` NOZ7=<NOB947.10¹PS?:2b��.;0<[�B^4C.;0<2bB96�NO0<2^[k?:0<P@N10;B�NOZ7?:2 K�� ?:2qP@8k�JNO=@B^2�PS?jZ_N�hd8\B9�@.SPS? Q�.1Z_NO476^?dQ<=@69?j0@?>29.10lBqPS.103[Q<N;2eB9.1B^NOZ7?\hj?:0;B!8:ZC47hj4C0@8m2 K
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	 $�� 2�� 2 
�$ 1���� $�� - 1(%"'	- /�% $�� � -�1 � $ +�% / 	�� 2 � 2�� - +�'	- �&1"%"- �

� Ns��.;0<[�B^4C.;0.�,��-���/APS? �lB^4�¯Sa�.¶¯��JNO4CBq?\0¹698mNOZ74�B^8dN1Q@Q�?\ZG�sZ7Ns��.103[�B947.10 �����!����PS? ¦ NOB9Z_NOa§u�?\Bq[\?kB9B9? PS?\6^0@47�\6^??m2xB =@0@?E��.;0<[�B^4C.;0�4C0lB9?:690<?¹×^±ra@=@47ZCB5TU4C0E²@Ø�uv[\.1hjhj?«.10 ZC?�[\.1hjQ@6^?\0<P�47hdhj8mPS47NOB9?:hd?:0lB>?\0�?k¯S8:[\=SB^N10lBjZ7?:2 P@?\=S¯[\.1hjh NO0<PS?m2�%	',"�� ���������¹?kB %�',"�� �,��-��&/�29.1=<2 ¦ N�B^Z7N1a K ©ª.;=@6d4ChjQ@Z78\hj?\0lB^?\6 ����������uYZ7?:2 ` ?:6^294C.;0<2 ��?kB���P@?¦ NOB9Z_NOaANO470<254GWl=@?dZ_NsQ<ZC=@Q3NO69BqP@?:2bZC.;�14_[k47?\Z_2bQ@69.1��?:2^2547.10<0@?\Z_2M=@B947ZC4_25?:0lB�=@0@?jhj8kB9�<.iP@?jP@=@? � ¦ NO6�29N1�1Z747N<u3NOQ<Q3?:ZC8:?Q<N165��.;472s±rNOZ7�1.16^4CB9�@hj? PS=���47�1�;=@6�N�B	�!²�ufWl=@4/[\.10<294_2xB^? ?\0³=@0<?]±bQ3.;ZCgi�;.10<N1ZC4_29NOB947.10 ²AQ@6^8:[\N1Z7[\=@Z78\?>PS?>Z_N�PS?:0<294�B^8�lNO=<2^2547?\0<0@? K -/?\B5B9?Mhd8\B9�@.SPS?;u1Z7.16�29Wl=§X ?\Z7Z7?!?:25BGa@4C?:0 Q@6^.1�16�NOhjhj8\?;u�?:25B/Wl=<N12947hd?:0lBvNO=<2^254<6^N1Q@47P@?�W;=<?!ZC?��;8\0@8:6^NOB9?:=@6PS?bZ7.14�=@0@4C��.16^hj?r29=@6)Z7?:Wl=@?\Z�?:ZCZ7?r?:25B)a3N1298\? KlÏ Z�?\0�?k¯S4_2xB^?bP@?b0<.1h�a<69?:=<25?m2 ` N1694_NO0lB9?m2\ul?kB!Z�X .;0´Q�.1=@6^6�N�Q<N16e?\¯S?\hjQ@Z7??:0 B96^.1= ` ?\6d=@0@? ` ?:6^294C.;0 =@0�Q�?\= NO0<[\4C?:0@0@?EP@NO032�Z7?´B^.1hj? Ï9Ï PS=�ZC4 ` 69?�PS?Eµr0l=@B9� ¾�±��)�@? W 69Bj.O�r-/.;hdQ<=SB9?:6©G6^.1�;6^N1hjhd470@�r² � µr0i= 9 ¡ � K� X 4_PS8\?��dZ_N�a3N129?rP@?�[k?:2)hj8\B9�@.SPS?m2!0§X ?:25B)Q3N12 ` 6^N14Chj?:0;B�29Q38m[k4Cw3Wl=@?��dZ7NdZ7.14��lNO=<2^2547?\0<0@? K �i4 µ
?:25B�=@0@?qZ7.14§P@?Q@6^.1a3NOa@47ZC4CB98�29=@6

R
ulPS?MPS?:0<294�B^8

f
[\.10lB9470i=@?�Q<N16G6^N1Q@Q�.169Bp��Z7Nrhj?:29=@6^?MPS? � ?\a�?:29�1=@?;u10@.;=<2G2^N ` .1032pW;=<?�Z�X NO476^?�PS?�Z_N6^8\�;4C.;0 Rµ

PS=´Q@Z_NO0
R2

w<�;=@6�NO0lBv?\0lB^69?yZ�X N�¯S?MPS?m2)NOa<2^[k4_2929?:2v?kBeZ7N�[k.1=<69a�?yPS?
f ` NO=SBe?k¯@N1[kB9?:hd?:0lB 1 Ki� N�hd8\B9�@.SPS?PS=¹6^?x¨x?\B�Q@698m25?:0lB98\? P@N10<2qZ_NE25?m[�B947.10�¡ K ¥ 0@.;=<2q?\0325?:4C�;0@? W;=<?>2547h�=@Z7?\6�29?\Z7.10AZ_NEZC.;4 µ

[\.16^69?m25Q�.103P��«[k.;0<2947PS8:69?:6Z�X N1a<2^[k4_2929? P�X =<0 Q3.;4C0lB�N1ZC8mN�B9.;4C6^? PS?
R2

[��<.14_254CB�25?:ZC.;0 Z7NEZ7.14v=@0@4C��.16^hd?s25=@6 Rµ
K�� NEhj8\B9�@.SPS?´[\.10<294_2xB^?>NOZ7.16�2��
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N1Q@Q@6^.¶¯i47hj?\6)[k?\B5B9?q6^8\�;4C.;0´Q<N16!=@0@?q6^8\=@0<4C.;0�N1=sQ@Z7=<2!PS8:0@.1h�a@6�NOa@Z7?qPS?rQ3.;ZCgi�1.;0@?:2

Pi
PS.;0;B!Z�X N14C6^?

pi
?m2xBM[\.10@0i=@?;uN ` ?:[ ∑+∞

i=0 pi = 1 K ©f.;=@6!.1aSB^?\0@476!=@0@?q6^8:N1ZC4_2^N�B947.10 x
PS?rZC.;4

µ
u@47ZY25=_cdBMN1ZC.;6^2)PS?´±y[��@.;47294C6p²sZ�X =@0«PS?m2!Q3.;ZCgi�;.10@?m2

Pj
?\0�2547h�=<Z7N10;B)=@0@?b6^8:NOZ74_29NOB947.10

j
PS?bZ7.14�PS4_29[\69�\B9? ∑+∞

i=0 pi δi
29=@6

N
uiQ@=<472!PS?r294Ch�=@ZC?:6/=<0@?r698mNOZ7472^N�B^4C.;0

(x, y)
PS?Z7.14ª=@0@4C��.16^hj?�29=@6

Pi
?kBqPS?d[\.10<294_PS8\6^?\6M29.10]NOa<2^[k4_2929?

x K�� ?:2rPS?:=S¯�2547h�=@Z_N�B^4C.;0<2y0@8:[\?:2^29N14C6^?:2!0<?���.;0;BrNOQ@Q�?\ZpWl=§X �Z_NdZC.;4�=@0@4C��.16^hd?;uS?kB�Z7?:2
pi
25.;0lB)Q<698m[\NOZ_[k=<ZC8m2\uSNO470<294§Wl=@?qZC?m2!25.;hjhd?\B^2!PS?m2!Q�.1Z7gl�;.10@?m2

Pi
K� B^=<PS47.10<2)PS?yQ@ZC=32/Q<69�m2GZ7?b[:N12vP@?yZ_N�Z7.14��;N1=<292947?\0@0@?y2xB�NO0<P@N16^P Ki� 0>.;a<25?:6 ` ?!B9.;=SBeP§X N1a3.;6^P>Wl=@?yQ<NO6)29glhj8\B96^4C?;u.;0sQ�?\=SBM29?q[k.;0;B^?\0lB9?:6�PS?�294Ch�=@ZC?:6!Z7NdZ7.14§PS?�P@?\0<294�B^8

f(u) :=

√
π

2
e−u2/2 I[0,+∞[(u),

[:NO6MZ7?�2947�10@?�Q3?:=SBb¬\B96^?�.;aSB9?:0l=�Q<NO6b=@0@?�ZC.;4fP@?�ce?\6^0@.1=<ZCZ74ª29gihj8kB96^4_W;=<? K -/.;0<2947PS8:69.;0<2M�´Q@6^8:29?\0lB n
Q�.1470lB^2

x1 <
· · · < xn

K oG0sQ@69?:0<NO0lB x1 = 0
?kB

xn+1 = +∞ ulZC?m2/Q�.1470lB^2ePS=´Q<Z7N10sPS?b[k.i.16�PS.10<0@8\?m2
(xi, f(xi))

[k.1032xB^4�B^=@?\0lB/Z7?:2[\.1470<2v470S��8:6947?\=@6�2ePS69.;4�B�2)PS?
n
69?m[�B^N10@�1Z7?:2vQ@Z_N�B^2)N;P¶¨5N1[\?\0lB^2/?kB!�@.;694�`\.;0;B�NO=S¯�ulW;=<4�6^?:[\.1= ` 6^?\0lBvQ<N16/?\¯@[k�:2eZ�X N14C6^?y29.1=32Z_Nj[k.1=<69a�?qPS?

f K<� Nd�<N1=SB9?:=@6�PS= k � ��� 4 69?m[�B�NO0@�;ZC? ` NO=SB f(xk)− f(xk+1)
K� 0«[��@.14_294�B�Z7?:2 xi

PS?�B9?\Z7Z7?�25.;65B^?qW;=<?�Z7NjQ�.169B947.10«P�X NO476^?�PS?
f
294CB9=@8:?�P@NO032�[��<N1Wl=@?q6^?:[kB^N10@�1Z7?q25.;4�BM[\.10<25B^N10;B^?×J?kB!8\�lNOZ7?b�

1/n
Ø K oG0<29=@4CB9?;u@Z�X NOZ7�1.;694CB9�<hd?r[k.;0<294725B9?r�j[��@.14_25476)Z�X =@0EPS?:2)6^?:[kB^N10@�1Z7?:2e?\0E294Ch�=@Z7N10lB)=<0@?rZC.;4�=@0@4C��.16^hd?29=@6!Z7?:2)?\0lB^4C?:6^2 {1, . . . , n} K@¼ 0@?r��.;472!Z7?r69?m[�B�NO0@�;ZC?q[��@.;47294�ui.;0�=@B947ZC4_25?j¾�#Z7Ndhj8kB^�@.SPS?�PS=E69?5¨x?kB�?\¯SN;[�B^?bQ�.1=<6!ZC?rQ@6^?\hj47?\6!?kB�Z7?�PS?:690@47?\6)6^?:[kB^NO0<�1Z7?1u ` 47NdZ�X ?\¯SQ@69?m292947.10sP@? f :�#Z7Nyhj8kB9�<.iP@?)P@=�6^?x¨x?\BpN1Q@Q@6^.¶¯S4Ch N�B^4 ` ?vQ�.1=@6fZ7?:2ª6^?:[�B�NO0@�;ZC?m2ª4C0lB9?:69hj8mPS47N14C6^?:2:u¶W;=<4@[k.103254_2xB^?e�y=SB^4CZ74729?\6fZ_NbQ<NO69B947?PS=>6^?:[�B�NO0@�;ZC?�29.1=32GZ_N�[k.;=@6^a3?MP@?

f
u ` 4_NqZ7?M6�NOQ@Q�.169B σk := xk−1/xk

u;2^NO032p�JNO476^?MNOQ@Q�?\Z��qZ�X ?\¯SQ@69?m292947.10>PS?
f K� ?:2 xi

?\BGZC?m2
σi
29.10lBªQ<698m[\NOZ_[k=<ZC8m2�=<0@?e��.14_2fQ3.;=@6fB9.;=SB9?m2f?kBG2xB^.S[��18:2fP@N10<2f=@0@?eB�NOa@Z7?1u�?\B

n
?:25BG[��@.14_254@29=dc>2^NOhjhj?\0lB�;6^N10<P��eQ3.;=@6/Wl=@?!Z7?:2GB^N1=S¯dPS?M69?5¨x?kB/29.147?\0lBp�JNO47a@Z7?:2v?kBvZ7?:2GN1Q@Q@6^.¶¯S4Ch N�B^4C.;0<2fa�.10@0@?m2 Kl� ?m2G[\N1Z7[\=@Z72v25.;0;BpB^69�m2p6^8:PS=@4CB^2=@0<?y��.;472�Z7NdQ@�<N;25?qP�X 470@4�B^47N1ZC4_2^N�B947.10�Q<N;29298\? K

�������
	 ��% � � 1 - /�% $ � �
�(� ���&23.0/
2�� + �&- � '�'	%"2 �
�i.;4�B

m ∈ Rn ?kB Γ ∈ S+
n (R)

=@0@?yh N�B96^4_[k?M6^8\?:ZCZ7?MPS?MB^N14CZ7ZC?
n
ul29gihj8kB96^4_W;=<?�Q3.l254CB94 ` ?;u1?\B)29.14CB Y

?m2xBe=@0 ` ?:[�B^?\=@6N1ZC8mN�B9.;4C6^?r�;N1=<292947?\0«2xB�NO0<P<NO6�P�P@?�hj.�g1?\0<0@?q0i=@ZCZ7?�?\ByPS?�h N�B^694_[k?�PS?�[k. ` N1694_NO0<[\? Idn
u�NOZ7.16�2!Z7? ` ?m[�B9?:=@6MN1ZC8mN�B9.;4C6^?

X := Γ
1
2 Y + m

?:25BM=@0 ` ?:[kB9?\=<6M�;N1=<2^2547?\0�PS?�hd.�g;?\0@0<? m
?\BbPS?�h N�B96^4_[k?�PS?�[k. ` NO6^47N10<[k? Γ K � 8:[k47Q@6^.SW;=<?\hj?\0lB:u294

X
?m2xB!=@0 ` ?m[�B9?:=@6)�;N1=<292947?\0sP@?bZ7.14 N (m, Γ)

u3NOZ7.16�2
Γ−1/2(X −m)

?:25B!=@0 ` ?:[kB9?\=<6)N1ZC8mN�B^.14769?b�;N1=<292947?\0´PS?rZ7.14
N (0, Idn) K� 0�Q3?:=SB!8\�;N1ZC?:hj?\0lBe=@B947ZC4_25?:6!Z7NdPS8m[k.1hjQ�.;294�B^4C.;0�P@?�-/�<.1Z7?:2��lg PS? Γ = AA>

.;Õ
A
?:25B!=@0@?rh N�B^694_[k?yB96^47N10@�1=@TZ_NO4769?y4C0@��8\6^4C?:=@69?;uS?\0�ZC47?\=s?kB!Q@Z_N1[\?rP@?bZ_NdPS8:[\.1hjQ3.l254CB947.10s?\0�6^N;[k470@?r[\NO6^6^8\?

Γ = Γ1/2Γ1/2
u@[\?bWl=@4�hj.;4C0<2)[\.1tSB^?\=S¯?:0´B^?\6^hd?�P@?r[:NOZ_[k=@Z_2q×�.;0E8 ` 4�B^?qPS?�PS4_NO�1.;0<NOZ74_25?:6 Γ

?\B
A
?m2xB�[\69?:=<25?¶Ø K

�i4
Y
?:25Bv=@0 ` ?:[kB9?\=<6G�;N1=<292947?\0 PS?�Z7.14 N (0, Idn)

u;29?:2/[k.i.16�PS.;0@0@8\?m2p25.;0lBv4 K 4 K P K PS?�Z7.14 N (0, 1) K[W 470<254�ul.10jQ3?:=SB294Ch�=@Z7?\6)=@0@?q6^8:N1ZC4_29NOB947.10�PS?
Y
?\0E2547h�=@Z_NO0lB

n
698mNOZ7472^N�B^4C.;0<2v470<PS8:Q3?:0<P@N10;B^?:2

Y1(ω), . . . , Yn(ω)
PS?rZ7.14 N (0, 1) KSÏ Z29=dcjBMNOZ7.16�2/P@?�[\NOZ_[k=<ZC?:6

Γ1/2Y (ω) + m
Q�.1=@6!.;aSB9?:0@476!=@0@?q6^8:NOZ74_29NOB947.10sP@?qZC.;4 N (m, Γ) K

! .14_[k4Y=@0s?\¯S?\hjQ@Z7?�PS?�2547h�=<Z7NOB947.10EPS? ` ?:[kB9?:=@6!�;N1=<292947?\0´8m[k6^4�B�?:0 ¦ N�B9Z_NOaA¾
� ��,��"M<)/�!� �$�"�%'&K+D-0/�&)*1!�%�" �� �/]#�#�"�*�&�&�*K<)/�!�$�"�J� ���"���*
:0<SJ�`9v
���LBQ/�&)*L<] �$���"�3�* #��'<]��$���"�=�/�*K6�%�#�"�$�"�J�*V=�/�*�!�3�%'&)=�/�*
� 1 v�`�x�B|K � m �5^	8
� 1 � M

∗

� { �
�j<1BQ/�&1J�*)3�$�*�/)�,< %���*�&�&�*8=�/�*�!�3�%'&)=�/�*
+ 1 v�`�x�ByK�� mSz ^
� �CBC�) )3�"
&�*K3� �������*,+�*��
��1 � #0v H � K � ^�8
� f jC{/k ��j�sl��jCz[�

n = 128
�

®+¯t°y±g²´³ µ�¶g·�
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�
F 1 z 3A3030398
+ D � X$+ [ 1 � JAv�@ �sK�� m$z ^	8
i�X�)5(�O>d 1 � JAv�@ ��K�� m F ^�8
=>@5v O�1 z�b F m
i�X�)5(wO>d�K bAm O�^ 1 +2f �

∗

vw`�x�B9xGK�� m$z ^	8
+ D � X$+ [ 1 + D � X$+ [ f i�X�)5(�Owd K bAm O/^08
J\x/B
+ D � X$+ [ 1 + D � X$+G[�{\F]8
���) ���"� �$�"�%'&a��*�!� �$�"�J�*16� ��8�� �6�6�%���$152!� Q< %���*�&�&�*K$	����%���"�=�/�*
iw)\[
�
+ D � � i�X�(o)�T 1 � `�f2Kw`0a3��K�+GD � X�+ [ −+y^U^U{�x�@Uv � K"+u^� �� �!�3
/�!A+�*2!� L<] �$���"�3�*,+�*13�%�J� ���"� �&]3�*a*
<)6]"���"�=�/�*

� D �	X�+L[�1 � J0v\@ �jK � m �5^	8
=>@5v O�1 z�b � m
=>@5v���1 z�b � m

� D �	Xw+|[ K�O m ��^S1�B9@ H K0i�X�)9(�OwdsK�O m0b ^ m i�X/)2(�O�dsK�� m b ^�^	{YF
−

+GD � X�+ [2K�O\^
∗

+ D � X$+G[2K��W^�8
J\x/B

J\x/B
� D �	X�+L[
�C�)*������)#C+�*,!�"	��*���$��26) ��1�� �6�6�%���$85A!� Q<] �$���"�3�*K$	����%���"�=�/�*
� 1 � D �	Xw+|[5{ � � �  )"���*�
��)*�!
6a#�!� �# � - 6�%
/��V*'&V#� �J)%�"��26�!
/�#8#9/��V3�*�$�$�*1+�"�J�"�#�"�%'&
.��$dw1 H v\`�:	J K�J _ J2K�� m �0^

−

� ^
�C�)��+�/]3�$�"�%'&8+.-M*�&)$��)%'6]"�*
X�F�T\1

−

4 6
∗

<7@/t
��K�B2J H K � ^�^
� �

021�� � @+7PNK;>E�B"@>5 � OK=F;>E ;>52@ N�� @ 	Y5�H�7L= �"NªHS;>=�� 9�����9<J �,H�=��

Ö .;=<2f29N ` .10<2�Wl=@?/294 (X, Y )
?m2xBf=@0 ` ?:[kB9?:=@6��lNO=<2^294C?:0�PS?eZC.;4l0<.16^hjN1ZC?/[k?\0lB^698:?/6^8:PS=<4�B^?1um?kBG254 (r, θ) PS8:294C�;0@?)25.;08m[k6^4�B^=@69?y?\0�[k.i.16�PS.10<0@8\?m2GQ�.1Z_NO4769?m2M¾

(X, Y ) = (r cos(θ), r sin(θ))
u3NOZ7.16�2

r2 ?kB θ
29.10lB!PS?:2 ` K N K 6 K 4C0<P@8\Q�?\0<P@N10lB9?:2Wl=@4�29=@4 ` ?\0lBj69?m25Q�?:[kB94 ` ?:hd?:0lBj=<0@?EZC.;4!?k¯SQ3.;0@?\0lB^4C?:ZCZ7?�P@?«Q<NO6�NOhj�kB^69? 1/2

?kB =@0<?«ZC.;4e=<0@4���.;69hj?«29=@6
[0, 2π] Kp� ?` ?:[�B^?\=@6�N1ZC8mN�B^.14769? (X, Y )/r

25=@4CBMZ_N Z7.14§=@0<4���.;69hj?�29=@6�Z7?�[k?:6^[\ZC?q=<0@4�B^8 K�­ ?q�JN�Uk.;0��;8\0@8:6^N1ZC?;u<294 (X1, . . . , Xn)
?:25B=@0 ` ?m[�B^?\=@6!�lNO=<2^2547?\0�PS?qZ7.14 N (0, In)

?\B
‖X‖2 :=

√

X2
1 + · · ·+ X2

n,

N1ZC.;6^2
(X1/‖X‖2, . . . , Xn/‖X‖2)

?kB ‖X‖2 29.10lBp4C0<P@8\Q�?\0<P@N10lB^2:u ‖X‖22 29=@4CBG=@0@?!Z7.14@PS= χ2 � n
PS?\�;698m2fPS?!ZC47a�?\69B981u?\B

(X1/‖X‖2, . . . , Xn/‖X‖2)
25=<4�BªZ7NMZC.;4;=@0<4���.;69hj?/29=@6ªZ7Ny25Q<�@�\6^?G?\=3[kZ747PS47?\0<0@?/=<0@4�B^8eP@?

Rn KYW B5B^?\0lB947.10§umZ7?:2 ` K N K 6 K
Xi/(

√
n‖X‖2)

0@?�29=@4 ` ?\0lB!Q<N;2!PS?:2)Z7.14_2!PS? �lB^=<PS?\0lBmu<[\N16 ‖X‖2 ?\B Xi
0<?�25.;0;B!Q<N;2)4C03PS8\Q�?\0<P<NO0lB9?m2§®-/?�Wl=@4§Q<698m[k�:P@?qQ3?:=SBb2:X 8\B9?:0<PS6^?�� PS?:2!0<.16^hd?m2!0@.;0�?:=<[kZ74_PS4C?:0@0@?m2�¾<Q�.1=<6!B9.;=SB

n ∈ {2, 3, . . .} u@B^.1=SB p ∈ R∗
+?\BeB^.1=SB

x ∈ Rn u@.;0sQ�.;29?
‖x‖p := (|x1|p + · · ·+ |xn|p)1/p.� 0�8kB^?\0<PE[k?\B5B^?�PS8kw<0<4�B^4C.;0EN1=�[:N12 p = ∞ ?\0EQ3.l29N10lB
‖x‖∞ := max (|x1|, . . . , |xn|).� N p

TU29Q@�@�:69?bQ�.;294�B^4 ` ?rP@? R
n u@0@.OB^8\?

S(n, p)
u@?:25B�PS8kw<0<4C?qQ<N16q¾

S+(n, p) :=
{

x ∈ R
n
+, ‖x‖p = 1

}

.©f.1=<6
p = 1

up.10 .1a@B947?\0lB>ZC?�±�2547hjQ@ZC?\¯S?b² 2xB�NO0<P<NO6�P�ufQ3.;=@6
p = 2

uGZ_NAQ3.;65B^4C.;0 �¹[k.i.;6^PS.;0@0@8:?:2dQ3.l254CB94 ` ?m2 PS?Z_NE25Q@�<�\6^?d?:=<[kZ74_PS4C?:0@0@?>PS?j6�N¶g1.;0
1
u�?\B�Q3.;=@6

p = ∞ u�Z_N«25=<65�JN;[k?jPS= [k=@a�? =@0@4CB98
[0, 1]n K§­ ?:2�PS?m2929470<2rQ3?:= ` ?:0lB

®+¯t°y±g²´³ µ�¶g·�
©̧ ¹�ºlºt»�¼>½�¾�½/¿ ²�ÀÂÁZÃ�Ä ¾ ®+¶gÅoÆ ÅlÇ ¾�È�É Ä[Ê À�¯t°y±gË ¿ Æ�· ¾YÌtÍdÎoÏ´Ð�Ñ�ÎoÒ�ÓlÑlÏÕÔyÖ ×¬Ø Á¬Ù�Ú´Ú´Û�Ü�ÚÕÝ�Ü´ÚrÞ ¾ Ê ß>àoálâ ¹ ε ¾/¹¬Øyã À ¿ÕäZå ² ¿d¹yºoºo»�¼�æ�çtè ¹lé'¾ ê+ëoìoí_î ◦ �CB�ñ
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��� � � �&%'�(� #)��� %+*,� �v
 #)� #�*�%��"��%'��*,����
 ���"� #�
�� � �l� � � �
�	
�� ¤ �
N147PS?:6��Ehj4C?:=S¯A29? 69?:Q38:69?:6 K S+(n, p)

?:25B�PS.103[j=@0@?>29=@65�JN;[k? [k.;hjQ<N1[kB9?>PS?
Rn
uªPS?>PS47hj?\0<294C.;0

n − 1 K§Ï Zv29?\6�NO4CBQ�.;2^2547a@Z7?�PS?dPS8kw30@4C6r=@0<?�hj?:29=@6^?�=@0<4���.;69hj?�29=@6
S+(n, p)

u�?:0][k.;0<2947PS8:6^N10lBMZ7N>B96�N1[\?�PS?dZ7N´hj?:29=@69?dPS? � ?\a�?:29�1=<?29=@6
S+(n, p) K ©pN16�25.;=<[k4_2)PS?q2547hjQ@ZC4_[k4CB98;uS0@.1=32/0<?qZC?y��?\6^.10lB!Q<N12e4_[k4�uS?kB�0@.;=<2e0@.1=32/6^?:25B96^?\47�10<.10<2 ` .;ZC.;0;B�NO4769?:hj?\0lBN1=S¯s[\N;2

p ∈ {1, 2,∞} KoG0qB�NO0lBYWl=@?v29=@69�JN1[k?GP@=�[k=@a�?
[0, 1]n

u
S+(n,∞)

Q�?\=@B�¬kB^69? ` =�[\.1hjhj?GZ7N)6^8\=<0@4C.;0�PS4_2�¨x.;4C0lB9?;ukh NO4_2Y[\.10@0@?\¯S?1u\PS?
2n

�JN1[\?:2:u<[��<N;[k=@0@?q8\B^N10;By47PS?:0lB94Cw3NOa@Z7?��
[0, 1]n−1 K3� N>hd?m25=<69?q=@0<4���.;69hj?�29=@6 S+(n,∞)

Q3?:=SBbP@.10<[r¬\B96^?�PS8kw30@4C??:0³[k.103254_PS8\6�NO0lB�Z_N«hj?:29=@6^?>=@0@4C��.16^hj?s29=@6�[��3N1Wl=@? �JN;[k? K -/?kB9B9?´Z7.14e=@0@4C��.16^hj?´29=@6 S+(n,∞)
?m2xB�B96^�:2�2947hdQ<ZC?��294Ch�=@Z7?\6�Q@=<472^Wl=§X 47Z/29=dcjB�PS?s[��@.14_25476qZ_N��JN1[k?´=@0@4C��.16^hd8:hj?\0lB�29=@6 {1, . . . , 2n} u§Q@=@4_2�P@?>�18:0@8\6^?\6q=@0<?>698mNOZ7472^N�B^4C.;0P�X =@0 ` ?m[�B^?\=@6vN1ZC8mN�B^.14769? (X1, . . . , Xn−1)

P@.10lBGZC?m2p?\0lB^698:?:2p29.10lBG4 K 4 K P K ?kBvPS?MZC.;4@=@0@4C��.16^hj?�25=@6 [0, 1]
u�.1aSB^?\0i=@?m2pQ<NO6

��������Q<N16/?\¯S?\hjQ@Z7? K �i4�Z�X .10�PS8:2947�10@?yQ<NO6 (A, I) ∈ {0, 1}× {1, . . . , n} Z_Nq�JN1[\?bN1ZC8mN�B^.14769?:hd?:0lB/[��@.14_294C?;u;Z7? ` ?:[kB9?\=<6N1ZC8mN�B9.;4C6^?
(Y1, . . . , Yn)

.;aSB9?:0i=>?\0 470<298\6�NO0lB
A
?:0>Q3.l254CB947.10

I
PS?�Z_N�29=@4CB9?

X1, . . . , Xn−1
25=@4CB/Z_NqZ7.143=@0@4C��.16^hd?b25=<6

S+(n,∞) K©f.1=@6
p = 2

u/Z7N³ZC.;4M=@0@4C��.16^hj?�29=@6
S+(n, 2)

?:25B´Z_N 6^?:25B96^47[kB947.10�0@.16^h NOZ747298\?�P@?�Z_N hj?:29=@69?�=@0@4C��.16^hd?]25=@6Z_N�29Q@�@�\6^? K -/?kB9B9?EPS?\6^0@47�\6^?´29?s294Ch�=@ZC?�[k.;hdhj?s?k¯SQ@Z747Wl=@8��«Z7N�w<0�P@?´Z_N�29?:[�B^4C.;0 ¡ K �@uª��Q<N165B^4C6dP�X =@0@?�ZC.;4/�lNO=<25T294C?:0@0@? K oG0��JNO4CB:ue254 (X1, . . . , Xn)
?:25B´=@0 ` ?:[�B^?\=@6sNOZ78:N�B^.14769?E� [k.;hjQ3.l29N10;B^?:2j4 K 4 K P K }<�¶��H���H��¶Ik��PS?�Z7.14MP@?�PS?\0ST294�B^8 √

2/π exp(−x2/2) I[0,+∞[ dx
uYN1ZC.;6^2rZ7? ` ?:[kB9?:=@6�NOZ78:NOB9.1476^? X/

√

X2
1 + · · ·+ X2

n

29=@4�B�Z_N�ZC.;4G=@0@4C��.16^hj?>25=<6
S+(n, 2) K©f.1=@6

p = 1
u

S+(n, 1)
?m2xBE=@0V2547hjQ@ZC?\¯S?1u!Wl=@4r?:25BE[\.10<25B94CB9=@8¹PS?AZ7N�Q<N165B^4C?A��[\.l.;6^P@.10@0@8:?:2´Q3.l254CB94 ` ?m2sPS?Z�X �igiQ�?\6^Q@Z7N10

Hn
P�X 8mWl=<N�B^4C.;0

x1 + · · · + xn = 1 K ©f.1=@6 n = 2
u3.10«.1a@B947?\0lBy=@0]25?:�1hj?\0lBMPS?�ZC.;0@�1=@?:=@6 √

2
u3Q�.1=@6

n = 3
um=@0qB^694_NO0<�1Z7?G8:Wl=@47Z7NOB98:6^N1Z1PS?/[+bOB^8 √

2
umQ3.;=@6

n = 4
u:=@0�B98kB^6^N1�@�:P@69?G6^8\�;=@Z74C?:6YPS?/[+bOB^8 √

2
um?kB�[ K ¦ ?\0lB^N1ZC?:hj?\0lB:u0@.;=<2b?k°�?:[kB9=@.;0<2b0<N�B^=@69?:ZCZ7?\hj?:0;Bq=@0<?d4_PS?:0;B^4�w�[\N�B^4C.;0�?:0;B^69?

Hn
?\B

Rn−1
Z7.16�29Wl=@?

n ` NO=SB 2
?kB

3
u�?\0A4_PS?\0lB94Cw3N10;BQ<N16�6^.OB�N�B^4C.;0�PS?«[k?:0lB96^?

(1, 0, . . . , 0)
Z�X �igiQ�?\6^Q@Z7N10

Hn
�

Rn−1 × {0} K oG0�[k.;0<254_PS8:6^N10;BdZ7NAhj?:29=@6^? � ?\a�?:29�1=@?
λn−1

29=@6
Hn

PS8:[\.1=@Z_NO0lB�PS?�[\?\Z7ZC?�PS?
Rn−1

Q<N16�[k?kB9B9?q4_PS?\0lB^4�w3[:N�B^4C.;0§u@Z�X ?:0<25?:h�a@Z7?
S+(3, 2)

Q3NO6!?k¯S?:hdQ<ZC?�NjQ�.1=@6hj?:29=@6^? √
3/2

u§Wl=@4G?m2xB�Z_NE25=<65�JN;[k? PS=AB96^47N10@�1Z7?d8:Wl=@47Z7NOB98\6�NOZGP@?j[+bOB^8 √
2
×�25.;= ` ?:0@?+`\T ` .1=<2:uf±ba3N129?���.;472��<NO=SB^?\=@629=@6 ¢ ²<Ø K�­ ?��JN�U\.10�Q<ZC=<2b�;8\0@8:6^N1ZC?;u<.10]hj.10lB96^?�Wl=@? λn−1(S+(n, 1)) =
√

n/(n − 1)! K�Ï Zª?m2xBb0<N�B^=@6^?\ZpP�X NOQ@Q�?\Z7?\6Z7.14�=@0<4���.;69hj?q25=<6
S+(n, 1)

Z7Nd6^?:25B96^47[kB947.10�PS?
λn−1

�
S+(n, 1)

u@0@.16^h NOZ747298\?b?\0�Z_NdP@4 ` 4_29N10;B!Q<N16 λn−1(S+(n, 1)) K-/.;hdhj?:0;Br2547h�=<ZC?:6b[\?kB5B^?�Z7.14¶ndoG0]P§X N1=SB96^?:2MB9?:69hj?:2:u�[k.1hjhj?\0lBb�JNO4769?�Q3.;=@6b.1aSB^?\0@476bP@?:2b698mNOZ7472^N�B^4C.;0<2�4 K 4 K P K P�X =@0
` ?:[�B^?\=@6)NOZ78:NOB9.;4C6^? (X1, . . . , Xn)

P@.10lBeZ_N�ZC.;4§25?:6^N14�BeZ7N�ZC.;4�=@0@4C��.16^hj?b29=@6
S+(n, 1)

Wl=@?y0<.1=<2 ` ?:0@.1032eP@?bPS8m[k6^4C6^?�n� 0¹Q3.;=@6^6^N14�B�[k6^.1476^?dWl=@?>294 X := (X1, . . . , Xn)
?:25B�=@0 ` ?m[�B^?\=@6�N1ZC8mN�B9.;4C6^?jPS? Rn

��[\.i.16�PS.10@0<8\?:2b4 K 4 K P K ?\B=@0<4���.;69hj?:2q29=@6
[0, 1]

u§NOZ7.16�2yZ7? ` ?m[�B^?\=@6�N1ZC8mN�B^.14769? X/(X1 + · · · + Xn)
uYWl=@4G?m2xB�� ` NOZ7?\=<6^2qP@N10<2 S+(n, 1)

uY29=@4�BZ_N�ZC.;4p=@0@4C��.16^hd? 29=@6
S+(n, 1) K -yX ?m2xBq�JN1=S¯�h NOZ7�@?\=<69?:=<25?:hj?\0lB:u§[\.1hjhj?d.;0]Q�?\=@B�2\X ?\0¹[k.;0 ` N14C0<[\69?jPS85¨5�sZ7.16�2^W;=<?

n = 2 K� N�25.;ZC=SB^4C.;0 [k.103254_2xB^?>�«47hd4CB9?:6�Z_N«hj8kB^�@.SPS?>�;N1=<2^2547?\0@0<? =SB947ZC4_298\?>Q�.1=@6 p = 2 K �i4 X := (X1, . . . , Xn)
?:25B=@0 ` ?:[kB9?\=<6�NOZ78:N�B^.14769? ��[\.i.16�PS.10@0<8\?:2r4 K 4 K P K P@?>ZC.;4G?k¯SQ�.10@?:0lB947?\Z7ZC?´P@?>Q<NO6�NOhj�\B96^? 1

uYNOZ7.16�2rZ7? ` ?m[�B9?:=@6�N1ZC8mN�B9.;4C6^?
X/(X1 + · · · + Xn)

29=@4CBbZ_N>Z7.14ª=@0@4C��.16^hj?�29=@6
S+(n, 1) K�� N´Q@69?:= ` ?�0§X ?m2xBrQ<N;2MPS4rc>[k47ZC?;u�h N1472y0@.1=32�Z�X .;hd?\B5B^.10<24_[k4 K ­ ?!hjN10@47�\6^?eQ<ZC=<2G�18\0<8\6�NOZ7?1u¶Q3.;=@6pB^.1=SB p ∈ R+
uO.10dQ�?\=SBvhj.;0;B^69?:6pW;=<?�254

X := (X1, . . . , Xn)
?m2xBG=<0 ` ?:[kB9?\=<6N1ZC8mN�B9.;4C6^?y� [\.1hjQ�.;2^NO0lB9?m2/4 K 4 K P K 29=@4 ` N10lB)=<0@?qZC.;4§PS?�PS?:0<254CB98

p

Γ(p)
exp(−tp) IR+

(t)

N1ZC.;6^2vZC? ` ?m[�B^?\=@6)NOZ78:NOB9.1476^? X/‖X‖p

25=@4CB!Z7N�Z7.14�=@0@4C��.16^hj?r29=@6
S+(n, p)

ul?\B�W;=YX 47Z�?:25B)P@?bQ<ZC=<2e470<PS8:Q3?:0<P@NO0lB�PS?rZ_N
` K N K 6 K ‖X‖p

K� ?/[\N12 p = 1
u:Q3.;=@6YZ7?:Wl=@?:Z

S+(n, 1)
?:25BY=@0�2547hjQ@ZC?\¯S?1u\?m2xB�B96^�:2Y4ChjQ�.169B^NO0lB�[:NO6

S+(n, 1)
6^?\Q@6^8:29?\0lB9?pZ�X ?\0<29?\h�a@ZC?PS?m2dZC.;472 PS?EQ@6^.1a3NOa@47ZC4CB98m2jPS472^[k6^�kB^?:2j29=@6 {1, . . . , n} K �i47h�=@Z7?\6 Z_N]ZC.;4!=@0@4C��.16^hd?E29=@6 S+(n, 1)

6^? ` 47?\0lBj�¹[��@.;4729476=@0<4���.;69hj8\hj?:0;B�=@0@?]ZC.;4yPS?AQ@6^.1a<N1a@4CZ74CB98�PS4_2^[k6^�kB9?]25=@6 {1, . . . , n} K)� N³ZC.;4y=@0<4���.;69hj?]29=@6 S+(n, 1)
?:25Bs=@0'[\N12Q<N165B^47[\=@Z74C?:6GPS?!Z7NrZ7.143PS? ­ 476^47[��@Z7?kBmu;[k� K Ù K ¥<K � K ! .;47[\4<=@0j?k¯S?:hdQ<ZC?�PS?���.10<[kB947.10 ¦ N�B^Z7N1a W;=<4@69?:0 ` .147?e=@0@?�6^8:N1ZC4_29NOB947.10PS?rZ_NdZC.;4YPS? ­ 476^47[��@Z7?kB�¾
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=���x�: H�I @5x i	.�O i�1Gi�.WOci�O � qs(>X0T�KcF m )�(7[5q5) ^�8
�������'���	� � _���� ��*�&)J)%�"�*,/�&�*1���� �!�"�#� �$�"�%'&X+�*2!� A!�%�"A+�*C��"���"�3 ��!�*�$ +�*A$� )"�!�!�*Z&
��*�$C+�*L6� ��� 
<]4�$���*  �!'6
�� @ � - *�#'$K!� 2!�%�"C+�/1J�*)3�$�*�/)�  �!��� �$)%�"���*
� : E�\�P�� :[E]P��?@�@�@��]E�& >?FR@�@�@AFUE�\
&�� :[E]P��?@�@�@���E'&O>�>C!�%���#�=�/�*8!�*�#CE)"2#�%
&�$V" @[" @�+D@
��*�$8#
/]"�J�*�&)$1+�*�#,!�%�"�# �� 
<�<] A+�*C6� ��� 
<]4�$���*V��*)#
6�*)3�$�"�7�# :9 �!'6
�� :M"]>?F P�>�@
� �)"M&�#�"NF !�%���#�=�/�*V �!'6
�� ]BO: POF�@�@�@�F P�>?FI%9&K% �)$�"�*�&)$ !� 2!�%�"C/�&]"�7)%��'<]* #9/��8!�*
��#�"M<)6�!�*�E�*8+�*�#1!�%�"�#,+�*L6)�)% �� �]"�!�"�$��)#a+�"�#�3���4�$�*)# #9/��	�)P F�@�@�@�F0&�
 @
�)_�*L6� ��� 
<]4�$���*  �!'6
�� A+�%�"'$VS�$���*1/�&1J�*)3�$�*�/)�1+�*2$� )"�!�!�*Z&A513�%�%���+)%'&�&���*)#
��#�$���"�3�$�*
<]*�&)$a6�%�#�"�$�"�J�*)#T@ ��!C*�#'$V%'6)$�"�%'&�&�*�!K*�#'$1J� '/�$,6) ��
��+���7� �/)$(: P?F�@�@�@]F P�>H@j_� AJ� �!�*�/)�8+�*A��*�$)%'/)�,��+�"'� *�#'$A/�&1J�*)3�$�*�/)� !�" ��&�*D@
�)_�*�#, �6�6�*�!�#1#
/]3�3�*)#�#�"�7�# +)%'&�&�*�&)$8+�*�#A���� �!�"�#� �$�"�%'&]#V6�#'*'/�+�%
��" @[" @�+^@ 6�/]"�#�=�/�*
����+�"���"�3 ��!�*�$ 7� �"
$  �6�6�*�!L5A�
�� 
<�<] A6�%
/��a#�"M<)/�!�*��V!� 2!�%�" �� 
<�<] ,*�$L5
����*�E�6��)*)"	� :�@�F P F P�>C#�"C �!'6
�� 2*�#'$K%M< "�#^@
����+�"'��B���+�"���"�3 ��!�*�$ :G& >��
I = K\x5`0vUt I x�1G1 z ^ m

�L_)%�"A*�E�6)%NFU%
&A6)*'/�$  �/]#�#�"C/)$�"�!�"�#�*�� �� 
<�<] D: &TF P�>
Z�1�i�X�Z�[��GX\Oe, K$F m>z m>z ^�8
i	.�O i�1�vUJ���?5` } J�K>Z�{�� � � K>Z�^ m$k$zGm F p ^/8

J9< ��J
I = K�<CJ/x5t H ?yK�)�(e[9q5)	^C1�1���F�^ m JAv�v�@�vjK M$)�(e[9q5)�VY.5D/OPTAV2X	T�i�X9VA.0X	V�.�O + V�F M ^A8 J�xABu8
I =��jK�`W<�</KU)	(7[�q9) cu3/^�^ m JAv�v�@�vsK Mc)�(e[9q2)/V2.5D/OPT�V5X	T�i\X9V�)�V � D0D0iU.5dUV'cj3 M ^A8 J\x/BG8
=>@2v OU1 z�b F m
ZjK�O�^S1�i���)�+u+ )�K zjm )�(e[9q5)�K�O�^�^08

J\x/B
i	.�O i�1�vUJ���?5` } J�K>Z�{�� � � K>Z�^ m$k$zGm F p ^/8

J\x/B
vUJ H �5v�x 8

� �-/?\B5B9?!hj8\B9�@.SPS?!Q�?\6^hj?kBG8\�lNOZ7?\hj?\0lBpPS?�[��@.;47294C6GP@?eh N10@4C�:69?�±e=@0<4���.;69hj?v²�Z7Nbh N�B^694_[k?!PS?)B^6^N10<294�B^4C.;0dP�X =@0@?�[��3N/a�0@?PS? ¦ N16��;. ` u\?\0d=SB^4CZ7472^NO0lBGPS?m2f698mNOZ7472^N�B^4C.;0<2Y470<PS8:Q3?:0<P@N10;B^?:2fPS?)Z_NyZ7.14S=<0@4���.;69hj?)25=<6pZC?)2547hjQ@Z7?k¯S? K ! .;47[\4S=@0�?\¯S?\hjQ@Z7?PS?q[\.iP@? ¦ N�B^Z7N1a]¾
� �=���x�: H�I @5x 
 1 i$+-)�Tc+|)�i�K>FY^

���������������V��*�&)J)%�"�*2/�&)*L<] �$���"�3�*8+�*��) �����%�J8 �!��� �$)%�"���*V+�*A$� )"�!�!�*L&CEQ&
��+�%9&�$ !�*�#1!�" ��&�*)#1#�%
&�$8+�*�#L6)�)% �� �]"�!�"�$���# +�"�#�3���4�$�*)# 3 ��%�"�#�"�*)#1+�*A7� ���%'&
�)/�&]"�7)%��'<]*K*�$V"
&)+���6�*�&)+� �&)$�*a*'&,/)$�"�!�"�#� �&)$ ��+�"���"�3 ��!�*�$ @
��YABA�'<] �$'<] �� :�&O>��
=>@5v O�1 z�b F m 
�K�O m b ^U1�i�.�O>i�O � qW(�XATsKcF ^A8RJ\x/BG8
vUJ H �5v�x 8

� �ce47?\0�?:0;B^?\0<P@=§umB9.1=@B�6^?\Q�.;29?/29=@6YZ7?e29?\032�Wl=@?/Z�X .10�P@.10@0@?e��Z_N�±vZC.;4;=<0@4���.;69hj?p²�29=@6YZ7?:2ª[kZ_N12^29?:2YP§X .;aS¨x?kB�2ª[\.10<294_PS8\6^8:2 KÏ Z�g�N�=<0@?qQ<NO69B�P�X NO6^a@4�B^6^N14C6^?yWl=@?qZ�X .10�0@?qQ3?:=SB�Q<N;2)8 ` N1[\=@?\6 K
021 � ! � =�? =�7:9<;>=FOK=
�"@+7PNK;>E�B"@>5 � O#"'N�� =R;>52@ ��587:9<;>@>M~NKD	=

� 0�29?qQ@69.;Q3.l25?�P@?qB96�NO0<29Q�.;29?\6!?\0 ¦ N�B9Z_NOa«=<0«Q3?\B94CBy?k¯S?:6^[\47[\?�W;=<4�w<�1=<69?�P<NO0<2�� ce.1= 9 �iu3Q3NO�1? 9l¢ � K<� Ndw3�1=@6^?¡ K ¥ 6^?\Q@6^8:29?\0lB^?�=@0�6^8:29?:N1=�8:ZC?m[�B^694_Wl=@?�[k.;0<25B94CB9=@8dPS? 7
8:ZC8:hj?\0lB^2y?\0lB96^?�PS?:=S¯«Q3.;4C0lB�2

A
?\B

B K�� ?m2MPS=<698:?:2bPS? ` 4C?PS?m2f8\Z78\hj?\0lB�2p25.;0;Bp6^?\Q@6^8:29?\0lB^8\?:2ªQ<N16GPS?:2 ` N1694_NOa@Z7?:2pN1ZC8mN�B^.14769?m2 T1, . . . , T7
K;� NrPS=@6^8\?!PS? ` 47?)P@=j29gS2xB^�\hj?)?:25BvNOZ7.16�2PS.;0@0@8:?bQ3NO6

T := T7 ∨ ((T1 ∨ T2 ∨ T3) ∧ (T6 ∨ (T4 ∧ T5))).;Õ ∨ PS8:2947�10@?jZ7?j29=@Q@6^?\h�=@h ?\B ∧ Z�X 470Sw<h�=@h Kf� 0AQ3?:=SB�PS.;0<[j2547h�=@Z7?\6 T
��Q<NO69B9476�P�X =@0@?>294Ch�=@Z7NOB947.10¹PS?jZ7N�Z7.14¨x.;4C0lB9?�P@?:2

Ti
Ki� 0j[\.10<294_PS�\6^?)ZC?M[:N12f.;Õ (T1, T2, T3, T4)

25.;0lBf470<PS8:Q3?:0<P@N10;B�2vPS?!Z7.14<?k¯SQ3.;0@?\0lB^4C?:ZCZ7?:2GP@?!Q<NO6�NOhj�kB^69?m2
®+¯t°y±g²´³ µ�¶g·�
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 #�*�%��	*,� � #)%+��� ��
 ¤ #

B

7

54

6
A

2

1

3

������� ¡ K ¥ � �S[��@8:hjNjP�X =@0E6^8:29?:NO=

6^?:29Q3?m[�B^4��J2
(1/2, 1/2, 1/2, 1/3)

?kB�Wl=@?dZC? [k.;=@Q@Z7?
(T5, T6)

25.;0;Br470<PS8\Q�?\03P@NO0lB9?m2rPS?:2rQ@6^8:[\8:PS?:0lB9?:2:u�PS?jZC.;43¨x.;4C0lB^?PS?qPS?:0<294�B^8
1

6
1{26x+y68}1{−16x−y61}dxdy,?\B/?\0@w<0§u

T7 = T4
KSÖ .1B9.;0<2vWl=@?bZC?b[k.;=@Q@Z7? ((T5 + T6− 2)/6, (T5−T6 + 1)/2)

29=@4CB/=@0<?yZ7.14�=@0@4C��.16^hj?y29=@6
[0, 1]2

uQ@6^.SPS=@4CB)B9?\0325.;6947?\Z§PS?�P@?\=S¯´Z7.14_2)=@0@4C��.16^hj?:2!29=@6
[0, 1]

×JPS.;0<[r4C03PS8\Q�?\0<P<NO0lB9?m2^Ø K
� �F�1 I x } � H K M��y)�O$(�($XYV�.9X�d�V
� � qW)�F�T�O�($($D�F�d�V��]M ^�8
� 12vw`�x�B KcF m�� ^A8 �R&1���� �!T@ "
&)+���6N@ +�*,!�%�"Z/�&�"'7 #9/����	�^F P�

� z 1

−

�
∗

<e@�tuK � K b2m�z ^�^A8 �I&1���� �!T@ "
&)+���6N@ +�*A�
�
���w1

−

�
∗

<e@�tuK � K b2m ��^�^A8 �I&1���� �!T@ "
&)+���6N@ +�*A�
�
� ��1

−

�
∗

<e@�tuK � K b2m ��^�^A8 �I&1���� �!T@ "
&)+���6N@ +�*A�
�
�
��1

−

�
∗

<e@�tuK � K b2m �W^�^A8 �I&1���� �!T@ "
&)+���6N@ +�*A�
�
�  15�
�s8 �R&1���� �!T@ "
&)+���6N@ +�*A���
��6�1��

∗

� K bUm 6A^Mf � K b\m�� ^'f z {0�58 �R&1���� �!T@ "
&)+���6N@ +�*A���
� � 1��

∗

� K b�m 60^
−

� K b�m�� ^
f ��{ �58 �I&1���� �!T@ "
&)+���6N@ +�*A���
�I&,���� �!T@ "
&)+���6 @ +�*Q�
��1 � `wfYKc�  m � I x�K � `�f2K$� z�m � `wf2K$� � m � �9^�^ m � `�f2Kc� �Ym � I x�K�� � m ��6�^�^�^�^A8
�Q< %���*�&�&�*1*�$,�)3� ���$,$ ��6)*V*
<)6]"���"�=�/�*)#K+�*Q�
� 1 k � Jw`�x�Ke� ^ m � H BLKe�L^ p 8
� �]"�#�$)%	���� 
<�<]* +�*Z! -M�)3 �� �&)$�"�!�!�%'&
? I � H KS� m = I f K �$#2v H KcF]^�^	^A8

� �Ï 0lB98:69?m2929.1032�0@.;=<2y�´Z7NsPS=@6^8\?jPS? ` 47?�hj.�g;?\0@0@?dPS=]29gS2xB^�\hj?1u�Wl=@4f0§X ?:25Bb6^4C?:0�P�X NO=SB^69?dWl=@? E(T ) K �i4 X1, . . . , Xn29.10lB
n ` K N K 6 K 4 K 4 K P K PS?rhd¬:hj?qZC.;4§W;=<? T

ul0<.1=<2!2^N ` .;0<2/2947h�=@Z7?\6!PS?m2)698mNOZ7472^N�B^4C.;0<2 X1(ω), . . . , Xn(ω) K<� X 470@8\�lNOZ74�B^8PS?�-/�@?:aigi[��<? ` PS.;0@0@?j¾
P

(∣
∣
∣
∣

X1 + · · ·+ Xn

n
− E(T )

∣
∣
∣
∣
> ε

)

6
Var(T )

nε2
.

� NbWl=<N10lB94CB98 (X1 + · · ·+Xn)/n
69?:Q@6^8:29?\0lB9?eZ7Nbhj.�g1?:0@0@?)?\hjQ@476^47Wl=@?�Wl=@?)0@.;=<2pQ�.1= ` .10<2ª.1a@B9?\0<4C6GQ3NO6G294Ch�=@Z7NOB947.10 K� ?m2xB^?q��h NO¨x.16^?\6)Z7N ` NO6^4_NO0<[\? Var(T ) K<� X ?\03[\N1P@69?:hd?:0lB T7 6 T 6 T7 + T1 + T2 + T3

Q�?\6^hd?\BMP�X 8:[k6^4769?d¾
Var(T ) = E

(
T 2
)
−E(T )2

6 E((T7 + T1 + T2 + T3)
2
)− E(T7)

2

= Var(T7 + T1 + T2 + T3) + (E(T7) + E(T1) + E(T2) + E(T3))
2 − E(T7)

2

=
1

λ2
1

+
1

λ2
2

+
1

λ2
3

+
1

λ2
4

+

(
1

λ1
+

1

λ2
+

1

λ3
+

1

λ4

)2

− 1

λ2
4

= 93.

� 0 [k.;0<25B^N�B^?>?\hjQ@476^47Wl=@?:hd?:0lB�Wl=@?´[k?\B5B^?>h N�¨x.16�N�B^4C.;0 PS?>Z_N ` NO6^47N10<[k?j?:25B�B^69�m2qh NO= ` N14729?>Q@=@4_2^W;=<?>Z7N ` N1694_NO0<[\??:hdQ<4C6^47Wl=@?d?:25BrQ@ZC=@B�bOB�PS?jZ�X .;6^P@69?dPS?dWl=@?:Z7Wl=@?m2b=@0@4CB98:2 K -/?\Q�?\03P@NO0lB:u�?:ZCZ7?jN´Z7?jhd8:694CB9?jP�X ?k¯S4_2xB^?\6 K§� 0]Q3?:=SB�PS.103[
®+¯t°y±g²´³ µ�¶g·�
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NXcj6^hj?\6!Wl=@?rZ�X .10«N
P

(∣
∣
∣
∣

X1 + · · ·+ Xn

n
− E(T )

∣
∣
∣
∣
>

1

10

)

6
1

10
,

Q�.1=@6
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t = 0
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R(t) := P(T > t) K� � N«��|S~9z�Id�1I���|S~ �:HJI�PS=«25gS25B9�\hj?q�dZ�X 470<2xB�NO0lB t
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h(t) := −R′(t)

R(t)
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T = min(T1, . . . , Tn)
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R(t) = R1(t)R2(t) . . . Rn(t) K� �i4@Z7?:2p[k.;hjQ3.l29N10;B�2f25.;0;Bp?:0�Q<N16^N1ZCZ7�\Z7?1u

T = max(T1, . . . , Tn)
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R(t) = 1−(1−R1(t))(1−R2(t)) · · · (1−
Rn(t)) K� NMZC.;4;?\¯SQ3.;0@?\0lB947?\Z7Z7?y×JP@?/Q<N16^N1hj�kB96^? λ
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R(t) = eλt IR+
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P(T > t + s |T > t) = P(T > s).� 0 Q3?:=SB>hj.10lB96^?\6 Wl=@?EZ_N¹ZC.;4!?k¯SQ3.;0@?\0lB^4C?:ZCZ7?E?:25BjZ_N¹25?:=@Z7?«ZC.;4!0@.10�B96^4 ` 4_NOZ7?«�A29=@Q@Q�.169B>P@NO032 R+
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(λ, n)
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W (a, b)
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