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��CBM;> ^;3G/W¡¢+.>@:H+Bb;UH3G/W+.UHJG+.<?CB:H>@3G/T143Q-I<@>?JG3G/W34< ^O3�1G+.>@>?J�:H-D<@JQ`D>@+Bb;U=3DA�UfF :=-8^OJQ9_3Q-0^0+.-01Q3£^;3QMON�r¤^;3QMON¥3G-I<?>7+§¦¨-;3U©F CD>p<@6;CB`DCB-0+BU=:=<?JDu e +]/?CBSWSW3L^O3
n
¡D3G14<?3QM0>@/�CD>p<@6;CB`DCB-0+BMONc^O3LSWªQSW3�-;CD>?SW3�JQ<@+.-I< ^O3�U©F CB>7^O>?3�^O3 √

n
ABCB-Z/QF +¢<?<?3G-0^^OCD-01Wr£143Z[IM;3ZUH+�SWC¢«B3G-;-;3W+.>@:¬<@6;SWJ4<@:H[IM;3 ^O3K/j¡­u +0uq/pCD:¬<}^O3ZU©F CD>@^;>?3W^O3

1/
√

n
A®34<}^OCB-81Zr�1Q3Z[DM®F 3GU=UH3 14CD-I¡D3Q>@`B3¡D3Q>7/

0
u o F 3K/¯<51Q3][DM03}14CB-;t0>?SW3,UH+WUHCB:q^;3G/s`B>7+.-8^;/2-;CBS�b;>?3K/ d°eYgjilk,±

²}³Y´¶µ0·¢¸¶¹»º½¼q¾°¿_¾°¿ÁÀ¯Â µ_ÃcÄYº¶Å¤Æ�·¢Ç;ÈYÄhÅ¤ÉÊµ_¹ÌËY·¢ºIÅ¢Í§¾WÎmÏ¢Ð¨Ñ
(Xn, n ∈ N∗) ÒOÓ_ÔEÕ�Ò Ð¨Ñ Ô�ÖBÔ�×¢Ø¢Ù Ð ØDÚ4Û=Ô4Õ£Ø.Û=Ü7Ø ÑÝÏ¢Ð Ù?Ô4ÕÐ°ÞHÐ°Þ Ö Þ ÖBÔcÛ Ï.Ð µ Õ�ÒOÙ R ßàØ.Û Ï Ù7Õ}ÛHÔ4ÒOÙjá Ï.â Ô4Ó8Ó_ÔTØ¢Ù Ð¨Ñäã áZÜ Ñ©Ð°å Ò0Ô

Sn :=
X1 + · · ·+ Xn

næ Ï Ó8×§ÔQÙfçIÔ µ èHé­Ù?Ô4Õ å Ò0ÔQèêÕ7ÒOÙ@Ô4áZÔ4Ó Ñ Õ Ð Ô Ñ ÕQÔ4ÒOÛHÔ4áZÔ4Ó Ñ Õ Ð Û=Ô4Õ Xn Õ Ï Ó Ñ,Ð Ó Ñ Ü©çBÙ?ØDÚ4Û=Ô4Õ ÞVë Ô,é_Û¬Ò¶Õ@ßjÖBØ¢Ó0Õ æ Ô æ Ø§Õ7ß5Û=Ø�Û Ð á Ð¨Ñ Ô×¢Ø¢Ò Ñ mµ := E(X1) Ô Ñ ÛHØ æ Ï Ó8×§ÔQÙfçIÔ4Ó æ ÔTØEÜêçIØ¢Û=ÔQáZÔ4Ó Ñ Û Ð ÔQÒÌÖBØ.Ó;Õ L
1 Þ

o 3�<@6;JQCD>?RGST353G/p<V<?>@RG/�ì°+D14:HU=3lr}^OJQSWCD-D<@>?3G> /?:0U©F CD-T>@3Q-;ìäCB>7143�UH3G/V6¶«¶9_C.<?60RG/?3G/GuIí¶M;9098CI/pCD-0/a90+B>V34NO3QSW9;UH35[IM;3LUH3G/¡­u +;u
(Xn, n ∈ N∗)

/pCD-I<à:©u :©u ^qu=A;^;+B-0/
L

4 34<s:=-8^OJQ9_3Q-0^0+.-I<?3K/ 4
r

4
u;îl-E983GMO<L/pM;9098CI/p3G>2/@+.-0/à9_3Q>7^O>?3,^O3,`BJQ-0JQ>7+.UH:¬<@J[IMqF 3QUHU=3K/�/pCD-I<�1Q3Q-I<?>@JQ3K/Qu0îl-Ê+W+.UHCB>7/ ±

E

(

(Sn)4
)

=
1

n3
E
(
X4

1

)
+

4n(n− 1)

n4
E
(
X2

1

)
,

^mF CBï ∑+∞
n=1 E

(

(Sn)
4
)

< +∞ A0CB>�^mF +.9;>@RG/sUH3j<?6;JGCB>@RQSW3j^O3}14CD-I¡D3Q>@`B3G-0143lSTCD-;C.<@CB-;3 ±
+∞∑

n=1

E

(

(Sn)
4
)

= E

(
+∞∑

n=1

(Sn)
4

)

.

o 3Q<p<?3W3K/p9_JQ>7+.-01Q3�JQ<@+B-D<,t0-;:H3BAmU\+�¡­u +0u ∑+∞
n=1 (Sn)4

3G/p<,t8-;:=3W9qu /Gum34<}^OCB-81
(Sn)4

1QCB-¶¡B3G>?`D3}9qu /Qum¡D3Q>7/
0
3Q-ð<@+B-I<[IM;3,<?3G>?SW3j`BJG-;JQ>7+.Uq^qF M;-03}/pJG>?:H3,1QCB-¶¡B3G>?`D3Q-I<?3DAI^qF CDï�U\+W14CD-I¡D3Q>@`B3G-0143l9qu /Gu;¡D3Q>7/

0
^O3

Sn
A o�ñ,ò *cu

ó Ô4áZØ¢Ù å Ò0Ô ô u=õDu ô Þ îl-�98+.>@U=3T/pCDM;¡B3G-D<j^O3ÊP,U=CD:®ì°+B:=b;UH3W^O3G/,`B>7+.-8^;/5-0CBScb0>?3K/VXÊUHCB>7/?[IM;3c/?3QM0U=3TUH+�14CD-¶¡B3Q>@`B3G-0143]3G-9;>@CBb8+.b;:HU=:=<?JW3K/¯<}JG-;CB-01QJQ3Duq��CBM;>}UH3G/}U=CD:H/}^;:H/@14>@R4<@3G/GA®143Q<p<?3Z¡D3Q>7/p:HCB-ðì°+.:Hb;UH3Z3G/p<�+.-814:H3Q-;-;3Z3Q<}>?3GSWCB-I<?3 /@+.-0/]^;CBMO<@3+BMONZ<?>7+§¡¢+.MON ^O3]ö�+B>?÷DC¢¡_u¶*�F +BMO<?>@3l98+.>?<GAOUH35ì°+B:¬<L[IMqF :=Um«E+B:¬<L1QCB-¶¡B3G>?`D3Q-01Q3
L

1 ^;+B-0/sUH+ ehgji 3K/¯<L/?CBM;¡D3Q-I<s^;JG/?:=`D-;J/?CBM0/2UH3]-;CBSø^O3EPLUHCB:h^O3G/s`D>@+B-0^;/2-;CBS�b;>@3G/�^O3]ùlCBUHSTCD`BCD>?C¢¡jX­u
ú õ



B
R

O
U

IL
LO

N

ú ô ���������
	���
�����
������������
	������ �
�!
"	���#����$���%�!&('�	)�

ó Ô4áZØ¢Ù å Ò0ÔZô uHõBu * Þ e 3G/56¶«I9_C.<@6;RG/?3G/Lì°+.:=<?3K/5/?M;>5U\+ /?M;:¬<@3�^O3K/L¡­u +;u8^0+.-0/5UH+ eYgji 9_3QM;¡D3Q-I<5ªQ<?>@3�14CD-0/?:H^OJG>@+Bb;UH3QSW3Q-I<+,+­+B:=b;UH:H3G/GAB+.M ^OJQ<?>@:=SW3G-D<2^O3LU\+]9;>@3QM;¡D3L[DM0:83K/¯<à+BU=CD>@/�90U=M0/à^O:.-Z1Q:=UH3 d 90+.> 34NO3QSW9;UH3LUH3L<?60JQCB>@RQSW3L^mF /a<@3QSZ+B^O:­[IM;:0-03>@3G[IM;:HRQ>@3][DM03}UfF :H-0^OJQ9_3Q-8^;+.-01Q3c^O3GMON�r ^;3QMON10 22CB>436587 k u_*53}ì°+:94CD-Ê`BJG-;JQ>7+.UH3BAOU\+ ehgji >@3G/p<?3]3G-014CD>?3]¡¶>7+.:H3jU=CD>@/@[IM;3UH3G/c¡_u +;uh-qF CB-I<�90+D/}U\+ÊSWªQSW3EUHCB:�;ð:HU ì°+BMO<c<@CBMO<@3 ìäCD:H/�14CB-I<@>=<DU=3G>c143G>p<7+.:H-0/}SWCBSW3G-D<7/Qu i CDM0/c+§¡DCB-0/]JG¡BCO[IM;J M;-03/?CB>?<?3Z^O3 eYgji 98CDM;>}UH3 9;>@CO143G/@/?M0/]^O3Z��CB:\/?/?CB- d JK[IM0+¢<@:=CD- d?> u ô k 98+.`B3£õA@;õ k 3Q<c98CDM;>}UH3ZSWCBM;¡D3QSW3Q-I<}b;>@CCB�-;:H3Q-d JG[IM0+¢<@:=CD- d 5;u=õ k 90+.`D3D3FE k u i CBM0/5¡B3G>?>@CB-0/s90U=M0/l`BJG-;JQ>7+.UH3QSW3G-D<5^0+.-0/5U=3c1768+.9;:=<?>@3�5W90+B`B3DG0õc[IM;3c^O3K/�<?60JQCB>@RQSW3K/^OM�<¯«¶983 eYgji 34< n5o2e 34NO:\/¯<@3Q-I<L9_CBM;>L^O3K/�/pM0:¬<@3G/L^O3]¡¢+B>?:\+.b;UH3G/s+BU=JK+¢<?CD:=>@3G/jP,^OJQ9_3Q-8^;+.-I<?3K/VX­u
H�I=JKILJ MON�P%Q�R�NSN�TVU$W RXW=Y)QZN

í¶CD:¬<
(Xi, n ∈ {1, . . . , n}) M;-;3j/pM;:=<?3,t0-0:=3]^O3j¡¢+.>@:H+Bb;UH3G/2+.UHJG+¢<@CB:H>?3K/ :©u :fu ^mu;^O3jUHCB: µ /?M;>sM;-�3G/?90+B1Q359;>@CBb0+Bb;:HU=:\/pJ

(Ω,A, P)
u)/V-!/p<@+¢<@:H/p<?:\[IM;3BAàCB-&90+B>?UH3�^O3

n [4Ü æ ã Ø¢Ó ÑfÐ Û¨Û Ï Ó ^O3�UHCB:
µ
uLîl-&-;CB<?3

F : R → [0, 1]
U\+{ìäCD-01�<@:=CD- ^O3>@JQ90+B>p<@:¬<@:=CD-Ì^O3WU\+EUHCB:

µ
Aq^OCD-;-;JG3�90+B>

F (t) := µ(] −∞, t])
u]\ UfF JG1760+B-I<?:HU=UHCB-

(Xi, n ∈ {1, . . . , n}) A­CD-ð+B/@/?C¶1Q:=3M;-03 áZÔ4Õ7ÒOÙ@Ô�ÔQáLé Ð Ù Ð°å Ò0Ô Ln(ω)
^;J4t0-;:H3]90+B>

Ln(ω) :=
1

n

n∑

i=1

δXi(ω),

3Q<sM0-;3�^ Ï Ó æ Ñ©Ð°Ï Ó ÖBÔcÙ?ÜÝé;Ø.Ù ÑfÐ¨Ñ©Ð°Ï Ó{Ô4á5é Ð Ù Ð°å Ò0Ô Fn(ω)(·) : R → [0, 1]
98+.>

Fn(ω)(t) :=
1

n

n∑

i=1

I{Xi6t}(ω).

/V-&>@3Q`D>?CDM;90+B-D<Z/?M;:=¡¢+B-D<�U=3K/Z¡¢+.UH3QM;>7/ ^O3K/
Xi(ω)

A CD-&CBbO<@:=3G-D< UH3G/EJG1Q>?:=<?M;>@3G/Z/?M;:H¡¢+.-I<?3K/Zì°+.:\/@+.-I<E+.9;98+.>7+§¦\<?>@3�UH3G/
Ô?_5Ô æ Ñ©Ð ^ Õ æ ÒOáTÒOÛ=Ü4Õ 3Q<LU=3K/K^ Ù?Ü å Ò0ÔQÓ æ Ô4Õ]ÔQá5é Ð Ù Ð°å Ò0Ô�Õ ±

Ln(ω) =
∑

x∈{X1(ω),...,Xn(ω)}

#{1 6 i 6 n, Xi(ω) = x}
n

δx,

3Q< ±
Fn(ω)(t) =

1

n
#{1 6 i 6 n, Xi(ω) 6 t}.

i C.<?CD-0/5[IM;3
Ln

3G/p<lM0-;3c¡¢+.>@:\+.b;UH3}+.UHJG+.<?CB:H>@3}r ¡¢+.UH3QM;>7/5^0+.-0/5UfF 3Q-0/?3QS�b;UH3c^O3G/lUHCB:\/5^O3�9;>?CDb0+.b0:=UH:¬<@Jc/?M;>
R
A_34<j[DM03

Fn
3K/¯<jM;-;3W¡¢+.>@:H+Bb;UH3T+BU=JK+¢<?CD:=>@3�r�¡¢+.UH3QM;>7/j^;+.-8/lU©F 3Q-0/?3QS�b;U=3W^O3K/,ìäCB-014<?:HCB-0/j^O3W>@JQ90+B>p<@:¬<@:=CD-0/l/?M;>

R
u]`L:H-0/?:fAm9_CBM0><@CBMO<

ω ∈ Ω
A
Ln(ω)

3G/p<�M;-;3]UHCB:q/?M;>
R
A0^O3jìäCD-01�<@:=CD-�^;3]>?JG90+.>?<?:=<?:HCB-

Fn(ω)(·) uaL-03514CD-0/pJK[IM;3Q-01Q3L^O3LU\+ ehgji 3G/p<à[IM;3�UH+}ST3K/pM0>?3�3GST90:=>@:H[IM;3
Ln(ω)

1QCB-¶¡B3G>?`D3àJQ<?>@CB:=<?3GST3G-I< ¡B3G>@/�U\+]UHCB:
µ
uOîl->7+.9;9_3QUHUH3V[DM®F M;-03 /pM0:¬<@3 ^O3aSW3G/?M;>@3G/q^O3 9;>?CDb0+.b0:=UH:¬<@JG/

(µn)n
1QCB-¶¡B3G>?`D3hJQ<?>@CB:=<?3QSW3G-D<q¡D3Q>7/mM;-;3 ST3K/pM0>?3V^O3 9;>?CDb0+.b0:=UH:¬<@J

µ
UHCB>7/?[IM;3j9_CBM;>5<?CBM;<?3]ìäCD-01�<@:=CD-�14CB-I<@:=-¶M;3]b_CB>@-;JQ3

f
A
Eµn(f)

14CD-I¡D3Q>@`B3j¡B3G>@/
Eµ(f)

[DM8+.-0^
n → ∞ ubaL-;3c/?M;:=<?3^O3j¡¢+.>@:\+.b;UH3G/�+BU=JK+¢<?CD:=>@3G/214CD-¶¡B3Q>@`B3l3Q-£UHCB:q/?:q34<5/?3QM;UH3QSW3G-D<L/?:qU\+T/?M;:=<?3}^O3]UH3QM0>@/sUHCB:\/�14CD-I¡D3Q>@`B3lJ4<?>@CB:=<?3GSW3Q-I<Gu;*,+.-0/UH3]1Q+B/�^;3G/sSW3G/?M;>@3G/s3QSW9;:H>@:H[IM;3K/QAOCD-�+W9_CBM;>

µ [ 9;>@3G/@[IM;35<@CBMO< ω
±

Ln(ω)
L−→

n→+∞
µ.

��CBM0>�U=3j¡BCD:=>KA¶:=Uh/pMc-W<5^mF JG1Q>?:H>@3BAO9_CBM;>�M;-03jìäCB-014<?:HCB-
f ∈ Cb(R, R)

A

ELn(ω)(f) =
1

n

n∑

i=1

f(Xi(ω)).

e 3G/,¡¢+.>@:H+Bb;U=3K/j+.UHJG+¢<@CB:H>?3K/
Yi := f(Xi)

/?CB-I<]:fu :©u ^mu®34<}U\+�UHCB:V^;3G/j`B>7+.-8^;/,-;CBS�b;>?3K/,-;CBM0/]+D/?/?M;>@3�U\+£14CD-I¡D3Q>@`B3G-01439;>@3G/@[IM;3l/=d;>@3l^O3
ELn(ω)(f)

¡B3Q>7/
E(Y1) = Eµ(f)

u e +c9_3Q>@ScMO<7+¢<@:=CD-�^O3K/à[IM0+B-D<@:¬t_1Q+¢<@3QM;>7/àM;-;:H¡B3Q>7/?3QU\/à/?M;>
f
34<

ω

e!fhgjiLkml npoLqsr
© tpuvuhwpxzy6{=y}| k�~����Z� { e!oL�?� �v� {6�A� �F�"~�fhgjiL� | ��q {C�h�c�?�m���p�?���v�v���j� �b� �b���m�m��� ��¡��m�.¢ { � £z¤?¥v¦ t ε {}tb�j§ ~ |�¨�© k |ctju?u?wpxAªp«h¬ tv­ { ®!¯?°?±�² ◦ ³p´Lµ
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/?3]ì°+.:=<l3G-�MO<@:=UH:H/@+.-I<,UH+�/pJG90+.>7+.b;:HUH:¬<@J}^O3

R
u o 3c>@JG/?M;U=<@+¢<j^O3�1QCB-¶¡B3G>?`D3Q-01Q3jJ4<?>@CB:=<?3�^O3G/lSW3G/?M;>?3K/L3GST90:=>@:H[IM;3K/L9_3QMO<ªQ<?>@3 +C-Z-;J 3G-»M;-;3E1QCB-¶¡B3G>?`D3Q-01Q3WM;-;:=ìäCB>@ST3�^O3G/}ìäCB-014<?:HCB-0/}^;3E>@JQ90+B>p<@:¬<@:=CD-qA®14CDSWST3EU=3 90>?JK14:\/p3ZUH3 <@6;JQCD>?RGST3 ^;3g UH:=¡D3Q-;÷DC [ o +.-I<?3GU=UH: ±

²}³Y´¶µ0·¢¸¶¹»º£¼m¾f¿8¾��½À?Æ��fÃ��_ºIÈ��8µ�����Ç;È��Kº����°ÃêÍ§¾]ÎmÏ¢Ð¨Ñ
(Xn, n ∈ N

∗) ÒOÓ­Ô,Õ�Ò Ð¨Ñ ÔcÖBÔc×§Ø.Ù Ð ØBÚQÛ=Ô�ÕcØ.Û=Ü7Ø ÑÝÏ¢Ð Ù?Ô4Õ Ð°ÞHÐ°Þ Ö Þ ÖDÔ]Û Ï.Ð
µ Õ�ÒOÙ R ß2ÖBÔ ^ Ï Ó æ Ñ©Ð°Ï Ó{ÖBÔ�Ù?ÜÝé;Ø.Ù ÑfÐ¨Ñ©Ð°Ï Ó F ßàØ.Û Ï Ù7Õ Ï Ó¤Øjé Ï ÒOÙ µ èHé_Ù?Ô4Õ å Ò0ÔQè ÑêÏ Ò Ñ ω

lim
n→∞

(

sup
t∈R

|Fn(ω)(t)− F (t)|
)

= 0,
d ô uHõ k

Ï��
Fn(ω)(·) ÖDÜ�Õ Ð çBÓ_Ô�Û=Ø ^ Ï Ó æ ÑfÐ°Ï Ó{ÖDÔ}Ù@Üêé0Ø¢Ù Ñ©Ð¨ÑfÐ°Ï Ó{ÔQá5é Ð Ù Ð°å Ò0ÔTÖDÔ�Õ X1(ω), . . . , Xn(ω)

Þ
 "! ÔQÙ æ Ð æ ÔWô u=õDu 5$#�% Ï Û â Ó'&.áWÔ4Õ�ÖBÔ)(5ÔQÙ�Ó;Õ Ñ Ô Ð Ó+* Ñäã Ü Ï Ù-,4áZÔTÖBÔ/.TÔ Ð Ô4Ù7Õ Ñ Ù?Ø§Õ7Õ10 Þ e 3,<@6;JQCD>?RGST3]^O332¤3Q:H3Q>7/p<?>7+B/@/2/?M;>�U\+^O3G-0/?:¬<@JW^;3

R[X ]
^0+.-0/ C([0, 1], ‖ · ‖∞)

9_3QMO< [ ªQ<?>@3ZJ4<@+Bb;UH:a3Q-{MO<?:HUH:H/@+.-I<]M;-;3WìäCD>?SW3Tì°+.:Hb;UH3 ^O3ZUH+�UHCB:V^O3K/]`B>7+.-8^;/-;CDScb;>@3G/ d 14CB-¶¡D3Q>@`B3Q-814353G-£9;>?CDb0+.b0:=UH:¬<@J]^O3
Sn

¡D3Q>7/sUH+TSWC¢«B3G-;-;3j^O3]U\+�UHCB:
µ
k u

/V-£3z+­34<KA8/?:
f : [0, 1] → R

3G/p<L14CB-I<@:=-¶M;3DAOU=3]9_CBUH«¶-�<BSW3]^O3D223Q>@-0/p<?3Q:H-

Pn(f)(x) :=

n∑

k=0

xk(1− x)kCk
nf(k/n)

1QCB-¶¡B3G>?`D3�M;-;:=ìäCB>@STJGSW3Q-I<2¡D3Q>7/
f
/?M;>

[0, 1]
uI��CBM;>2U=3j¡DCB:H>GAD:=Um/?Mc-W<�^qF 3QN¶90>?:HSW3Q>

Pn(f)(x)
14CDSTSW3lUH+�SWC¢«B3Q-0-;3l^O3

f
/?CBM0/5UH+EU=CD:hb0:=-;CDSW:H+BU=3T^O3�98+.>7+.SWR4<@>?3

x
/pM0> {0, 1/n, . . . , 1} A090M;:H/j^O3T^OJG1QCBM;9_3Q>j+.M;<?CBM0>,^O3�UH+ESWC¢«B3Q-0-;3 p

3Q<^mF MO<@:=UH:H/?3Q>�U©F :=-;JG`D+BU=:=<?Jj^O3 o 6;3GbI«O176;3G¡Z34<�U©F +Bb0/pCDU=M03,1QCB-I<?:H-¶M;:¬<@J]^O3
f
d <@6;JQCD>?RGSW3j^;3)453Q:H-;3 k u;��CBM;>�:HUHU=M0/p<?>@3Q>�1Q3j[IM;:9;>@JG1QRG^O3DA;14>@JQ3G>2M0-�t_176;:=3G>)5�6�798;: 1QCB-I<?3G-0+.-I<�U=3]1QC¶^;3}/pM;:H¡¢+.-I< ±

� �<�=">@?�A�B1CD>FEHGJILKNMDO1PRQTSUQWVYXZY[�\�]_^a`b`�c�daeHf
g�h�iHfYdNjlkbmn[�m�caj�opiYm�f�jloWqYcsr-tJuwv
xZzyH{Y|�mac~}��~u-jJu����Zn]�mpj���dYfam����
hp`b`�c�daeHf
g�h�iHfbdpjlk�mn[�m�caj�opiYm�f�j���{��aj~}����L}��D��kbm���}����D�Z���mYoNi�q�j��Ym��piYmpq�c��aqHmY�Y��dNj��aqHm�h��YhY��mpq�cHo�k�hNj'o�r-tJuwv
xZn��hYfNi�hp`b`HmY��h_�aiHfpe�[Hdae�`Hd�qbc��amYo��adamp�)��|�f�j'dWgLfahpq�eZZn\YeYm�g�`'��m�����{�r��wvD�b�wvD�b���bx�����{Lf�j'�Yf�jHmJ}Y��eU�¡ p¢��¡£�o�fWjU}¡eD���¤�L�+|�mac~}��
uwvWt�t~u¤���Z
¥ G§¦©¨H>�ª'A�«RO�P¬XY­® G�M¡K
¯ ¥±°N² Oa³-´�µ¶S�·LQ ¥ Q¹¸DX'­ Zn]�ºp`'�Yfb�ah�iHf�dNj»kbmz¼½ G¾I@¿ÀS@ÁbÂ�K�V�O ® QTS¾XH­ Z�ÃbhY�Y��q'��kbmYo���d�m��b�Hfb�bfampj�iHo�|�f�j'dWgLfahpq�eÄ G�M¡K
¯ ¥±°N² O�<�¨�Å"ÆD¦bO
VJQ¹³�´ÇQ¤³¹¸�µ�S@·�È�S§·¹X~Q ¥ Q¹¸DX'­ Z�ÃbhY�Y��q'�Émai�cYºp`'�Yfb�ah�iHf�dNj»kbm��P�G@ÊW¨YËW«DÆHÌ�¨"O1PRQÀ¸�Q ¥ XH­ Zn]�m�gLfboam_m�j���dacNg�m�kbm��P�P�G�M¡K
¯ ¥±°N² O1PRÍbQ¶¸¾Q9S�Î±¸bXN­ Zn]�ºp`'�Yfb�ah�iHf�dNjlkbm��Ï G)O P�P�ÐÀÑ ® X$Ð

∗

O�OW¸
−

P�P�X�Ð�Ñ�O¤S
−

® XbX'­ Z�ÃbhY�Y��q'��kbmYo���d�m��b�Hfb�bfampj�i�o�mNj��EHGHËT=�ÒÓO�O ½ Ð
∗

Ä Ð
∗

Ï X¾Í¶XH­ Z�ÃbhY�Y��q'��kbm��ah��YhY��mpq�cÉkpqÉ`'db�a�aj'ÔWg�m
� �ÕaCD:H1Q:_SZ+B:=-I<?3G-0+.-I<�M;-�983Q<?:=<L9;>@CB`B>7+.SWSW3�ì°+B:H/@+.-I<L+.9;9_3QUqrT143Q<p<@3lìäCD-01�<@:=CD-qA;^OCD-D<�U\+�/?CB>?<?:H3,`B>7+.9;6;:\[IM;3,3G/p<s^OCD-;-;JG390+B>sUH+Tt0`DM;>@3 ô u=õ ±
� �Z�ÖbcYh��amÉ�ah���dNj��piHf�dNj×�adpØU}wvWÙ�e���ÙYeL N¢Éo�fWj�}wvWtb£He��zoWqYcÚr-t
uwv
x�h�f�j�obfn�pq�mZ��ambon`'db�a�aj'ÔWg�m�o_kbmn[�m�caj�iYm�f�jÛh�obo�dY�bfam�o�kbm�kYm�ØbcYm�Ü~uÝvWtJuÞmpi�ßat"�ZFà�iHf��Yfboam_�ah���dNj��piHf�dNj�|�mac�`HdWqYcÛ�am��ahY�Y��q'��kbmYon`'db�a�aj'ÔWg�m�o�kbmn[�m�cHopiYm�f�j?L¦�<�­?�¦À¨'ÆDÊ
­V9G)¿�S�á¶¿�S�K
O Í�áÀÂHâ§OÀ¸wÎ�ã�XTÎUãJÐ�ÑDä�Ð

∗ å ¿ÀS¬O¹¸a´ ∗ ã�X�Í XY­æ Gç³¹Ð-´�¸�µ¡Ð�´�¸�µ¡Ð-è�èL·N­ Z�o�qb|�kHfp�Hfbobf�dNj»kbm»r-tJuwvwx
e!fhgjiLkml npoLqsr
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Ä GJ<�¨�Å"ÆD¦�O�V�Q æ XH­ Z�f
g�h�ØYm�kbm��ph�o�qb|�kHfp�Hfbobf�dNj×`�hpc�j'daibcYm���dNj��piHf�dNj½ ¸1G
ILK�MLO æ Q � Q
VLXY­½�� G
ILK�MLO æ Q-¸b´ Q
VLX�­½�� G
ILK�MLO æ Q � ´ Q
VLX�­Ì"¦1C�A�O æ Q Ä Q Í��
−

Í Q æ Q ½ ¸�Q Í-M"ÐLÍ Q æ Q ½�� Q Í I
Î±Í Q æ Q ½�� Q Í©â
∗

Í X�­¦ ¨bªH¨�>��3O Í�V§Í Q Í ½ O � Q¹VYX�Í Q Í ½ Ow¸a´�Q¡VYX§Í Q Í ½ O � ´¾Q¹VYX§Í XY­
� �

	�

��� ô u=õ�;��ÝUHU=M0/p<?>7+¢<@:=CD-�^;M�<@6;JQCD>?RGSW3j^;332ð3G:=3G>@/p<?>7+B/@/à+§¡D3G1,UH3G/s9_CBUH«I-X<BSW3G/�^O3�223Q>@-0/p<?3G:=-qu

e +£SWJQ<?6;CO^O3 ^O3 ö�CB-I<?3 [ o +B>?UHC�9_CBM0>]U=3 1G+.U\14M;U +B9;9;>@CO176;JZ^mF :H-I<?JG`B>7+.UH3G/,3G/p<}JQ`I+.UH3QSW3Q-I<]b0+B/?JQ3 /?M;>]U\+£U=CD:V^O3G/`D>@+B-0^;/2-;CBS�b;>@3G/GA¶14ì¯uOìä>7+.`BSW3G-D<�*0u ô 90+B`B3 > ú u

vWw7v � ����z]���L�����������®���}�»y{|Q��|7�Y��� ����|4���à|��¤�����¯|4�T�l�}�Y|4�c���2�
��CBM;>7/?M;:=¡¢+B-D<LU©F +.-0+BU=CD`BM;3]+§¡B3K1,U=3K/�¡B3K1�<?3GM;>7/�CB>?<?6;CD`BCD-0+.MONE^qF M;-Ê3K/p98+B143j3GM014UH:H^;:=3G- d 1�ì¯u_/p3K1�<@:=CD- ô u=õ]98+.`B3 ú õ k ACD-�/QF +¢<?<?3Q-8^�r 143�[DM03cU\+ /pCDSWST3T^O3G/

n
9;>@3QSW:=3G>@/L¡B3G14<?3GM;>@/l^O:H¡I:\/?JQ3}90+B> √

n
Pl-qF 34NO9;UHCD/?3}90+B/VXÊU=CD>@/@[IM;3

n
<?3G-0^¡D3Q>7/àU©F :=-Ot8-;:fu o 34<p<@3]:=-I<@M;:¬<@:=CD-£3G/p<514CB-;t0>?SWJG3l90+B>�U=3 n 60JQCB>@RQSW3 o 3Q-I<?>7+.U e :=SW:=<?3 dfn5o2e��4k,±

²}³Y´¶µ0·¢¸¶¹»ºÊ¼m¾¨¼m¾f¿¤Àp²}³h´¶µ8·¢¸I¹¥º ��º¶È��Q·¢ÇY�sÂ Ãf¹»Ã��Kº;Í§¾jÎ8Ð
(Xn, n ∈ N∗) Ô4Õ Ñ ÒOÓ_Ô,Õ�Ò Ð¨Ñ ÔcÖDÔ]× Þ Ø Þ Ù Þ�Ð°ÞHÐ°Þ Ö Þ ÖBÔ æ Ø¢Ù�Ù?ÜÐ Ó Ñ ÜêçBÙ?ØBÚQÛ=ÔTÖBÔcá Ï.â Ô4Ó8Ó_Ô m Ô Ñ ÖDÔ}×¢Ø¢Ù Ð Ø.Ó æ Ô σ2 ßàØ.Û Ï Ù7Õ

Yn :=
X1 + · · ·+ Xn − nm

σ
√

n

L−→
n→+∞

N (0, 1).

�����! #"%$�&('�)+*,"%&('+-.'+�0/1 #"%$
243�5(6879'�:1;8<9)=3�$�>+-.'�7?'�&@"BAC5(-.5 /D'�EF'+�0/D$D"%&('8GIH?JK�L"%�9*�&@"%5(6�MN3��O795 /P/Q3�R9/16D5(-. ?&('+-.'+�0/�:�EF'+�0/D$D"%&CAC5(-.5 /
;1<?'+3�$D'+-SGIM9TNR9'�&VU 3��W"%X?$�>+*�'Y'+�WEPAN;�H

e!fhgjiLkml npoLqsr
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"	 ������� ��#"���s	���� � � 	c�Z��� ����#"	 ú 5
*l3ZSW+B-;:HRQ>@3TJK[IM;:=¡¢+BU=3G-D<@3BAq/?:

Qn
^OJG/?:=`D-;3TUH+�ìäCD-01�<@:=CD-¤^O3Z>@JQ98+.>?<?:=<?:HCB-ð^;3ZUH+�¡­u +0u >Ku

Yn
34<

Φ
U\+EìäCD-01�<@:=CD-¤^;3>@JQ90+B>p<@:¬<@:=CD-�^O3]U\+TU=CD:m-;CB>@SZ+.UH3 N (0, 1)

±

Φ(t) :=
1√
2π

∫ t

−∞

exp

(

−x2

2

)

dx,

+BU=CD>@/2CB-£+T98CDM;>s<?CDMO<
t
^;+.-0/

R
±

Qn(t) −→
n→+∞

Φ(t).

îl-�983GMO<5JG`D+.UH3QSW3G-D<LM;<?:HU=:\/p3G>LUH3j<?6;JGCB>@RQSW3]^O3 e JG¡¶«E^O3c1G+.>7+B1�<@JQ>@:H/@+¢<@:=CD-E^O3]U\+Z14CD-I¡D3Q>@`B3G-0143,3Q-£UHCB:q90+B>�UH+T<@>@+B-0/ [ìäCD>?SWJQ3]^O3 ò CBM;>@:=3G> ±
(∀s ∈ R) E

(
eisYn

)
−→

n→+∞
e−s2/2.

��CBM0>�J4<@+Bb;UH:=>�UH3 n5o2e A;CD-�9_3QMO<5/?M;9;9_CD/?3Q>L/@+.-8/s983G>@^O>@3]^O3j`BJG-;JQ>7+.UH:¬<@J][DM03,UH3G/s¡­u +;u;/?CB-I<L143G-D<@>?JG3G/s>@JG^OM0:¬<@3G/GAOCB-Ê++BU=CD>@/ ±
E
(
eisYn

)
=
(

E

(

eisn−1/2 X1

))n

,

[IM;:m^OCD-;-;3,U=3j>@JG/?M;U¬<7+¢<s90+.>sM;-�^OJQ¡D3QUHCB9;9_3QSW3G-D<s3Q-£/?JQ>@:=3,3Q-I<?:HRQ>@3BA¶SZ+.:\/2:=U_ì°+BMO<�9;>?3G-0^O>@3l`I+.>7^O3l+BM ì°+B:¬<L[IM;3,UfF CB-£++,+­+B:=>@3,rTM;-03jìäCB-014<?:HCB-Ê14CDST90U=3QN¶3]^OCD-I<s:HUmì°+BMO<5176;CB:\/?:=>sU\+T^;J4<?3G>?SW:H-0+¢<@:=CD-quQuGu*l3�STªGSW3L[DM03�98CDM;>VU\+ eYgji AI^O3�-;CBS�b;>@3QM0/?3G/Y¡B3G>@/?:HCB-0/�^OM n5o2e 34NO:\/¯<@3Q-I<GAB-;C.<7+.SWSW3Q-I< +§¡B3K1à^O3K/a6¶«¶98CB<?6;RK/p3K/9;UHM0/2ì°+B:=b;UH3G/�/?M;>�UH3G/sUHCB:\/s^O3G/�¡­u +;u0îl-�983GMO<L90+.>�3QNO3QSW9;UH3j+,+­+B:=b0U=:H>�UfF :H-0^OJQ9_3Q-8^;+.-01Q3j>?3K[DM0:H/?3lCDM�3G-014CD>?3]/?3j90+B/@/p3G>^OM�ì°+.:=<j[IM;3TU=3K/5¡­u +;u­+.:H3Q-I<lU\+�STªGSW3cUHCB:©A_SWC¢«D3Q-;-0+B-I<5M;-;3T6¶«I9_C.<@6;RG/?3�/?M;>,U=3GM;>7/5SWCBSW3G-D<7/Qu�4L:\/p<?CB>@:\[DM03QSW3Q-I<GA_UH39;>@3QSW:H3Q> n5o2e 14CD-0143G>?-8+.:=<2UH3G/�UHCB:\/�^O3�223Q>@-;CBM0U=UH: ±
²}³Y´¶µ0·¢¸¶¹»º}¼q¾\¼q¾\¼�À¯²}³Y´¶µ0·¢¸¶¹»ºjÄhº�� µ8Ã��m·¢ºN�7Â Ç��@�°Ç
	Bº;Í§¾sÎmÏ¢Ð¨Ñ

(Xn, n ∈ N∗) ÖDÔ�Õ2× Þ Ø Þ;Ð°ÞHÐ°Þ Ö Þ ÖDÔsÛ Ï.Ð ÖBÔ§(5ÔQÙ�Ó Ï ÒOÛ¨Û ÐÕ�ÒOÙ {0, 1} Ô Ñ ÖBÔ�é0Ø¢Ù?Ø.á , Ñ Ù@Ô p ∈ [0, 1] ßàØ¢Û Ï Ù7Õ7ßmé Ï ÒOÙ ÑÝÏ Ò Ñ a ∈ R Ô Ñ b ∈ R Ø.×§Ô æ a < b ß Ï Ó¤Ø��
lim

n→+∞
P

(

a 6
Sn − np√

npq
6 b

)

= (2π)
−1/2

∫ b

a

e−x2/2 dx,

Ï��
q := 1− p

Þ
îl-£3Q-�<?>@CBM;¡D3Q>7+cM0-;3]9;>@3QM;¡D3j^0+.-0/ 0 `L9;9 3 > A814CB>KucG;u 3C7q3Q<5^;+.-0/D0 2 e 36GOAO34NO9;U©uYÕ�u 5;u 5 d : k 90+.`D3G/jõ ú 5 [ õ ú > 7êuNÕaCB:\14:M;-�34NO3GST90U=3}^O3}1QCO^O3]ö�+¢<@UH+Bb�:HU=UHM0/p<?>7+.-I<�U=3 n5o2e A;^OCB-I<LU\+W/pCD>p<@:=3j`B>7+.906;:H[IM;3,3G/p<L^OCB-0-;JQ3]90+B>sUH+Tt0`DM;>@3 ô u ô ±

� �Z�
��b�Nq�opibcYh�iHf�dNj kNqÉÖ��YÃÉha�bmb��q�j�º����Hhpj�iHf��b�bdNj×kbmÉ��dbfao�qbj�fp��dacNg�m�oZn�bhbfNi�hp`b`HmY�����aiHfpe�[Hdae�`Hd�qYc�`bj'dacNg?�¦À¨'ÆDÊ
­¿
G)´�­¯
G�B©>�Ì�=DADO Í��JÂ ¥ IaMÀK�����K����JÐ ° Ð�����SD¿1V-Â�M ¥ K å ��OW¯ ° M��HK
ãHK ¥ ¯�á K �H¸�´bX!�bG"��#��)Í XY­S
G�B©>�Ì�=DADO Í%$ ° ¿¶á-á¶K&����K���á@Í�Í¹K�Á(' ° S ² ¿¶á-á¶Â�S)��OW¯ ° M��HK
ãHK ¥ ¯�á K � � ´bX!�bG"��#��)Í XY­
�wG�B©>�Ì�=DADO Í ® ¿ å ÁbM+* ² ¿ å °'² ¿¶Â�S,��OW¯ ° M��'K
ãHK ¥ ¯�á K-�H¸�´�´�X.��G/��#��RÍ X�­Z10�j�obf
g�q'��m�j��Ydbf�o��ah��Yh�cHfahp|'��m32~�¶{@}¤à�4�vHÙ��b�b��Ùbà
4
`65W`87bßH�+7@}�`97HvWß��P�G�Ê¹ÆY>F�)O�¯�QTSJXY­
: GHËT=�Ò+O�P"X

−

¯§È � ­ Z�Ãbmpj�ibcYh�ØYm
: G : È�Ë�;DÊpA"O�¯§È�¸ � X�­ Zn]�º�kaq��piHf�dNj
��<¶GJM ° SDâYK@O : XwÈ
�U­Z���dNj��piHf�dNj�k�m�]�ºp`Hh�cbiHfpiHf�dNj �Yf
g�q'��ºbm³�= V¡VwK�Á ² ¿�V å Q�> á ° åWå K å · G±«�BÀËpA�O : Q?�JX�­Ä(@ æ GY?�=pÒ¬Ë9=pÒçO =)V¤VwK�Á ² ¿�V å XwÈYS¾­Ä(@ æ O.�'Î ¸
X�G ¸N­Z�ÖbcYh��aº�kbm��phÉ��dNj��piHf�dNj�kbm�cYºp`Hh�cbiHfpiHf�dNj obf
g�q'��ºbmZ�mainkbm��amY�b��m�kbm��ah��adbfnj'dacNg�hY��m
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� I å Áa¿ åWå K å G ³ ÒÇB >~O : XTÎ ��<LÈ � µ ��<�µ ÒRÆ���O : XTÎ ��<�È � ·
­<¡BTª@="Ê�¨ ­ ?D¦�<~­$«�C'¦��lÂNS�­Ì"¦1C�A�O � I å Áp¿ å
å K å Q Ä�@ æ Q Í IwÎ − Í XY­Ä�@ �bG�¯bSbÂ
M ¥ O � I å Á�¿ åWå K å XY­Ì"¦1C�A�O � I å Áp¿ å
å K å Q Ä�@ � Q Í9M − Í XY­¦ ¨bªH¨�>��3O Í Ä ÂNS�Á�Ð � �HK��'MwKp¯3Ð � å ¿ ¥ ��á9KpK Í Q Í Ä ÂNSHÁDÐ��&�HK��'MwKp¯RÐ �&� ÂNM ¥±° á�K~Í Q©äDXb­
� �
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Fonc. de rep. simulee
Fonc. de rep. Normale

	 

��� ô u ô ; �ÝUHUHM0/¯<@>@+.<?:HCB-£^OM n5o2e&d UHCB:\/sM;-;:=ìäCB>@SW3G/ k u

e 3{<?6;JGCB>@RQSW3 /pM;:H¡¢+.-I<�3G/p<�M;-;3½14CB-8/pJK[DM03Q-01Q3{^;M n5o2e u!�ÝU�+,-Z>?SW3 [IM;3 U=3K/�14CDM;>@b83K/�+C-Z-;3K/£90+.>�SWCD>@1Q3G+.M;N1QCB-0/p<?>@M;:=<?3G/arj98+.>?<?:H> ^O3G/ /pCDSTSW3K/a90+.>?<?:H3QUHUH3G/�>@3Q-;CD>?SZ+.UH:\/pJG3G/a^mF M;-;3L/?M;:=<?35^O35¡_u +;u¢:©u :fu ^muHAB¡¶M;3G/à14CDSTSW3L^O3K/V14CDM;>@b83K/+BU=JK+¢<?CD:=>@3G/GAmP51QCB-¶¡B3G>?`D3Q-I<à3G-�UHCB:m¡D3Q>7/2UH+TUHCB:q^mF M;-£SWCBM;¡D3QSW3Q-I<�b;>@CCB�-;:=3G-TX­u �ÝUh14CB-8/¯<@:¬<@M;3]^OCB-01,M;-03��¯M0/¯<@:¬t_1Q+¢<@:=CD-^O3jU©F :H-I<?M;:=<?:HCB-Ê/?3QUHCB-�UH+D[IM;3QUHU=3jM;-03]SW+B>@17603,+BU=JK+¢<?CD:=>@3,3G/p<LM;-Ê+.-0+BU=CD`BM;3j^O:\/?1Q>?3Q<�^;M�SWCDM;¡B3GST3G-I<sb0>?CCB�-;:H3Q- ±
²}³Y´¶µ0·¢¸¶¹»º ¼m¾¨¼m¾��!À��j·§ÃfÈ8	DÃ�� º Ä
	=ÃfÈ��;ÇO·¢Ã°Ç;È&	Bº ÄYº���µ8ÈYÅ¹�_ºI·¤�
�j·¢µ8³Yµ0·¢µ��hÍ¢¾ZÎ­Ï.Ð¨Ñ

(Xn, n ∈ N∗) ÒOÓ_ÔTÕ�Ò Ð¨Ñ ÔZÖBÔ× Þ Ø Þ Ù ÞqÐ°ÞHÐ°Þ Ö Þ æ Ô4Ó Ñ Ù?Ü7Ô4Õ5ÖBÔ,×¢Ø¢Ù Ð Ø¢Ó æ Ô σ2 Þ�� Ó£ÖBÜ��VÓ Ð¨Ñ Û=ØcÕ�Ò Ð¨Ñ ÔlÖDÔ,× Þ Ø Þ (Yn, n ∈ N∗) ��×§Ø.Û=ÔQÒOÙ7ÕlÖBØ¢Ó0Õ C(R+, R) áTÒOÓ ÐÖDÔ]ÕQØ Ñ Ù Ð ÚQÒÊÚ Ï Ù?Ü4Û Ð Ô4Ó8Ó_ÔWØ§Õ7Õ Ï æ Ð Ü7Ô��ZÛ=Ø ÑêÏ é Ï Û Ï ç Ð Ô æ â Û Ð Ó_Ö.Ù Ð°å Ò0ÔLé0Ø¢Ù��
Yn(t) :=

X1 + · · ·+ X[nt] + (nt− [nt])X[nt]+1

σ
√

n
.

Ï��
[r] ÖBÜ4Õ Ð çBÓ_ÔcÛ=Ø]é;Ø.Ù ÑfÐ ÔTÔQÓ Ñ©Ð ,4Ù?ÔTÖBÔ r

Þ�� Û Ï Ù7Õ7ßVÛ=ØZÕ�Ò Ð¨Ñ ÔTÖBÔc× Þ Ø Þ (Yn, n ∈ N∗) æ Ï Ó8×§ÔQÙfçIÔ ^ Ø Ð Ú4Û=ÔQáZÔ4Ó Ñ ×¢ÔQÙ7ÕjÒOÓ­Ô]Û Ï.ÐÖDÔsé­Ù Ï Ú7ØBÚ Ð Û Ð¨Ñ Ü µ∗ Õ�ÒOÙ C(R+, R)
Ñ ÔQÛ¨Û=Ô å Ò0Ô}Û=ØE× Þ Ø Þ (Bt, t > 0) ÖBÜ��VÓ Ð Ô�é0Ø¢Ù
Bt : (C(R+, R), µ∗) → R

ω 7→ Bt(ω) := ω(t)

e!fhgjiLkml npoLqsr
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Õ Ï¢Ð¨Ñ ÒOÓÊá Ï ÒO×¢Ô4áZÔ4Ó Ñ ÚQÙ Ï�� Ó Ð ÔQÓ�Õ Ñ Ø.Ó_ÖDØ¢Ù?ÖZÕ Ï Ò¶Õ µ∗ ß æ�� Ô�Õ Ñ è��¢èpÖ Ð Ù?Ô}ÒOÓZé_Ù Ï æ Ô�Õ7Õ�Ò¶Õ5çDØ.Ò¶Õ@Õ Ð ÔQÓ � Ñ Ù?Ø��QÔ æ ÑÝÏ¢Ð Ù?Ô4Õ2é_Ù?Ô4Õ å Ò0ÔQèÕ��OÙ?ÔQáWÔQÓ Ñ æ Ï Ó Ñ©Ð Ó0Ò0Ô4Õ7ß æ Ô4Ó Ñ Ù?Ü4ß ��Ø æ7æ Ù Ï¢Ð Õ7ÕQÔ4áZÔQÓ Ñ Õ Ð Ó_ÖBÜÝé0Ô4Ó­ÖBØ¢Ó Ñ Õ7ß Ñ ÔQÛ å Ò0Ô B0 = 0 Ô Ñ E(Bt −Bs)
2 = |t− s| Þ  Óé0Ø¢Ù Ñ©Ð æ ÒOÛ Ð Ô4Ù7ßmé Ï ÒOÙ ÑÝÏ Ò Ñ 0 6 t1 < · · · < tn ß Ï ÓðØ �

(Yn(t1), . . . , Yn(tn))
L−→

n→+∞
(B(t1), . . . , B(tn)).

ÕaCB:\14:0M;-;3�:HU=UHM0/p<?>7+¢<?:HCB-W^O3L1Q3s<?6;JGCB>@RQSW3s3Q-Zö�+¢<@UH+BbqA.^OCD-D<VU\+]/?CB>?<?:H3à`D>@+B9;6;:\[DM0323K/¯< ^;CB-;-;JG3s90+.>VU\+lt0`BM0>?3 ô u * ±
� �ZHZ�Z�
��b�Nq�opibcYh�iHf�dNj kpq�i��HºYdac
	�g�m�kbm�¼HdNj�o��Hm�cU�?�¦T¨�ÆLÊU­Z10WjÉ�bmNqYiÛobf
g�q'��m�c_y
4�jS�G ¸�´a´�´H­
¥ ¿�S ² G ´�­ Z
��hY��mpq�c�g�h�eHf
g�hY��m_k�m�i
¥¬° ã ² G ¸Y­ Z
��hY��mpq�c�gLf�j�f
g�hY��m_k�m�i® ² G��Y´�­ Zn�YcYº��bfbobf�dNj kpq�ibcYh��aº�mNj�iZ�^a`b`�c�daeHf
g�h�iHf�dpj k�mFy
4�j
� ² G)O ¥ ° ã ²

−
¥ ¿�S ² XwÈ ® ² ­ ZF�Yhbo�kbm��ah�o�qb|�kHfp�Hfbobf�dNjlmNj�i

$"G ³ ¥ ¿�S ² µ � ² µ ¥¬° ã ² ·�­ ZÉ�Nqb|�kHfp�Hfbobf�dNjlmNj�inkbmlr-g�fWjYiUu¶g'hae�i�xP�G�Ê¹ÆY>F��O�¸�Q�¸NÎ <¹¦-C�C�Ê
O�S
∗
¥¬° ã ² XbXH­ Z��bºpjHº�cYh�iHf�dNj»k�mYo��~�¡h~����4�v~ub�����Huw�(4�jP�GHP

−

Ò ¨¹Æ�>@O P XH­ Z�Ãbmpj�ibcYh�ØYm�m�g�`�fpcHfp�aqHm�}
i��HºYdacHfp�aqHm@{�v�7bßH�
å ¿�â ¥Ç° G�Ë
A#� O�P XH­ ZÉ�YfpØNg�h�m�g�`�fpcHfp�aqHm }wi��HºYdacHfp�aqHm"{�v�7'vNßH�<�CDÊ ¿�G¬¸aµ ® ² QEROb¿¹XÀG@ËT=aÒ O P ON¸�µw<¹¦-C�C�ÊJOb¿

∗

$ OY¿bXWXWXWXWÎ�Oa¿
∗

$ Ob¿¹X
−

<¹¦-C�C�Ê
Ob¿
∗

$ Ob¿�X�X�X
∗

P
O-¸wÎ <¹¦-C�C�Ê
Ob¿
∗

$ Ob¿�X�XbX�­¨p> �ERO ® ² Î ¸
X�G ´b­EHG�E�È�O å ¿�â ¥Ç° ∗ Ë�;�ÊNA"O�SUXaX�­<¡BTª�=�Ê�¨?D¦�<�­«�C'¦��lÂNSÌ"¦1C�A�O $)Q E Q Í1M
−

Í XZ�^a`b`�c�daeHf
g�h�iHf�dpjsh�q�kHfpeHf�	�g�mÉy
4"}�j97Hv
tH�® ² GU<¹¦ÀC�C�Ê~O ® ² È�¸�´LX�­ Zn�YcYº��bfbobf�dNj kpq�ibcYh��aº�mNj�i
� ² G)O ¥ ° ã ²

−
¥ ¿�S ² XwÈ ® ² ­ ZF�YhYonkbmÉ�ph�o�qb|�kHfp�Hfbobf�dNj m�j�i

$"G ³ ¥ ¿�S ² µ � ² µ ¥¬° ã ² ·�­ ZÉ�Nqb|�kHfp�Hfbobf�dNj m�j�i<�CDÊ ¿�G¬¸aµ ® ² Q
: Ob¿¹XÀG@ËT=aÒ O P ON¸�µw<¹¦-C�C�ÊJOb¿

∗

$ OY¿bXWXWXWXWÎ�Oa¿
∗

$ Ob¿¹X
−

<¹¦-C�C�Ê
Ob¿
∗

$ Ob¿�X�X�X
∗

P
O-¸wÎ <¹¦-C�C�Ê
Ob¿
∗

$ Ob¿�X�XbX�­¨p> �
: O ® ² Î ¸
X�G ´b­
: G : È�O å ¿�â ¥Ç° ∗ Ë�;�ÊNA"O�SUXaX�­Ì"¦1C�A�O $)Q : Q Í�I

−� Í X¦ ¨bªH¨�>��3O Í ERO�S�X§Í Q Í ERO�S@È'¸p´�X§Í X
�"¦9Æ���¨'¦aO Í ² Í X
� ¦9Æ���¨'¦aO Í;E�S¾Í X

� �

vWw�� ��|7�h��~h~®����� �2z}�T�}�s�Y�c�����2� ���c��~��4� � ��y
o CB-8/p:\^OJQ>@CB-8/ M;-03,/?M;:=<?3

(Xn, n ∈ N∗)
^O3,¡­u +0uI:©u :fu ^mu;^O3j1Q+B>?>@J5:H-I<?JQ`D>@+Bb;UH3l^O3,SWC¢«B3Q-0-;3

m
34<L^O3,¡¢+.>@:H+B-0143

σ2 uí¶CD:¬<
Gn

UH+TìäCD-01�<@:=CD-�^;3]>?JG90+.>?<?:=<?:HCB-�^O3]UH+T¡­u +;u >Gu

Yn :=
X1 + · · ·+ Xn − nm

σ
√

n

e!fhgjiLkml npoLqsr
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��� ô u *D; �ÝU=UHM0/p<?>7+¢<?:HCB-�^OM�<?6;JGCB>@RQSW3]^O3}*lCB-0/?÷B3G>Gu

3Q<
Φ
U\+¤ìäCB-014<?:HCB-&^O3Ê>@JQ90+B>p<@:¬<@:=CD- ^;3ÊUH+{`I+.M0/@/p:H3Q-0-;3Ê/¯<7+.-0^;+B>@^ N (0, 1)

u e 3£<@6;JQCD>?RGST3Ê1Q3Q-I<?>7+.U�UH:=SW:=<?3 dfn5o2ehk:H-0^O:\[IM;3][DM03]98CDM;>s<?CDMO<
t ∈ R

±
lim

n→+∞
|Gn(t)− Φ(t)| = 0

e 3L<?60JQCB>@RQSW35/?M;:H¡¢+.-I<2^OCD-;-;3lM;-;353K/¯<@:=SWJG35M;-;:=ìäCB>@SW3l/?M;>2UH+]¡¶:=<?3K/?/?3l^O3,143Q<p<?3,14CD-I¡D3Q>@`B3G-0143DAB1�ì¯u 0 �Y3Q<�3F5A7_9_CBM0>àM;-039;>@3QM0¡B3 ±
²}³Y´¶µ0·¢¸¶¹»º½¼q¾ �®¾°¿!À � ºI·§·������,ÅGÅKº¶È�Í¢¾ ÎmÏ¢Ð¨Ñ

(Xn, n ∈ N∗) ÒOÓ_Ô Õ�Ò Ð¨Ñ Ô�ÖBÔ�× Þ Ø Þ Ù Þ5Ð°ÞHÐ°Þ Ö Þ ÖBÔ�×¢Ø¢Ù Ð Ø¢Ó æ Ô σ2 > 0 Ô Ñé Ï Õ7ÕQÜ7ÖBØ¢Ó Ñ ÒOÓÌá Ï áWÔQÓ Ñ Ö � Ï Ù@Ö¢Ù?Ô 3
Þ � Û Ï Ù7Õ Ï ÓðØ��

sup
t∈R

|Gn(t)− Φ(t)| 6 Cρ

σ3
√

n
,

Ï��
ρ := E

(

|X1 −E(X1)|3
) Ô Ñ C Ô�Õ Ñ ÒOÓ_Ô æ Ï Ó;Õ Ñ Ø.Ó Ñ Ô2é Ï Õ Ð¨Ñ©Ð ×§Ô å Ò Ð Ó_ÔcÖDÜêé0ÔQÓ_Ö]é;Ø¢Õ}ÖDÔ�Û=ØZÛ Ï.Ð ÖBÔ4Õ Xn

Þ
�ÝUO34NO:\/¯<@3�^O3G/�¡D3Q>7/p:HCB-0/Y^O:=<?3K/LPVUHCO1Q+.UH3G/qXmA.^OM n5o2e A.[IM;:;^OCB-0-;3Q-I<V^O3G/�3K/¯<@:=SWJG3G/a/?M;>�U=3K/a^O3Q-0/?:=<?JG/�90U=MO<�<.<V[IM;3�/pM0>UH3G/ ìäCB-014<?:HCB-0/2^O3l>?JG90+.>?<?:=<?:HCB-qu6/VUHU=3K/2/?CB-I< 90U=M0/àìäCD>p<@3G/ [IM;3j143GU=UH3G/2^OMZ<¯«¶9_3WP�2à3G>?>@« [ /à/?/?3Q-}X­u e +c9;UHM0/ JGU=JGSW3Q-I<@+B:=>@33K/¯<s/?+B-0/à^;CBMO<@35U\+}¡B3G>@/?:HCB-WìäCB>?<?3,^OM <@6;JQCD>?RGSW35^O3jöÊCB:H¡¶>?3 [ e +.9;U\+B1Q3 ô u ô u ô AD^;CB-I<àCD-Z<?>@CBM;¡D3Q>7+]M;-;3l9;>@3QM;¡D3Lì°+.:\/@+.-I<+B9;983GUqrTUH+TìäCD>?S�M;U=3]^O3}íI<@:=>@UH:=-;` ^0+.-0/ 0 * o *$G ô bqA¶<?60S ô u ô u ú 90+.`D3�*65}7 ±

²}³Y´¶µ0·¢¸¶¹»º�¼q¾ �®¾\¼
Àp²}³Y´Iµ8·¢¸¶¹»º!ÄYº ��µ8Ã��m·§ºp�7Â Ç��@�°Ç(	Dº����êµ0·
�
	YÍ§¾£ÎmÏ¢Ð¨Ñ
(Sn, n ∈ N∗) ÖBÔ4ÕÊ× Þ Ø ÞjÐ°ÞHÐ°Þ Ö Þ ÖBÔÛ Ï.Ð Ú Ð Ó Ï á Ð Ø¢Û=Ô B(n, p) ÖBÔ Ñ Ø Ð Û¨Û=Ô n Ô Ñ ÖDÔjé0Ø¢Ù@Ø¢á , Ñ Ù?Ô p ∈]0, 1[

Þ � Ó�é Ï ÕQÔ q := 1 − p
Þ � Û Ï Ù7Õ@ß�é Ï ÒOÙ ÑÝÏ Ò Ñ æ Ï ÒKé_Û=Ô

(a, b) ∈ R2 Ø¢×¢Ô æ a < b ß Ï ÓðØ �
sup

x∈In∩[a,b]

∣
∣
∣
∣

√
npq P

(
Sn − np√

npq
= x

)

− (2π)
−1/2

e−x2/2

∣
∣
∣
∣
−→

n→+∞
0,

e!fhgjiLkml npoLqsr
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Ï��

In ÖBÜ4Õ Ð ç.Ó­Ô}Û=Ô}Õ�ÒKéBé Ï Ù Ñ ÖBÔcÛ=ØE× Þ Ø Þ Ö Ð Õ æ Ù-, Ñ Ô (Sn − np)/
√

npq
Þ

vWw�� ��|7�h��~h~®����� �2z}�T�}�s�Y�c�����2�����}��~��4� �h����z]���L��� ���
���Q|��}���E�}zj�­���c�c�Y���4�4|
��3G9;>?3G-;CB-8/ r}90>?JK/p3G-D<àU=3,1Q+B^;>?3,^OM n 6;JGCB>@RQSW35^O3 g U=:H¡B3G-;÷BC [ o +B-D<@3QUHU=: ô uHõBu ú 90+.`D3 ú *c34<s/pM;9098CI/pCD-0/ [IM;3 F

3G/p<
æ Ï Ó ÑfÐ Ó8Ò0Ô AO3Q<5^OCB-81,[IM;3 µ

-qF +�98+B/�^O3]SZ+B/@/?3G/298CD-01�<@M;3QUHUH3G/GuX`LUHCB>7/QAOCD-�SWCD-D<@>?3][IM;3 ±

L
(√

n sup
x∈R

|Fn(x)− F (x)|
) �����
	

−→
n→+∞

LF,
d ô u ô k

CDï LF

3G/p<2U\+}UHCB:­^O3,9;>?CDb0+.b0:=UH:¬<@Jl/?M;>
R+

A¶+B9;9_3QUHJQ3TP5^O:\/¯<@>?:Hb;MO<@:=CD-�^O3,ù5CDU=SWCB`DCB>@C¢¡ [ í¶SW:H>?-0C¢¡5X­AO^OCB-I<àU\+]ìäCD-01�<@:=CD-^O3j>@JQ90+B>p<@:¬<@:=CD-
F : R → [0, 1]

3K/¯<L^OCD-;-;JG3]90+.> ±

F(u) :=







0
/p:

u 6 0,

1 + 2

+∞∑

k=1

(−1)ke−2k2u2 /p:
u > 0.

d ô u * k

e +�b0:=b;UH:HC.<?60RG[IM;3}íI<?:=NOb8C§NEìäCBM;>@-;:=<LUH+�ìäCB-81�<?:HCB-£ö�+.<?U\+.b���
���[IM;:m9_3Q>@SW34<5^O3]U\+W1Q+BUH1QM;U=3G>Gu o CDSTSW3]-;CDM0/�+.UHUHCB-0/2UH3¡DCB:H>LM;U=<?JQ>@:H3QM;>@3QSW3Q-I<j^;+.-0/lU\+E/?3G1�<@:=CD- *;u ú u *Z90+B`B3(E,*;A­143Q<p<?3T14CD-I¡D3Q>@`B3G-0143]3G-�U=CD:h9_3Q>@SW34<]^O3�1QCB-0/p<?>@M;:H>?3cM;-�<@3G/p<^mF +B^;JG[IM0+¢<@:=CD-�+B9;983GU=J Ñ Ô4Õ Ñ ÖBÔ�� Ï Û á Ï ç Ï Ù Ï ×Kè Î á Ð Ù�Ó Ï × uí¶:
(Bt, t ∈ [0, 1])

3K/¯<�M;-TSWCBM;¡D3QSW3Q-I<�b;>?CCB�-0:=3G-c/¯<7+.-0^0+.>7^mA§CB-�+B9;9_3QUHU=3 é Ï Ó Ñ Ú4Ù Ï�� Ó Ð ÔQÓ Õ�ÒOÙ [0, 1]
UH3290>?CO143K/?/?M0/

(Xt, 0 6 t 6 1) := (Bt − tB1, 0 6 t 6 1)
uF�ÝU�^;CB:=<,/?CB-�-;CDS�+.M�ì°+B:¬<][IMqF :=U�/QF :H-D<@3Q>@9;>@R4<?3T14CDSTSW3�M;- Pl90+D/?/@+.`D3b;>@CCB�-;:H3Q-WXE3G-I<?>@3]U=3K/L^O3QM;N�34N¶<@>?JGST:=<?JK/L^O3]U©F :H-I<?3G>?¡¢+.UHUH3

[0, 1]
3G-£U=3K/?[IM;3GU=UH3G/s:HU®3K/¯<L-¶M;U©u­îl-£SWCB-I<?>@3][IM;3]UH+W¡­u +;u >Gu

sup06t61 |Xt|
+W9_CBM;>�UHCB: LF

u0*l3]9;U=M8/QA;UHCB>7/@[DM03lU\+�ìäCB-014<?:HCB-Ê^O3]>@JQ90+B>p<@:¬<@:=CD-
F
^O3

µ
3K/¯<51QCB-I<?:H-¶M;3BAOCD-�+ ±

√
n sup

x∈R

(Fn(x)− F (x))
L−→

n→+∞
sup

06t61
Xt,

d ô u ú k
3Q<�[IM;3 ±

√
n sup

x∈R

|Fn(x)− F (x)| L−→
n→+∞

sup
06t61

|Xt|.
d ô u 5 k

e +Z14CB-¶¡D3Q>@`B3Q-8143,3Q-£U=CD: d ô u�5 k -qF 3G/p<l[IMqF M;-;3]>@JQJG1Q>?:=<?M0>?3}^O3 d ô u ô k uX/V-Ê¡DCB:\14:qM;-03]:=UHU=M8/¯<@>@+.<?:HCB-£3Q-�ö�+.<?U\+.bqA8^OCB-I<5U\+/?CB>?<?:H3l`D>@+B9;6;:\[IM;3l3K/¯<5^;CB-;-;JG3j90+.>�U\+�t0`BM;>@3 ô u ú ±
� �Z�
��b�Nq�opibcYh�iHf�dNj k�m��ah��HfpiYm�oboam_k�m���dNj��Ym�cbØYmpj��am kbh�j'oZ��am�i��HºYdac
	�g�m_kbm �b�bf��bmNj �Hd 5YÃbhpj�iYmY�b�Yf
�Z�ÖbcYh��aº�kbmYo���dNj��piHf�dNj�o_kbm�cYºp`Hh�cbiHfpiHf�dNj�o ��jÉ��fNebº¾�Zn�bhbfNi�hp`b`HmY�����aiHfpea|'dae�`Hd�qYc_cpjHdpcWg u `bj'dacNg�main` �Ho?L¦�<J­ ?H¦T¨�ÆLÊ
­S
G�B©>�Ì�=DADO Í%$ ° ¿¶á-á¶K&� �LK å �&*YÁ(' ° S ² ¿-á¶á¶Â�S å ��OW¯ ° M��HK
ãHK ¥ ¯�á�K � � ´bX!�bG"��#��)Í Xb­¯
G�B©>�Ì�=DADO Í��JÂ ¥ IaMÀK���� ÍYÍ%*YÁ(' ° S ² ¿-á¶á-Â�S å ��OW¯ ° M���K
ã'K ¥ ¯�á�K � � ´�X.��G/��#��)Í Xb­<�CDÊ×¿WG¬¸aµ ¯)Q Zn��h�cH��dNq�cHo�kbmYo�º����Hhpj�iHf��b�bdNj�oZ10�j�obf
g�q'��m�q�j_º����Hhpj�iHf��b�bdNjlk�m�iYh�f��b��m�jÉkbmÉ��d�fnj'dacNg�hY��mP�G@M�S�ÂNM ¥ O�SJX�­Z���dNj��piHf�dNj�kbm�]�ºp`Hh�cbiHfpiHf�dNj×\pg�`�fpcHfp�aqHm�kbm����
º����Hhpj�iHf��b�bdNj³�= V¡V¤KHÁ ² ¿-V å Q�> á ° åWå K å · GÇ«�BÀËpA�O9P QTSJX�­Ä�@ =WGY?�=aÒ Ë9=aÒ$O�=)VwVwK'Á ² ¿¡V å X¤È�SU­Z�ÃbhY�Y��q'��k�mÉ�ahFj'dacNg�mnqbj�fp��dacNg�m�kbm����wº��ah�cbiZ����ph���dNj��piHf�dNjÛkbm�cYºp`Hh�cbiHfpiHf�dNj i��HºYdacHfp�aqHm¾�

���WG~M ° SLâYK@O©P
XwÈ�S)­ Znf"�¡m~��}�g'hpe
}��L�(5Wg�fWjU}��D����7bj
: Ob¿¹XTG3Ë�;�ÊNA"O�S@X

∗

Ò Æ ��O¡Æ ��Ë�O Ä(@ =
−̄

bSbÂ
M ¥ O�> á ° åWå K å Î ����È � X�X�X
e!fhgjiLkml npoLqsr
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¨p> �Z�ÖbcYh��aºZ���dNj��piHf�dNj�k�m�]�ºp`Hh�cbiHfpiHf�dNj �Yf
g�q'��ºbm³�= V¡VwK�Á ² ¿�V å Q�> á ° åWå K å · G±«�BÀËpA�O : QT¯
X�­Ä(@ æ GY?�=pÒ¬Ë9=pÒçO =)V¤VwK�Á ² ¿�V å XwÈY¯¾­Z�ÖbcYh��aº�kbm��phÉ��dNj��piHf�dNj�kbm�cYºp`Hh�cbiHfpiHf�dNjsm�g�`�fpcHfp�aqHmZ�mainkbm��amY�b��m�kpq�oWq�`_kbm��ah��YhY��mpq�c�hp|�o�db�NqHmÉkpq�`Hd�jbi_|�c�d � j�fampjZ�hp`b`HmY�b��ºbm�hpq�obobf�kHfbopibcHf�|bq�iHf�dNj kbm��Hdb�Wg�daØ�dac�da� 5H�WgLfpcaj'da�U�<¡BTª@="Ê�¨
���
GJM ° SDâYK@O : XwÈY¯¾­Ì"¦1C�A�O�> á ° åWå K å Î ���@È � Q Ä
@ æ Q Í IwÎ − Í X�­«�C'¦��lÂpS¾­
� I å Áa¿ åWå K å G ³ ÒÇB >~O : XTÎ ����È � µ ���¾µ ÒRÆ���O : XTÎ ���JÈ � ·
­Ì"¦1C�A�O � I å Áp¿ å
å K å Q¡¯F� å O � I å Áa¿ åWå K å X�Q Í9M − Í XY­¦ ¨bªH¨�>��3O Í Ä ÂYSDÁ ² ¿©Â�S �
�HK���MpK�¯ ° M ² ¿ ² ¿¶Â�S"� å ¿ ¥ �Dá9KaKRÍ Q��Í Ä ÂYSDÁ ² ¿©Â�S �
�HK���MpK�¯ ° M ² ¿ ² ¿¶Â�S"�
�HK���� Âpá ¥ ÂNâNÂNM�Â��

−

æ ¥ ¿ M¡SHÂ�� Í Q©äDXb­
� �
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Fonc. de rep. simulee
Fonc. de rep. de Kolmogorov-Smirnov

	�

��� ô u ú ; o CD-¶¡B3Q>@`B3G-0143à¡B3G>@/hUH+,^O:\/¯<@>?:Hb;MO<@:=CD-T^;3sùlCBSWCD`BCB>@C¢¡ [ íOST:H>@-;C¢¡�98CDM;>aUH3 <@6;JQCD>?RGST3s^O3 g UH:=¡D3Q-;÷DC [ o +.-I<?3GU=UH:d U=CD:m-;CB>@SZ+.UH3 k u

vWw�� 	���|4���2|��¤��~���� �����}������~�
 �s�Z|4�j�Y|4z}��~
e +�UHCB:m^O3G/2`D>@+B-0^;/à-;CBS�b;>?3K/ :H-0^O:\[IM;3][IM;3lU\+�STC¢«D3Q-;-03,+B>?:=<?6;SWJQ<?:\[DM03

Sn
^O3j¡_u +;u¶:©u :©u ^mu;^O3,U=CD:

µ
AO:H-I<?JG`B>7+.b;UH3G/GAr]¡¢+BU=3GM;>@/ ^;+.-0/

Rn AI/?3�P�1QCB-01Q3Q-I<?>@3 XZ+BMO<?CDM;> ^O3lU=3GM;> SWC¢«B3G-;-;3 mµ
uF`5:=-0/?:©ADCD- /QF +¢<?<?3Q-8^Zr}143,[DM03LUH+}9;>?CDb0+.b0:=UH:¬<@J^O3]U©F JQ¡BRG-;3QSW3G-D< {Sn ∈ A} <@3Q-0^;3}¡B3G>@/ 0

UHCB>7/?[IM;3
A
3K/¯<�P5U=CD:=- X�^O3]U\+WSWC¢«B3Q-0-;3

mµ
u0�V>@3Q-;CD-0/s9_CBM;>5/?:HST90U=:=t03Q>

e!fhgjiLkml npoLqsr
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"�!����� 5;õ

mµ = 0
A
n = 1

34<
A = [r, +∞[

u­îl-�+T9_CBM;>�<@CBMO<
θ ∈ R+ A0^mF +.9;>@RG/sU©F :H-;JG`D+.UH:=<?J]^O3]ö�+.>@÷BC¢¡ ±

P(Sn ∈ [r, +∞[) = P(exp (θ(X1 + · · ·+ Xn) > nrθ)

6 exp (−(nrθ − logE(exp (θ(X1 + · · ·+ Xn)))))

= exp (−n(rθ − logE(exp (θX1)))).o 3Q<p<?3]:H-;JG`D+.UH:=<?JjJ4<7+.-I<�¡§+BUH+Bb;UH3,9_CBM0>s<?CBM;<
θ > 0

AOCD-�/GF +.<p<@3Q-0^£^OCD-01jrWM;-�1QCBSW9_CB>?<?3QSW3G-D<L^OM�<¯«¶9_3 ±

P(Sn ∈ [r, +∞[) ' exp

(

−n sup
θ

(rθ − logE(exp (θX1)))

)

.

e 3L<?60JQCB>@RQSW35^;3 o >7+.SWJQ>214CB-;t0>?SW3,1434<?<?3l:=-I<?M0:¬<@:=CD-quC�ÝU_+,-W>@SW3l[IM;3,/p:
µ
98CI/?/?RG^;3l^O3K/ SWCBSW3G-D<7/V3QN¶9_CB-03Q-I<?:H3QU\/à^;3<@CBM0/sCD>@^O>@3G/GAO1.F 3G/p< [ r [ ^O:H>?3j[IM;3 Eµ(exp (θ ·X1)) < +∞ 9_CBM0>s<?CBM;<

θ ∈ R
A0+.UHCB>7/2CB-£+T98CDM;>�<?CDMO<�b8CD>?JGU=:H3Q-

A
±

− inf
int(A)

Λ∗
µ 6 lim inf

n→+∞

1

n
log P(Sn ∈ A) 6 lim sup

n→+∞

1

n
log P(Sn ∈ A) 6 − inf

adh(A)
Λ∗

µ,

CDï
Λ∗

µ

^OJK/p:H`B-03,U\+�<?>7+.-0/pìäCB>@SWJQ3j^O3 o >7+.SWJQ>��l^;3
µ
A0^OJ4t8-;:=3j90+B> ±

Λ∗
µ(x) := sup

θ∈Rn

[

x · θ − log

∫

ez·θ dµ(z)

]

.

îl-E^;:¬<�+.UHCB>7/ [IM;3,UH+�/pM0:¬<@3,^O3,¡­u +0uI/@+¢<@:H/pì°+.:=<�r ÒOÓ�é_Ù Ð Ó æ Ð é0Ô�ÖDÔLçBÙ?Ø¢Ó­ÖBÔ4Õ]ÖDÜ4× Ð Ø Ñ©Ð°Ï Ó0Õ 90+B>à>7+.9098CD>p<sr}UH3QM;>2SWC¢«B3Q-0-;3d � g * k A8^O3 × Ð¨Ñ Ô�Õ7ÕQÔ 1/n
34<5^O3Z^ Ï Ó æ ÑfÐ°Ï Ó{ÖDÔ Ñ Ø.Ò ! Λ∗

µ

umîl-£STCD-I<?>@3j[IM;3]U\+TìäCB-81�<?:HCB-Ê^O3}<@+.M;N�3G/p<L9_CD/?:¬<@:=¡D3BA0/?3QSW: [1QCB-I<?:H-¶M;3E:H-OìäJQ>@:H3QM;>@3QSW3Q-I<KAY1QCB-¶¡B3QN¶3DAh[IMqF 3QUHU=3�^OJG1Q>?CD:¬<W/pM0>
] − ∞, mµ]

A�14>@CB:=<T/?M;>
[mµ, +∞[

A�[IMqF 3QUHU=3E<?3Q-8^»¡B3G>@/
+∞ 3Q- ±∞ 34<�[DM®F 3GU=UH3,+D^OSW34<2M;-EM;-0:H[IM;3,SW:=-;:HScM0S�3Q-

mµ
9_CBM;>2UH3G[IM;3QU­3GU=UH353K/¯<s-¶M;U=UH3Bu ñ M;3GUH[IM;3K/ 3QN¶3GSW9;U=3K/à^;3<@>@+B-0/¯ìäCD>?SWJG3G/2^O3 o >@+BSWJQ>�/pCD-I<�^;CB-;-;JK/�^;+.-8/�UH+�<7+.b;UH3 ô uHõBu

½ K¶MTSpÂ%�pá á;¿
pδ1 + (1− p)δ0

° �wK�Á 0 < p < 1 x log x

p
+ (1− x) log 1−x

1−p
å ¿ 0 6 x 6 1

K ² +∞ å ¿;SaÂ¤SÏ Âw¿ å9å Â¤S �pKJ¯ ° M °¤¥��-² MTK λ > 0 λ− x + x log x

λ
å ¿ x > 0

K ² +∞ å ¿;SpÂwS=�ãp¯bÂ¤SaK�S ² ¿;K�á;á;K)�pKJ¯ ° M °¹¥��¶² MTK λ > 0 λx− 1 − log(λx) å ¿ x > 0
K ² +∞ å ¿;SaÂ¤S� ° � å9å ¿;K�SaSpK)�pK ¥ Â��WK�SpSaK m

K ² �pK � ° MT¿ ° SaÁ�K σ2 > 0 (x−m)2/2σ2

�
	���� ô uHõ�; ñ M;3QU\[IM;3G/2<@>@+B-0/¯ìäCD>?SWJG3G/s^O3 o >@+BSWJQ>

*l3]-;CBS�b;>?3GMON�+BMO<?>@3G/2<@6;JQCD>?RGST3K/�+.MO<@CBM;>L^;3G/�� g *�34NO:\/¯<@3Q-I<GA;-0C.<@+BSWST3G-I<5143QUHM;:®^;3cíO+.-;C¢¡�[DM0:®14CD-0143G>?-;3jU\+1QCB-¶¡B3G>?`D3Q-01Q3l^O3jU\+�SW3K/pM;>@3j3QSW9;:H>?:\[IM;3]¡B3G>@/2U\+TU=CD:
µ
±

²}³Y´¶µ0·¢¸¶¹»º&¼m¾�
m¾f¿ÁÀp²}³h´¶µ8·¢¸I¹¥º½ÄYº��qÇ0Èhµ��hÍ¢¾�ÎmÏ¢Ð¨Ñ
(Xn, n ∈ N∗) ÒOÓ_Ô�Õ�Ò Ð¨Ñ ÔÊÖBÔ�× Þ Ø ÞlÐ°ÞHÐ°Þ Ö ÞlÐ Ó Ñ Üêç.Ù@ØBÚQÛ=Ô�Õ7ß}ÖBÔÛ Ï.Ð æ Ï á�áTÒOÓ_Ô µ Õ�ÒOÙ Rn Þ � Ó{Ó Ï.Ñ Ô (Ln, n ∈ N∗) Û=Ô�ÕTáWÔ4Õ�ÒOÙ?Ô4ÕWÔQáLé Ð Ù Ð°å Ò0Ô4ÕEØ§Õ7Õ Ï æ Ð Ü7Ô�Õ Ô Ñ,Ï Ó»áTÒOÓ Ð¨Ñ Û � ÔQÓ;ÕQÔQáWÚQÛ=Ô

P(Rn) ÖBÔ4ÕZÛ Ï¢Ð Õ�ÖDÔjé­Ù Ï Ú7ØDÚ Ð Û Ð¨Ñ Ü�Õ�ÒOÙ Rn ÖBÔEÛ=Ø ÑÝÏ é Ï Û Ï ç Ð ÔÊÖBÔEÛ=Ø æ Ï Ó0×¢Ô4ÙfçIÔQÓ æ Ô�Ü Ñ Ù Ï¢Ð¨Ñ Ô # Ð°Þ Ô Þ ÔQÓ»Û Ï¢Ð 0 Þ � Û Ï Ù7Õ7ß�é Ï ÒOÙÑÝÏ Ò Ñ A ⊂ P(Rn) ß Ï Ó{Ø �
− inf

ν∈int(A)
Ent(ν |µ) 6 lim inf

n→+∞

1

n
log P(Ln ∈ A) 6 lim sup

n→+∞

1

n
log P(Ln ∈ A) 6 − inf

ν∈adh(A)
Ent(ν |µ) ,

Ï��
Ent(ν |µ) ÖDÜ�Õ Ð çBÓ_Ô�Û � ÔQÓ Ñ Ù Ï é Ð ÔcÙ@Ô4Û=Ø ÑfÐ ×¢Ô��£ÖBÔ ν é;Ø.Ù]Ù?Ø@éDé Ï Ù Ñ � µ ßàÖBÜ��VÓ Ð Ôsé0Ø¢Ù��

Ent(ν |µ) :=

{

Eµ

(
dν
dµ log dν

dµ

) Õ Ð ν � µ,

+∞ Õ Ð Ó Ï Ó .
d ô u >Ik

��� "Y� U '+6D/8$D5('+� 7 U "%R9/D$D'BT0R?'B&@"Y/D$Q"%�?6�2 3�$�-.)+'B7?'�AC'+*�'+�?7?$�'�7?R &(3�*,"%$D5 /D<?-.'�79'�&@"�/Q$D"%�?6�2 3�$�-.)+'�7?'�A "% ?&@"��+'B7?'
µ
H

� ���O #"%$�&('B)=*,"%&('+-.'+�,/�7 U '=�,/D$D3� ?5('B7?'���R9&(&(X#"������ AC'+5(X?&('+$=H
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e 3W/?«IS�b8CDU=3 � ^OJG/?:=`D-;3cU©F +.b0/?CBUHM;3�1QCB-I<?:H-¶M;:=<?JBu®îl-ð983GMO<,>@34<@>?CDM;¡B3G>5UH3c<@6;JQCD>?RGSW3�^O3 o >@+BSWJQ>lr�90+B>p<@:=>j^mF M;-<@6;JQCD>?RGST3T^OM&PL<¯«¶9_3 íO+.-;C¢¡TXÊ9_CBM;>jUH3G/,U=CD:H/j^O3W9;>@CBb8+.b;:HU=:=<?JT/pM0> {1, . . . , n} u e F 3Q-I<?>@CB9;:H3T>?3GUH+.<?:H¡B3�/?3TScM0+B-D<j3Q-<@>@+B-0/¯ìäCD>?SWJG3,^O3 o >7+.SWJQ>Ku

 "! ÔQáLé­Û=Ô5ô u 5;u ô Þ o CB-0/?:H^;JQ>@CB-0/®M;-;3s/pM;:=<?3 (Xn, n ∈ N∗)
^O32¡_u +;uG:fu :©u ^mu¢^O32UHCB:¶^O3�223Q>@-;CDM;U=UH:D/?M;> {0, 1} ^O3290+.>7+.SWRQ<?>@3

p ∈]0, 1[
uhí¶CD:¬<

r
M;- >@JQ3GUa98CI/p:=<?:=ì¯u�îl-{-;CB<?3

Sn := (X1 + · · · + Xn)/n
UH3QM;>}SWC¢«D3Q-;-;3Z+B>?:=<?6;SWJQ<?:\[DM03Bu e +£¡_u +;u

Sn
3K/¯<l^;3}SWC¢«B3Q-0-;3

p
u o CDSWST3

nSn
/pM;:=<5M;-03}U=CD:®b;:H-;CDST:\+.UH3 B(n, p)

^O3]<7+.:HU=UH3
n
34<,^;3}90+.>7+.SWRQ<?>@3

p
A0CB-Ê+0A03Q--;CB<@+B-D<

F
UH+TìäCD-01�<@:=CD-�^O3]>@JQ98+.>?<?:=<?:HCB-�^;3 B(n, p)

±
log P(Sn − p > r) = log (1− F (n(p + r))).

*�F +BMO<?>@3,90+.>?<GAOUH3 n5o2e :H-0^O:\[IM;3][IM;3jUH+�U=CD:q^O3 √
n (Sn − p)/

√
pq
3G/p<L+.9;9;>@C§NO:=SZ+.<?:H¡B3QSW3G-D< N (0, 1)

u8îl-�+T^OCB-81.A3G-�-;CB<@+B-D<
Φ
UH+�ìäCD-01�<@:=CD-£^;3,>@JQ98+.>?<?:=<?:HCB-£^O3]UH+TUHCB: N (0, 1)

±

log P(Sn − p > r) ' log

(

1− Φ

(

r

√
n

pq

))

= log Φ

(

−r

√
n

pq

)

.

/V-;t0-qAm^mF +.9;>@RG/5U=3�<?6;JGCB>@RQSW3�^;3 o >7+.SWJQ>KA0CD-Ì+ 90+B>lUH3c� g *
34<j90+.>lUH+ ìäCB>@ScM;UH3c3QN¶90U=:\14:=<?3T98CDM;>,UH+ <?>7+.-0/pìäCB>@SWJQ3^O3 o >7+.SWJQ>s9_CBM;>5UH+TUHCB:q^O3D223Q>@-;CDM;U=UH:q^OCD-;-;JQ3j90+B>�UH+�<7+.b;UH3 ô uHõ ±

log P(Sn − p > r) ' −n

(

(p + r) log
p + r

p
+ (1− p− r) log

1− p− r

1− p

)

.

ÕaCD:H1Q:_M0-�1QC¶^;3,ö�+.<?U\+.b�:=UHU=M8/¯<@>@+B-D<�143K/à<?>@CB:\/ 3K/¯<@:=SWJQ3K/QAO^OCD-I<sU\+T/pCD>p<@:=3l`B>7+.9;6;:\[IM;353K/¯<L^OCD-;-;JG3l90+B>àU\+ct0`BM;>@3 ô u�5 ±
� �Z'ZaZ�ÃYdWg�`Hh�cYh�fbo�dNjsmpj�ibcYmF���
m�opiHf
g�ºbm�kbmz�~}w��j 5Ó` � {zc���`�hacÉÖ��bÃ�mpin`�hacZ'ZaZn�YcHf�j��bf�`Hm_kbm ��cYhpj�kYm�o�¼�º��Hfah�iHf�dNj�o�kbm�Ã�cYh�g�º�c��bdacHop�aqHm��Wj�mYoNi��ahZ'ZaZ�g�da�YmpjbjHm�h�cHfpi��ag�º�iHfp�aq'm k�m��~��hJ�+kbmn[�m�caj'dNq'�b�Yf�f"�¹f"��k§�Z'ZaZnkbmF`Hh�cYh�g 	�ibcYmÉ`U� �bmYon`Hh�cYh�g 	�ibcYm�o�kpq�`�c�daØbcYh�gbg�m opd�jYi�`�mai�cJ�Z'ZaZ 
a�F�bh�qYi��pqYm�t��a{�`'Ù�c��a{'vZ'ZaZn\YeYm�g�`'��m �+`Hd�qYcs}¶`Ju¡c��N{"}Y�����YÜJuY��t�vNßbÜH��uZ'ZaZ �amF�
�p¼_mYo�i�g�m�f��b��mpq�c��Nq�m��ah��
���É`Hd�qbc�j ���
	 Üat�tZ'ZaZn�bhYfNi�hp`b`HmY� �É�aiHfpe�[HdaeÉ`�d�qYc�`bj'dacNg��n`b|�f�j'dWg?L¦�<J­Ý?�¦À¨�ÆLÊ¯
G�B©>�Ì�=DADO Í Ï ° M °a¥ �
² M¹K �a¯-����K���á ° ��á�Â�¿��
�HK�� ½ K�MNS@Â ��á-áÀ¿?�
G �
Í X�­M¶G�B©>�Ì�=DADO Í Ï ° M °a¥ �
² M¹K �'M�����K���á"ÍYÍ * ��*WS'K ¥ KWS ² � ��G �
Í Xb­

 G~¸

−

¯
­ã
G�¯WÎ~M"­
�3G�³ � ´�´�µ � ´�µ � ´�´�´'·¹­<�CDÊFSwG��RQá1ÂYâY¯DI�O�S�XTG ¦1C�ªJOT¸

−

¯HI�¿ SHÂ ¥ O�S
∗

ã¾QTS¾QT¯�XWXWÈ'S
­
² Á�á'O�S�XTG3¦1C�ª3O¡¯bSbÂ
M ¥ O

−

M
∗

Ë�;�ÊNA"O�S�È�O�¯
∗
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−
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∗

¦1C�ª3O�ãLÈN¯'XÀÎ3OÀ¸
−

ã�X
∗

¦1C�ªUO�O¶¸
−

ã�XwÈ 
 XbX�­¨p> �Ì"¦1C�A�O��RQ¤á1ÂYâ�¯LI)O � X�Q Í ��Í Q �RQ ² Á'á�O � X�Q Í9M
−

ÐWÍ Q �RQ�¯�â���O � X�Q Í�I
−−

Í XY­¦ ¨bªH¨�>��3O Í���Â�â��H¯'M¹Â�I ° Í Q Í $ >�� Í Q Í Ï � ® Í Q©äDXb­�@¦TÆ��"¨'¦aO Í $ ° ¿-á¶á¶K&����K���á@ÍYÍ¤KYÁ
' °'² ¿¶á-á¶Â�S Í X�­
� ¦TÆ��"¨'¦aO Í � ¯�¯�MwÂ�ã'¿ ¥�°a² ¿ ÂbS å �
�HK��DáTÂ'â�O � Ï O æ S�����¯wÎ~MLX �'X
Í X�­

� �

vWw�� y{z}| ��� �4z}�c�]�Y|��h������|7�Y�s�Y�
\�ST: [ 176;3QSW:H-Ì3Q-I<@>?3TUH+ ehgji 34<jUH3 n�e�o A_U\+�U=CD:�^;MÌUHCB`D+B>?:=<?60ST3�:¬<@JQ>@J�90>?JK14:\/p3T143W[DM0:�/?3T90+B/@/p3�U=CD>@/@[IM;3}U©F CD-^O:H¡¶:H/?3,UH+T/pCDSWST3,90+B>p<@:=3GU=UH3,^qF M;-03j/?M;:=<?3]^O3j¡­u +0u >KuI:fu :fu ^muO90+B>sM;-;3]/pM0:¬<@3,>@JQ3GU=UH3j^O3j¡I:=<?3K/?/?3,:=-I<?3G>?SWJK^O:H+B:=>@353G-I<?>@3 √
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3Q<
n
u�/ -¥3z+­34<KAY/?:

(Xn, n ∈ N∗)
3K/¯<TM;-;3�/pM;:=<?3�^O3E¡­u +;u >Guh:fu :©u ^mu�^O3�U=CD:

µ
AY:=-I<?JG`B>7+.b;UH3G/GAh^;3 SWC¢«B3Q-0-;3

m
3Q<T^O3¡¢+.>@:\+.-01Q3

σ2 A;+.UHCB>7/2CB-Ê+ µ [ 9;>@3G/@[IM;3j/Ld;>@3QSW3G-D< ±
lim

n→+∞
Yn = +σ

34<
lim

n→+∞
Yn = −σ,

CDï
Yn :=

X1 + · · ·+ Xn − nm√
2n log log n

.

*�F +B9;>@RG/�íI<?>7+B/@/?3Q-qAOCD-�+T9;UHM0/�9;>@JG1Q:H/?JQSW3G-D< ±
adh

(
(Yn)n∈N∗

)
= [−σ, +σ]

34<
dist(Yn, [−σ, +σ])

� 	 �
−→

n→+∞
0.

*l3 -;CDScb;>@3QM8/p3K/q/pCD9;6;:\/¯<@:H1G+¢<@:=CD-0/q3QN¶:\/p<?3Q-I<KAK+§¡D3G1V^O3K/h/?M;:=<?3K/
(an)n

[IM;3QU\14CD-0[IM;3G/GuN�ÝUI3G/p<Y/@+.-8/®^OCDMO<?3à¡§+B:=-�^O3 ¡DCBM;UHCB:H>:HU=UHM0/p<?>@3Q>j90+B>,M0-;3Z/p:HScM;U\+¢<@:=CD-ÌU\+�1QCB-¶¡B3G>?`D3Q-01Q3�^O3K/,¡§+BU=3GM;>7/,^qF +D^O6;JQ>@3Q-8143W^O3
(Yn, n ∈ N

∗)
1Q+B>,U\+�9;>?CD9;>@:=JQ<?JT3G/p<PL<?>@CB9Ê+B/?«¶SW9O<?CB<?:\[DM03�X�9_CBM0>Lª4<@>?3]¡¶M;3c/?M;>LM0-�JK1760+.-I<@:=UHU=CD-Ê^O3]<@+B:=UHUH3jt0-;:H3BuX/ -Ê3z+­34<GA_:\14:©A;UH+E/pM;:=<?3

(Zn, n ∈ N∗)[IM;:q1QCB-¶¡B3G>?`D359qu /Qu090+.>�3QN¶3GSW9;U=3j¡D3Q>7/
+σ

3G/p<5^OCB-0-;JQ3j90+B>�UH+W^OJQt0-;:=<?:HCB-Ê^O3
lim

±
Zn := inf

n>1
sup
k>n

X1 + · · ·+ Xk − km√
2k log log k

,

[IM;:�ì°+B:¬<}^OJ��pr�:H-I<?3G>?¡D3Q-;:H>jM;-ð-0CBScb0>?3T:=-;t0-;: ^O3
Xi

34<}-qF 3G/p<}^OCB-81�98+B/j+B1G143G/@/?:=b;UH3T-IM0STJG>?:\[IM;3QSW3G-D<j9;M;:\/@[DM03TUH3G/JK1760+.-I<?:HUHU=CD-0/W^OCB-I<ZCB-�^O:\/p9_CD/?3Ê/pCD-D<Tt0-;:\/Gu�ÕaCB:\14:�M;-�9_34<@:¬< b_CBMO<E^;3£1QCO^O3Ê98CDM;> /GF 3G- 1QCB-¶¡¢+.:H-014>@3 d r¤34NOJG1QMO<?3G>9;UHM0/?:=3GM;>7/2ìäCB:\/QuGuQu kl±
� �ZHZ�Z�ÖYmpj�iYh�iHfp�Ym��Yh�f�jHmFk§��f��b�Nq�opibcYh�iHf�dNj k�m��ah���d�f�kpq��bdaØYh�cHfpi��ag�m×fpiYº�cYº?�¦T¨�ÆLÊS�G ¸�´a´�´�´�´H­
¥ Â���G±¸aÈ � ­ å ¿-â�G~Ë�;�ÊNA~OW¸�ÈD¸ � X�­�¾GÇ³9¸�µ©SJ·p­P�G�Ê¹ÆY>F�RO
¸§Q©S
XY­æ Gb?�=pÒ¬Ë9=pÒ$O P¬XY­E@G3O æ

−

�
∗
¥ Â���XbÐ9È§Ë�;�ÊNA"O �

∗

�¬Ð
∗

¦1C�ª3O�¦1C�ª3O � XbXaXH­?D¦�<J­�Ì"¦1C�A�O �¬Q E Q Í©I
Ð�Í Q � Q å ¿¶â ∗ ÂYSLK å O
¸~Q S�X�Q Í-M�Ð − Í Q − å ¿-â ∗ ÂYSDK å O
¸�Q1S"X@Q Í-MYÐ − Í X�­�"¦9Æ���¨'¦aO Í $ ° ¿-á¶á-K&���HK���á@Í�Í¤KYÁ(' ° S ² ¿-á¶á¶Â�SÇÍ X�­
� �/V-�>?3G¡¢+.-0176;3DA¶CB- 9_3QMO<�¡¶:\/pM0+BU=:\/?3Q>2UH+T14CD-I¡D3Q>@`B3G-0143�¡D3Q>7/

0
^O3,UH+T^O:\/¯<7+.-01Q3,^O3,U\+�/?M;:=<?3

(Yn, n ∈ N∗)
rcU©F :=-I<?3G>?¡¢+BU=UH3

[−σ, +σ]
uYÕaCB:\14:mM;-Ê1QC¶^;3jöÌ+¢<?U\+.bÊ^OCD-I<sU\+W/pCD>p<@:=3j`D>@+B9;6;:\[DM03l3K/¯<5^OCD-;-;JG3,98+.>�U\+ct8`BM;>@3 ô u >�±

� �ZHZ�Z�
��b�Nq�opibcYh�iHf�dNj kbm��ah�kYº��pc�dYfboboahpj��am×�bmpc�o��bºpcYd_kbm��ph�kHfbopiYhpj��am3�ZHZ�Z�����f�j�iYm�cb�YhY�b��mÚr%5�oafWØ)u�Ù�o�fNØ�x�kbhNj'o_�am�i��HºYdac
	�g�m�kbmÉ�aibcYh�oboampjZHZ�Z�}���dbfnkpq��bdaØYh�cHfpi��ag�m»fpiYº�cYºL�?�¦T¨�ÆLÊS�G ¸�´a´�´H­SH´�G � ­
¥ Â���G±¸aÈ � ­ å ¿-â�G~Ë�;�ÊNA~OW¸�ÈD¸ � X�­�¾GÇ³9¸�µ©SJ·p­æ Gb?�=pÒ¬Ë9=pÒ$O�Ê¤Æb>F� O
¸§Q©SUXaX�­E@G3O æ O¹SH´�µÀS�X

−

�)O¤SH´§µTS@X
∗
¥ Â���X�ÐTÈ§Ë�;DÊpA@O �

∗

�3O¹SH´�µÀS§XbÐ
∗

¦1C�ª3OW¦1C�ª3O �3O¤SH´�µÀSUXbXbXaXH­
: G O�O E � å ¿¶âRXbÐ ∗ O¶E − å ¿¶â�X�Î O E�� − å ¿-âUXWÐ ∗ O − E − å ¿-â XWXWÈ å ¿¶â¬­?D¦�<�­Ì"¦1C�A�O �3O¹S'´§µTS�X�Q : Q Í�I

−

ÐWÍ XY­
�"¦9Æ���¨'¦aO Í $ ° ¿-á¶á-K&��S-����K���á@Í�Í¹K�Á(' ° S ² ¿¶á-á¶Â�S�Í XY­
� ¦9Æ���¨'¦aO Í ® ¿ å ²�° S�ÁpK"O©E � SaQ ³ − å ¿Tâ�Q å ¿-â ·¡XNÈ å ¿¶â±Í Xb­¦ ¨bªH¨�>��3O Í ® ¿ å ²�° S�ÁpK
�-� ° S å � � ���!����K�� æ ² M ° åWå K�S Í XY­

� �
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��� ô u > ;��ÝUHU=M8/¯<@>@+.<?:HCB-£^O3jUH+TUHCB:®^OM£UHCB`8uI:=<?JG>?J}^;3]í¶<?>7+B/@/p3G- d ^O:H/p<@+B-0143]r
[−σ, +σ]

k u

ó Ô4áZØ¢Ù å Ò0Ôjô u > uHõ±# Î ÔQÓ;Õ5ÖBÔ4Õ�Õ Ð á�ÒOÛHØ Ñ©Ð°Ï Ó;Õ10 Þ e 3L14CO^O3s9;>@JG1QJG^O3G-I<V98CI/p3sUH3�9;>?CDb;UHRQSW3L^O3L143L[IMqF +.9098CD>p<@32M0-;3L/p:HScM0UH+ [<@:=CD-�-¶M;SWJQ>@:\[DM032^mF M;-W9_CB:H-D< ^;32¡¶M;3s>7+¢<@:=CD-;-;3QU©u o CB-I<?>7+§¦¨>@3QSW3Q-I<a+.MW1Q+.U\14M0U¶ìäCB>@ST3GUfA§M;-03L/p:HScM;U\+¢<@:=CD-c-¶M;SWJQ>@:\[DM032-039;>@CBM0¡B3,>?:H3Q-qu o F 3G/p<L9;UHMO<=<B<LUH+T<@6;JQCD>?:H3][IM;:q9_3Q>@ST3Q<5^O3 �¯M0/p<?:=t03Q>5/?CB-�MO<@:=UH:H/@+¢<@:=CD-Ê^;+.-0/sU\+W9;>7+¢<@:H[IM;3Duc/V-£>?3G¡§+B-0176;3DAU\+�/?:HScM;U\+¢<@:=CD-ð9_3QMO<}/GF +§¡D3Q>@3Q>l<?>@RG/,MO<@:=UH3Z98CDM;>]34NO9_JQ>@:=SW3G-D<@3Q>j34<]`DM;:H^;3Q>jUfF :H-D<@M;:=<?:HCB-qu]/ -Ot0-qAq3GU=UH3W983G>?SW3Q<j98+.>?ìäCB:\/^O3ZSW3Q<p<?>@3 �¯CBM0>}^O3G/}1QCBSW9_CB>?<?3QSW3G-D<7/jJ4<@>@+B-;`B3K/lCDM{:=-0+.<p<@3Q-0^OM8/}[IM;:aìäCB-I<}9;>@CB`D>?3K/?/?3Q>,U\+�<?6;JGCB>@:=3W3Q-{9_CD/@+.-I<}^O3G/[IM;3K/¯<@:=CD-0/2-;CBM;¡D3QUHU=3K/Qu
/V-�ì°+.:=<GA§UH3G/�PV90>?3GM;¡B3K/_X�^O3à<?6;JGCB>@RQSW3G/hCBbO<@3Q-¶M;3K/®90+B>Y1G+.U\14M;UIìäCD>?SW3QU¶/?M;>�CB>7^O:=-8+¢<?3GM;>7/q-;3àìäCB-I<�90+B/YU©F M;-8+.-;:HSW:¬<@J^;+B-0/hUH+,14CDSTS�M;-0+BMO<?J2^O3G/YSZ+¢<@6;JQSZ+¢<@:H1Q:=3G-0/Gu§öÌ+.UH`B>@RG/qUH3G/Y9;>@CBb0U=RGST3K/®906;:=UHCD/?CB906;:H[IM;3K/®9_CD/?JG/GA¢143GUH+5-qF 3K/¯<�9_3QMO< [ ªQ<?>@3+B9;>?RK/j<?CDMO<�[IMqF M;-;3 SZ+B-;:¬ìä3K/¯<7+¢<@:=CD-»^mF M0-¥143G>p<7+.:H-{1QCB-0/?3Q>@¡¢+¢<@:H/?SW3Bu e 3G/}90>?CD`B>@RG/,ìäMO<@M;>@/T^O3 U©F :=-OìäCD>?SZ+.<?:\[DM03 -;CBM8/9;>@CBSW3Q<p<?3G-I<a/@+.-8/Y^;CBMO<@3L^O3s-;CBS�b;>?3GMON�^OJGb0+¢<7/a/pM0>aU=3�/?M �¯34<KuQuQus\�U\+lt0-Z^OMZ^O:=N [ -;3GM;¡¶:=RGST3�/?:=RK14UH3BA¢UH3G/�9;>@3QM0¡B3G/Y-;CD-1QCB-0/p<?>@M01�<@:=¡D3G/GAOìäM0/@/p3G-I< [ 3QUHU=3K/l^OM03G/,r±4L:HU=b_3Q>?<GA­JQ<@+.:H3Q-I<
�¯M;`BJG3G/L:H>@>?3K143Q¡¢+Bb;U=3K/L90+B>l^O3�-;CBS�b;>@3QMON£SZ+¢<?60JQSZ+¢<@:H1Q:=3G-0/QA1QCBSWSW3�ùj>@CB-;3K17÷B3Q>]98+.>T34NO3QSW9;UH3Bu e 3K/�176;CI/p3K/}CD-D<TM;-»9_3QM 1760+.-;`DJE^O3G9;M;:\/QAa14CDSWST3�¡BCDM0/}U©F +§¡D3��E1QCB-0/p<@+.<?JE+BM1QCBM;>7/s^O3]¡BCB<?>@3,1QM;>@/?M0/sSZ+¢<@6;JQSZ+.<?:\[DM03��

vWw�� ��z}�T�}�s���}�����2� ����~���|4~q�hz}�]���c� ����~
í¶:HScM;UH3Q>

n
>@JG+.UH:\/?+.<?:HCB-0/2:H-0^OJQ9_3Q-8^;+.-I<?3K/L^mF M;-;3]UHCB:

µ
/pM0>

R
14CD>?>@3G/?9_CB-0^�rWUH+W^OCD-;-;JQ3DA;9_CBM;>�M;-

ω ∈ Ω
A0^O3]U\+/?M;:=<?3

X1(ω), . . . , Xn(ω)
CDïÌUH3G/

(Xn, n ∈ N∗)
/?CB-I<j^;3G/j¡¢+.>@:H+Bb;UH3G/,+.UHJG+¢<@CB:H>?3K/L:H-0^OJG983G-0^;+.-I<@3G/]^O3TSWªQSW3WU=CD:

µ
uîl-ð-;C.<@3T:\14:

F
UH+�ìäCB-81�<?:HCB-{^O3T>?JG90+.>?<?:=<?:HCB-¤^O3

µ
A
Ln

UH+�SW3G/?M;>?3T3QSW9;:H>@:H[IM;3W34<
Fn

U\+�ìäCB-014<?:HCB-ð^;3T>@JQ98+.>?<?:=<?:HCB-3GST90:=>@:H[IM;3Du
í¶:�U©F CD-ð14CD-0/?:H^ORG>?3�M;-Ì:H-I<?3G>?¡¢+.UHUH3

In = [an, bn]
^O3

R
^OCB-I<,U=3K/lb_CB>@-;3K/l9_3QM0¡B3Q-I<]^OJQ9_3Q-8^O>?3W+ 90>?:HCB>@:Y^;3

n
A­U=3
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<@6;JQCD>?RGST3j^O3 g UH:=¡D3Q-;÷DC [ o +.-I<?3GU=UH: d ô u=õ k 98+.`B3 ú *c-;CDM0/�9_3Q>@SW34<L^mF JG14>@:H>?3DAO98CDM;> µ [ 90>?3K/?[IM;3,<?CDMO< ω
±

lim
n→∞

|Ln(In)(ω)− µ(In)| 6 lim
n→→∞

(|Fn(bn)− F (bn)|+ |Fn(an)− F (an)|) = 0.

îl-�>@+B9;9_3QUHU=3][IM;3jUH+Z[IM0+B-I<?:=<?J
Ln(In)(ω) =

#{i 6 n, Xi(ω) ∈ In}
n>@3Q9;>@JG/?3Q-I<@3,U\+Wìä>@JG[IM;3G-0143}3GSW9;:=>@:\[DM03c^O3}U©F :H-I<?3G>?¡¢+.UHUH3

In
u8��+B>p<7+.-I<5^O3K/L>@JG+.UH:\/?+.<?:HCB-0/

X1(ω), . . . , Xn(ω)
CBbO<@3Q-¶M;3G/90+B>®/?:=S�M;UH+.<?:HCB-qAGCB-c/?M;b­^O:H¡I:\/?3VUfF :H-D<@3Q>@¡¢+.UHU=3

[mini Xi(ω), maxi Xi(ω)]
3G-

m
/?CBM8/ [ :=-I<@3Q>@¡§+BU=UH3G/m^;:H/ �¯CB:H-I<@/ Ai,n,m(ω)

A
i = 1, . . . , m

^O3lUHCB-0`BM;3GM;>@/VJQ`D+BU=3K/Qu e F 6;:\/¯<@CB`D>@+BSTSW3�3G-
m
14U\+B/@/p3K/ +B/@/?C¶1Q:=Jl+.MONZ¡¢+.UH3QM;>7/ /?:HScM;UHJQ3K/à1QCB>@>?3K/p9_CB-0^W+BM<@>@+D14Jj^O3]UH+�ìäCD-01�<@:=CD-£1QCB-0/p<@+B-I<?3,90+.>�SWCB>7143K+.MON

Hn,m(ω)
^OJQt0-;:H3]90+.>

Hn,m(ω) :=

m∑

i=1

#{j, Xj(ω) ∈ Ai,n,m(ω)]} IAi,n,m(ω).

e 3G/
Ai,n,m(ω)

JQ<@+.-I<c^O3ZSWªGST3EU=CD-;`BM;3GM;>
ln,m(ω)

AhUH+£/?M;>?ì°+B143 ^;3ZUfF 6;:\/¯<@CB`B>7+.SWSW3W3G/p<c^OCB-0-;JQ3Z90+B>]UH+�ìäCD>?S�M;UH3
n(maxi Xi(ω)−mini Xi(ω))/m

uIîl-W^OJ4t0-0:¬<àrj90>?JK/p3G-D<aU\+,ìäCB-014<?:HCB-
Dn,m(ω)

14CDSTSW3�U\+]^O3Q-8/p:=<?JL^O3�90>?CDb0+.b;:HUH:¬<@J/?M;>
R
CDbO<?3G-¶M;3j3Q-£>?3G-;CB>@SZ+.UH:H/@+.-I<2UfF 6;:\/¯<@CB`B>7+.SWSW3

Dn,m(ω) =
m

n(maxi Xi(ω)−mini Xi(ω))
Hn,m(ω).

e 3G/
Ai,n,m(ω)

J4<7+.-I<L^O3]SWªQSW3]UHCB-;`DM;3QM;>KA¶CB-Ê+W+.M0/@/?:

Dn,m(ω) :=
1

n

m∑

i=1

#{j, Xj(ω) ∈ Ai,n,m(ω)]}
ln,m(ω)

IAi,n,m(ω),

3Q<
Dn,m(ω)

+B9;90+B>@+¢¦H<q+.UHCB>7/m14CDSWST3aM0-;3 14CDScb;:H-0+B:H/?CB-,U=:H-;JK+.:H>?3a14CD-¶¡B34NO3a^O3V^O3G-0/?:¬<@JG/qM0-;:¬ìäCD>?SW3K/q/pM0>mU=3K/
Ai,n,m(ω)

uîl-{¡BCD:¬<]b;:H3Q-»[IM;3ZU\+£SW3G/?M;>@3W^;3 9;>@CBb0+Bb;:=UH:=<?JZ^O3 ^O3G-0/p:=<?J
Dn,m(ω)

3Q<}UH+£SW3K/pM;>@3Z3QSW9;:H>@:H[IM;3
Ln(ω)

+C+­3G14<?3G-D<U\+�STªGSW3Z9;>?CDb0+.b0:=UH:¬<@JT+BMON
Ai,n,m(ω)

Aq34<]U©F CD-{983GMO<}SWCB-I<?>@3Q>][IM;3Z9_CBM;>j<@CBMO<
n
AmU\+£SW3G/?M;>?3Z^O3W9;>@CBb8+.b;:HU=:=<?JZ^O3^O3G-0/?:¬<@J

Dn,m(ω)
1QCB-¶¡B3G>?`D35J4<@>?CD:¬<@3QSW3Q-I<�¡B3G>@/2U\+WSW3G/?M;>?3j3GST90:=>@:H[IM;3

Ln(ω)
u

�ÝU234NO:H/p<?3�^OCB-01 M;-;3�/?M;:=<?3
mn(ω)

<?3QUHUH3�[IM;3 U\+ÊSW3G/?M;>@3E^O3E90>?CDb0+.b;:HUH:¬<@JE^O3E^O3G-0/?:¬<@J
Dn,mn(ω)(ω)

14CB-¶¡D3Q>@`B3JQ<?>@CB:=<?3QSW3G-D<�¡D3Q>7/
µ
[IM0+.-8^

n →∞ u
H�I � ILJ ��P���WLT��]N P Q��ZW	��
sRXTVN�P P%Q�R
� N P���N���P%W�����P

i CDM0/,+§¡BCB-8/�¡¶Mð[IM;3cU©F CB-Ì+§¡¢+.:=<l1QCB-¶¡B3G>?`D3Q-01Q3jì°+.:Hb;U=3DuF�ÝUh3K/¯<,9;U=M8/l^OJGU=:\1Q+.<j^qF CDbO<?3G-;:=>j^O3K/53K/¯<@:=SWJQ3K/5M0-;:¬ìäCD>?SW3K//?M;> U\+}90>?C§NO:HST:=<?Jl^O3G/2^O3Q-8/p:=<?JK/à^O3
µ
34<�^O3

Dn,m
u e 3G/

Ai,n,m(ω)
/?CB-I<à<?CBM8/ ^O3,SWªQSW35UHCB-;`DM;3QM0>

ln,m(ω)
AD3Q<àU©F CD-9_3QMO<5^;CB-01,JG1Q>?:H>@3BAO3Q-�CBSW3Q<p<@+B-I<LUH+W^OJG983G-0^;+.-8143}r

ω
^;+B-0/sUH3G/s-;CB<@+¢<@:=CD-0/

Dn,m =
1

ln,m

m∑

i=1

Ln(Ai,n,m) 1Ai,n,m .

í¶:mU©F CB-Ê^OJ4t8-;:¬<5rT9;>@JG/?3Q-I<�U\+T^;3Q-0/?:¬<@J}+.9;90>?CO176;JG3l3G-
m
3K/?1G+.UH:=3G>@/s^O3

µ
90+B>

fm :=
1

ln,m

m∑

i=1

µ(Ai,n,m) 1Ai,n,m ,

CD-�9_3QMO<LJK14>@:=>@3

|Dn,m − fm| 6
2 supt∈I |Fn(t)− F (t)|

ln,m

m∑

i=1

1Ai,n,m 6
2 supt∈I |Fn(t)− F (t)|

ln,m
.
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	�� 5FE
e CB>7/?[IM;3

µ
+E9_CBM0>,/?M;9;9_CB>?<,M0-ð:H-I<?3Q>@¡¢+.UHU=3W14CDSW90+B14<

I
A
m ln,m = max16i6n Xi − min16i6n Xi

<?3Q-8^Ì¡D3Q>7/ |I |9;>@3G/@[IM;3E/=d;>@3QSW3Q-I<�[IM0+B-0^
n
<?3G-0^»¡D3Q>7/]UfF :H-Ot0-;: d 9_CBM0>@[IM;CD: � k u�ö�+.UH6;3GM;>?3GM0/?3QSW3Q-I<GAhU=3 <?6;JGCB>@RQSW3�^O3 g U=:H¡B3G-;÷BC [o +B-D<@3QUHU=: -;3 ^OCB-0-;3 90+D/]UH+£¡¶:=<?3K/?/?3 ^O3E1QCB-¶¡B3G>?`D3Q-01Q3T^O3

supt∈I |Fn(t)− F (t)| ¡D3Q>7/ 0
uq��CBM0>c+.UHU=3G>}9;UHM0/}UHCB:H-qAq:HUì°+BM0^O>7+.:=<}ì°+.:H>?3�+.9;9_3QUsr�M;-»<?6;JGCB>@RQSW3 9;UHM0/cìäCB>?<T^OM <¯«¶9_3 223Q>@>@« [ / /@/p3G-{90+.>�34NO3QSW9;UH3 d 6;CB>7/}9;>@CB`D>@+BSWST3 k A®[IM;:^OCD-;-;3,M;-;3,¡¶:¬<@3G/@/p3j^O3,UfF CB>7^O>@3l^O3 √

n
A¶1Q3,[IM;:m1QCB-0^OM0:¬<Lr}90>?3G-0^O>@3

m = mn =
√

n
98CDM;>sCBbO<@3Q-;:H>sUH+T14CD-I¡D3Q>@`B3G-0143M;-0:¬ìäCD>?SW3]^O3 |Dn,m − fm|

¡D3Q>7/
0
u

i CB<?CD-0/�[IM;3}/p:
µ
+D^OSW34<LM;-;3}^;3Q-0/?:¬<@J

f
/?M;>

I
^O3}1QUH+D/?/?3 C2 A0+BU=CD>@/GA¶U=3j<@6;JQCD>?RGST3}^;3)453Q:H-;3}3G-D<@>@+¢¦\-03j[IM;3 fm1QCB-¶¡B3G>?`D35M;-;:=ìäCB>@SWJQSW3Q-I<�¡B3G>@/

f
U=CD>@/@[IM;3

m
<?3Q-8^O3Q-I<L¡B3G>@/2U©F :H-Ot0-0: d SWJ4<@6;CO^O3G/5^O3G/�>@3G14<@+B-;`BUH3G/ � k u

H�I � I?H � � N���N�TVU �LN�����N�� Q ��N W	� �LQZP��cR	� ��W 
 � �ZQ �	
 � 
�R	��TVN�� N�� �cR	� � �LW=TVW �cN
í¶CD:=3G-D<

(Un, n ∈ N∗)
M0-;3T/?M;:=<?3T^O3�¡­u +;u_:fu :©u ^mu­/?M;:=¡¢+B-D<jM;-;3�U=CD:hM0-;:¬ìäCD>?SW3W/pM0>

[0, 1]
uqîl-�>7+.9;9_3QUHU=3T[IM;3cU\+ UHCB:M;-0:¬ìäCD>?SW3l/?M;>

[0, 1]
+}9_CBM;>2SWC¢«B3G-;-;3

1/2
34<s¡¢+.>@:H+B-0143

1/12
u:/V-�¡B3G>p<@M ^OM <@6;JQCD>?RGST3,143G-D<@>@+BU0UH:=SW:=<?3DAIU\+}¡¢+B>?:\+.b;UH3+BU=JK+¢<?CD:=>@3

U1 + · · ·+ Up − p/2
√

p/12

d ô u�E k

1QCB-¶¡B3G>?`D3}3Q-¤U=CD:a¡B3G>@/,U\+�UHCB:�-;CD>?SZ+BU=3W143G-D<@>?JG3W>?JK^OM;:=<?3WU=CD>@/@[IM;3
p → ∞ uq��CBM0>

p = 12
AmU\+ ìäCD>?S�M;UH3T90>?JK14JG^;3Q-I<?3+ZM0-;3c3QN¶90>?3K/?/?:=CD-£<?>@RG/l/p:HSW9;U=3 d

U1 + · · · + U12 − 6
k 3Q<5ìäCBM0>?-;:=<,^;J �pr M0-;3�Plb_CB-;-;35X�+.9;9;>@C§NO:=SZ+.<?:HCB-Ê^O3cU\+ZUHCB:-;CD>?SZ+BU=3Du

îl-Ê3z+­3G14<?M;3T+.UHCB>7/
n
/?:=S�M;UH+.<?:HCB-0/L:=-0^;JQ9_3Q-0^;+B-I<?3G/

X1(ω), . . . , Xn(ω)
^O3�UH+ ¡_u +;u d ô u�E k 34<,UfF CB-£<@>@+D143c/?M;>5M0-SWªQSW3�`D>@+B9;6;:\[DM03�UfF 6;:\/¯<@CB`B>7+.SWSW3

Hn,mn

3Q< UH+]^;3Q-0/?:¬<@J5^O3LU\+jUHCB:;-;CD>?SZ+BU=3L1Q3Q-I<?>@JQ3�>@JG^OM0:¬<@3L14CB>@>@3G1�<@3QSW3Q-I<V^O:HUH+.<?JG39_CBM;>sªQ<?>@3,1QCBSW90+.>@JQ3,rTUfF 6;:\/¯<@CB`B>7+.SWSW3BuI��CBM;>sCDbO<?3G-;:=>�M0- �¯CDU=:­`B>7+.906;:H[IM;3DA¶CB-�1760CB:\/p:=<
mn

90U=M0/s9_34<@:¬<5[IM;3
n
AO90+B>3QN¶3GSW9;U=3

mn =
√

n
u o 3jì°+D1�<@3QM;> √

n
-;3]>?3G9;>@JG/?3Q-I<?3j90+D/sUH+W-;CD>?SZ+BU=:\/?+.<?:HCB-�^OM n 6;JQCD>?RGST3 o 3G-D<@>@+BU e :HSW:¬<@3}SZ+.:\/9;UHMO<�<.<LU\+�¡¶:=<?3K/?/?3]^O3}14CD-I¡D3Q>@`B3G-0143,^;+.-0/sUH3,<?6;JGCB>@RQSW3]^O3 g UH:=¡D3Q-;÷DC [ o +.-I<?3GU=UH:fu

� �Z�
��b�Nq�opibcYh�iHf�dNj kNqÉÖ��YÃÉha�bmb��q�j�º����Hhpj�iHf��b�bdNj×kbmÉ��dbfao�qbj�fp��dacNg�m�oZn�bhbfNi�hp`b`HmY�����aiHfpe�[Hdae�`Hd�qYc�kaj'dacNg � ��fbopi�d?L¦�< Z ��m�ibi�da�Yh�ØYm�k�mYo�ØbcYhp`���fp�aqHm�o?�¦À¨'ÆDÊ Z ��m�ibi�da�Yh�ØYm�k�mYo��Yh�cHfahp|'��m�o¿
G)´�­¯
G�B©>�Ì�=DADO Í��JÂ ¥ IaMÀK�����K����JÐ ° Ð�����SD¿1V-Â�M ¥ K å ��OW¯ ° M��DKpã�¯�áTK �H¸ � X.��G/��#��)Í Xb­S
G�B©>�Ì�=DADO Í%$ ° ¿¶á-á¶K&����K���á@Í�Í¹K�Á(' ° S ² ¿¶á-á¶Â�S)��OW¯ ° M��DKpã�¯�áTK �H¸�´a´�´bX!�bG"��#�� Í XY­Z10�j�obf
g�q'��m�j��Ydbf�o��ah��Yh�cHfahp|'��m32~�¶{Yà
4Hv�Ù��b�b��ÙYà
4
`3uP�G�Ê¹ÆY>F�)O�¯�QTSJXY­
: GHËT=�Ò+O�P"X

−

¯§È � ­ Z�Ãbmpj�ibcYh�ØYm
: G : È�Ë�;DÊpA"O�¯§È�¸ � X�­ Zn]�º�kaq��piHf�dNjZ 2�mYoNi�`�c�dY���Hm�k�m��ah �
}�tJu¤va��k~�
hp`�c
	�o��amnÖ�Ã+�Z �HdWg�|�cYm�kbm�����h�oboam�o�`�d�qYc3��fbopi�daØbcYh�gbg�mS'Á¶G~Ë�;�ÊNA"O�S
XY­Z10�j�ibcYh��amF��� ��fbopi�daØbcYh�gbg�mÛj'dacNg�hY�Yfboaº�mNjnj'������h�oboam�oZz\���dNj�iHfampj�i��amYoÉm��b�Ym��piHfp�Ho�`Hd�qbc_jHdbo�����h�oboam�oZ�Ã���dNj�iHfampj�i��amYoÉm�ebibcYº�gLfpiYº�o_kbmYo_����h�oboam�o³ = Q >�· G�'@¿ å ² Â)O : Q-S�ÁJQT´ Q�¸'X�­«�C'¦��lÂpS¾­Z10�j�ibcYh��amÉ�phÉkYmpj�obfpiYº�j'dacNg�hY��mÌ"¦1C�A�O?> Q ��SbÂ
M ¥ O�>UX�Q Í9M

−

Í XY­¦ ¨bªH¨�>��3O Í�
 ¿ å ² ÂpâpM °p¥ ¥ KJÍ Q Í �"ÂY¿ �'S�Â�M ¥�° á©KJÍ XY­
� �
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Histogramme
Loi normale

	�

�Y� ô u�E�; `L9;90>?C§NO:HSW+.<?:HCB-�^O3]UH+TUHCB:m-;CD>?SZ+BU=3j90+B> n5o2e d U=CD:H/sM0-;:¬ìäCD>?SW3K/ k u

vWw�� y{���h����z}�Y�L��� ����� |4�c���s�
e 35<?6;JGCB>@RQSW35^O3�2&:=`D-;3Q>KAD[IM;:_>@3G/@/p3GScb;UH3Lr}U\+]UHCB:­^O3G/ `B>7+.-0^;/ -;CBS�b;>@3G/GA.3G/p<à:H`B-;CD>?J590+.>àUH+]90U=M;98+.>?<2^O3K/ 14CDM;>7/^O359;>?CDb0+.b0:=UH:¬<@JG/Gu �ÝU03K/¯<à98CDM;>p<7+.-I<a<?>@RG/à/p:HSW9;UH35rjJQ-;CD-0143G>V34<s/?+]^;JQSWCB-0/p<?>7+¢<@:=CD-W-qF 3K/¯<à90+B/V/?:8^;:m- 14:HUH3534< ì°+.:=<à+.9;9_3QUr�M;-E9_3QM£^O3]14CDScb;:H-0+.<?CB:H>@3Bu �ÝU_3G-�3QNO:H/p<?3j^O3j-;CBS�b;>@3QM0/?3G/à¡B3G>@/?:=CD-0/ +§¡D3G1l^O3G/s6¶«¶98CB<?6;RK/p3K/ 90U=M0/2ì°+B:=b0U=3K/2[IM;3]1Q3QUHU=3K/>@3G[IM;:\/p3K/2:H1Q:fu o CD-0/?:H^OJG>?CD-0/2M;-�<@+.b0U=3K+.MÊ/p«¶SWJ4<@>?:\[IM;3]^O3,<@+B:=UHU=3]:H-Ot0-0:=3}^OCD-I<sUH3G/s3G-I<?>@JQ3G/�/?CB-I<L^O3K/s¡_u +;u >Ku ±






w1,1 w1,2 · · ·
w2,1 w2,2 · · ·uuu uuu u u u






îl-�-0C.<?3
Wn

U\+ESZ+¢<@>?:\143W+.UHJG+.<?CD:=>@3c1Q+B>?>@JQ3�/p«¶SWJ4<@>?:\[IM;3�>@JQ3GU=UH3�^;3�<7+.:HU=UH3
n
CBbO<@3Q-¶M;3�3Q-ð<?>@CB-0[IM0+B-D<,U=3�<@+Bb;UH3G+.M¤r90+B>p<@:=>�^O3]/?CB-£14CD:=-£/pM098JG>?:H3QM;>s`I+.M0176;3Du e 3G/s¡¢+BU=3GM;>@/29;>@CB90>?3K/2^;3

Wn
/pCD-D<�>@JQ3GU=UH3G/s^mF +.9;>@RG/2UH3,<?6;JGCB>@RQSW3]/p9_3G14<?>7+.U©u

²}³Y´¶µ0·¢¸¶¹»ºð¼q¾��®¾°¿¥À���Ã	�_ÈhºI·BÍ§¾�Î ÒKéDé Ï Õ Ï Ó;Õ å Ò0Ô�Û=Ô4Õc× Þ Ø Þ (wi,j , 1 6 i < j) Õ Ï Ó ÑsÐ°ÞHÐ°Þ Ö Þ ÖBÔT×¢Ø¢Ù Ð Ø.Ó æ Ô �VÓ Ð Ô σ2 Ô Ñå Ò0Ô�Û=Ô4Õ�× Þ Ø Þ (wi,i, 1 6 i) Õ Ï Ó ÑYÐ°ÞHÐ°Þ Ö Þ­Î_Ð (λn,1(ω), . . . , λn,n(ω)) ÖDÜ�Õ Ð çBÓ_ÔlÛ=Ô5Õ©é;Ô æ Ñ Ù@Ô5ÖBÔ n−1/2 Wn(ω) ßYØ¢Û Ï Ù7Õ7ßOé Ï ÒOÙé­Ù?Ô�Õ å Ò0Ô ÑÝÏ Ò Ñ ω ßVÛ=ØZáZÔ�Õ�ÒOÙ?ÔTÔQáLé Ð Ù Ð°å Ò0Ô
1

n

n∑

i=1

δλi,n(ω)

æ Ï Ó8×§ÔQÙfçIÔ Ü Ñ Ù Ï.Ð¨Ñ ÔQáZÔ4Ó Ñ # Ð°Þ Ô Þ Ô4Ó Û Ï¢Ð 0£×§ÔQÙ7Õ�Û=ØÊÛ Ï¢Ð Ö¢Ò ÖBÔQá Ð è æ ÔQÙ æ Û=ÔEÖDÔ,é0Ø¢Ù?Ø.á , Ñ Ù@Ô σ ß�ÖDÔEÖDÔ4Ó0Õ Ð¨Ñ Ülé0Ø¢ÙWÙ?Ø7éBé Ï Ù Ñ ��Û=ØáZÔ�Õ�ÒOÙ?Ô�ÖBÔ�
®ÔKÚ7Ô�ÕpçBÒ0Ô dx Õ�ÒOÙ R �
1

2πσ2

√

4σ2 − x2 I{−2σ6x62σ}(x).
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��3GSW+B>@[IM;CD-0/}[IM;3�U=3K/}¡­u +0u
λn,i

-;3E/?CB-I<c90+D/}:©u :©u ^quh3Q<�CB-¥-;3 9_3QMO<Z^OCB-81Z90+B/�+.9;90U=:\[IM;3Q>�UH+ÊUHCB:2^O3G/�`B>7+.-8^;/-;CDScb;>@3G/GuLÕaCD:H1Q: M;-¥1QCO^O3Eö�+.<?U\+.b 9_CBM;>�:=UHU=M8/¯<@>?3G>�143 <?6;JGCB>@RQSW3BAY^OCB-I<�U\+�/?CB>?<?:H3Z`B>7+.9;60:H[IM;3Z3K/¯<W^OCB-;-0JQ3 90+B>cU\+t0`DM;>@3 ô u G ±
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Histogramme
Loi semi-circulaire

	 

��� ô u G ; �ÝUHUHM0/¯<@>@+.<?:HCB-£^OM�<?6;JGCB>@RQSW3]^O332&:H`B-;3G>Gu

e!fhgjiLkml npoLqsr
© tpuvuhwpxzy6{=y}| k�~����Z� { e!oL�?� �v� {6�A� �F�"~�fhgjiL� | ��q {C�h�c�?�m���p�?���v�v���j� �b� �b���m�m��� ��¡��m�.¢ { � £z¤?¥v¦ t ε {}tb�j§ ~ |�¨�© k |ctju?u?wpxAªp«h¬ tv­ { ®!¯?°?±�² ◦ A
�Lµ


