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*,+.-0/21436587:9<;>=@?A3.BDCFEG1IHKJML2N>+PO�36587:9<;Q=SR6TVUGJSCXWYCFL2ESC[Z8+]\^N>+_1>/2JSNX`@aV*b+.O_/cE8O_+PdK1IHfe +6EG1<N>/2d8C[+ gih61<h CFEG1<N>/KHKJSC[1+PE�1<j8+6N>-0/KHKkDE8g2-lCFUGJS+0d8gmNonqprgmJ8W<CFJ8W^C[psktg4O_+PEc1uO_CFE8UGJ8g2Ec1>+0g2E8WPa@*VgvO6N</cCFW>W>gmE8O6+IgmJwO_/cJSN>W^HKJ]1<+P-0dxWydx/cJSNyJSEW<kKWz1>{6-l+|CrW</2pFhyHS+yO6+_1<1<+uB}gmN>CFg2~SpF+�1>jS+6N>-l/DHSkGExgm-lCFUGJS+y+6�G1>+6E8W<CFB2+^+PWY1�WY+PE8WYhP+|+6�KdSN<CF-l+6N�p:e CFN>N<hPB2+6NQW<C[~SCFpFC�1>h2TGp[+.\�ES/2ES�N>+_1>/2JSNq`fT�O_+6N<1>g2C[ExWod8g2N<pF+6EG1l-l�6-l+iHK+�\y�8{POQjS+�HKJ�1<+P-0dxWX`��]O6+vd8N</cdx/GW6a�*,+�O_/cE8O_+PdK1lL2h6E8h6NQgmpX+_1 HKhPW</2N>-�gmCrWO6pFgcW<W<CFUGJS+yHfe +6EG1<N>/2d8C[+�g0+6J�JSE�W<J8OPO_{PW�W>gmExW)dSN<h�O_h�HK+6EG1�~SCF+6E�gmJ�HK+PpF��HK+uprgldSjDkKWYCrUGJS+y+_1�pF+u-l/m1I\|+6EG1<N>/2d8C[+�`v+PWY1g2J}�z/2JSNQHfe jDJSC,g2W>WY+P�uLcg2p[B}gmJxHKh2aS��/m1<N>+u/2~S�z+PO�1>C���CrO_CV+PWY1�HK+�-l/2EG1<N>+6N�O6/2-l-l+6EG1�p:e +PEc1>N</cdSCF+uJK1<CFp[CrW<h6+�d8g2N��X/2p[1<�P-lg2ESE+PE.1>jSh6/cN<CF+^O6C[E8h_1<CrUGJS+uHK+PW)LGgm�^+_1�d8g2N��Kj8gmESE8/2E4+6Ev1<jShP/2N>C[+uHK+yp:e CFEK��/2N>-�g}1>C[/cEvgmd8d8gmNQg��r1XExg}1<J8N<+Pp[pF+6-l+6EG1�aD��/2J8W)+PEHK/cESES/cE8W�pF+PWXg2W<dx+�O�1QW�pF+PWqdSpFJ8WXC[-ld!/2N<1>gmEG1QW6TGUcJ8C!N>+6d!/cW<+6EG1qW<JSN)HK+PWqdSN>/2dSN>CFh_1<h�W�hPp[hP-0+PEG1>gmCFN>+PW�HS+|O_/c-o~SCFE8gm1</2CFN>+2TcHS+O6/2EDB2+6�DC[1<hcTD+_1�HK+�WX��/2E8O_1<CF/2E8W
x 7→ log x

+61
x 7→ ex a

�0�P� ���z�� I¡b¢s£u¤�¥_�§¦b��¨_£� ª©«£o¨Q¡V¬)­¯®� v 
�D/cC�1

Σr
JSE�W<kDWY1<{P-l+°\y-�g2O_N>/cW>O_/cdSCrUcJ8+�`�O6/2E8WY1<C[1<J8h�HK+

r
d8g2NY1>CFO6JSpF+PW�\y-lCrO_N>/cW>O_/2d8CFUGJS+�W�`�?±5!²}?r³6´Q369�5!µ2¶6·[3_³d!/2JSB}g2Ec1X�_1>N<+yOQj8g2O6JSES+^HSgmE8Wqp:e JSE�HK+�W

n
h61>gm1>WXdx/GW<W<CF~Sp[+�W6aD*�e h_1Qg}1)-�g2O_N>/cW>O_/cdSCrUcJ8+�HKJvW<kKWz1>{6-l+|+�Wz1�HK/cESESh6+|d8gmNXpF+ES/c-o~SN>+uHK+ud8g2NY1>CFO6JSp[+�W�HSg2E8W�OQj8g2UGJS+uh61>gm1PT8g2JK1<N>+6-l+6EG1�HKC[1PT8d8gmN�pF+uB2+�O�1>+6JSN

(r1, . . . , rn)
/c¸

ri
+PWY1�pF+uES/2-I~SN>+yHS+d8g2NY1>CFO6JSpF+PW�HSg2E8W�p:e h61>gm1

i
am¹s/2JSN�J8E�h_1>gm1�-�g2O6N</GW<O6/2dSCrUGJS+XHS/2ESEShcT2pF+�ES/c-o~SN>+�HK+I\)HK+PL2N>hPW�HK+�p[CF~x+PNY1>hq`lHKJ W<kKWz1>{6-l+

Σr
+PWY1�HK/2ESE8h^Exg}1<J8N<+Pp[pF+6-l+6EG1�d8g2NXpF+yES/2-I~SN>+^Hfe h_1Qg}1QW)-0CrO_N>/cW>O_/cdSCrUcJ8+PWXO_/2-ld8gm1<CF~SpF+PW)g�B2+�O�p:e h61>g}1�-�g2O6N</GW<O6/2dSCrUGJS+W<dxh�O_C[Z8h2aVº�gmpFjS+6J8N<+PJ8WY+P-l+6EG1PT,O6+_1Y1>+ L2NQgmExHK+6JSNuEbe +�Wz1�d8gcW.3>»27¼365S³�?±½�3.O6g2Nup[+ E8/2-o~8N<+�HK+ HK+PL2N>{PWuHK+.p[CF~x+PNY1>h HK+ prg�zJK�D1Qgmd!/cW<C�1>C[/cE¾HK+�HS+6JK��WYkKWY1<{6-l+�Wl+PWY1 p[+�dSN>/KHKJSC[1.HK+PW HS+6L2N>{PWlHK+ipFCF~x+PNY1>h�HK+�OQj8g2O6JSE�HK+PW HS+6JK��WYkKWY1<{6-l+�W6T�+61d8gcW�pF+6J8N^W</2-l-l+2a@¿¼pÀ+PWY1yHK/cE8OIdSp[JxW|O6/2-l-l/DHS+0HK+lO_/cE8W<CFHKhPN<+PN�pF+opF/2LGgmN>C�1>jS-l+IHKJ]ES/2-I~SN<+0HK+lHK+6LcN<h�W�HK+0p[CF~!+6N<1<h2aÁ C[E8W<C:Tcd8g2NXHSh_Z8ESC[1<CF/2EbTGp:e +6EG1<N>/2dSCF+

S(Σr)
HSJvW<kDWY1<{P-l+

Σr
+�Wz1)pF+�pF/2Lcg2N<C[1<j8-0+|HKJ.ES/c-o~SN>+|H,e h61>g}1QW�-lCrO_N>/cW>O_/cdSCFUGJS+�WO6/2-ld8g}1>C[~8p[+�W�g�B2+PO|p:e h61>g}1�-�g2O6N</GW<O6/2dSCrUGJS+yHK/2ESE8h2axÂ|N�CFp,k.g0+_�Sg2O_1<+P-0+PEG1

Cr1,...,rn
r :=

r!

r1! · · · rn!h61>g}1QW�-lCrO_N>/cW>O_/cdSCFUGJS+�W�d!/cW>WYCF~SpF+PW�dx/cJSNyp[+0WYkKWY1<{6-l+
Σr
pF/2NQW<UGJS+opÃe h_1Qg}1y-lgcO_N>/cW>O_/cdSCFUGJS+

(r1, . . . , rn)
+PWY1|Z8�DhcaxÄ�EBc+6N<1<J�HK+uHK+�UGJSCfdSN>hPO_{�HK+2T8pÃe +6EG1<N>/2d8C[+^-l/}k2+6E8ES+uHKJiWYkKWY1<{6-l+yd8g2N�d8gmN<1<CrO_JSpF+y+PWY1�gmpF/2NQWXHS/2ESEShudxgmN

S Å�ÆzÇ (Σr) :=
1

r
log Cr1,...,rn

r .

*b+�B2+PO_1<+PJSN
r−1 (r1, . . . , rn)

+PWY1�JSES+ pF/2C�HS+ dSN>/2~8g2~SC[pFC[1<h HKCrW<O6N<{61<+�dSJ8CFW>UGJS+�d8gmNIHKh_Z8E8C�1>C[/cE
r = r1 + · · · + rn

a�DJ8dSdx/GWY/cE8W�UGJS+upF+PW)��N>hPUGJS+PE8O_+�W
r−1 (r1, . . . , rn)

O_/cEDB2+6N>L2+PEG1XBc+6NQW)pFg0pF/2CbHK+ud8N</c~8gm~SCFpFC�1>h
(p1, . . . , pn)

pF/2NQW<UGJS+ypF+
È2È2È
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ES/c-o~SN>+�HK+�dxgmN<1<CrO_JSpF+PW

r
1>+6E8HlBc+6NQW�pÃe CFEKZ8ESC:aG*Vg^��/2N>-oJSpF+�HK+|�D1<N>C[pFC[E8L*)XCFE8HKCrUGJS+|g2p[/cN>W�UGJS+�p:e +6EG1<N>/2dSCF+�-l/}k2+PESES+�d8g2Nd8g2NY1>CFO6JSpF+^d!/2J8N�p[+uW<kDWY1<{P-l+uC[EKZxESC

Σ∞
+PWY1

Smoy(Σ∞) := lim
r→+∞

1

r
log Cr1,...,rn

r = −
n∑

i=1

pi log pi.

nq+yNQgmCrWY/cESES+6-l+PEc1)+PWY1��0dx+PJiHK+�OQjS/cW<+^dSN<{�W�O_+Pp[JSCVUcJbe gI�AgmC[1��X/2p[1<�P-lg2ESE,aS��/2J8W�HKh�WYCFL2E8+6N>/2E8WXprg0UGJ8g2EG1<C[1<h
H(p1, . . . , pn) :=

n∑

i=1

pi log2 pi +-, a È�.
d8g2NVpF+�1>+6N>-l+y\�+6EG1<N>/2d8C[+XHK+q�X/2p[1<�P-�gmESEy`�HK+XpFg|pF/2CDHK+qd8N</c~8gm~SCFpFC�1>hqHKCrW<O6N<{61<+

(p1, . . . , pn)
a�Ä�EId8g2NY1>CFO6JSpFC[+PNPTPp[/cN>W>UGJS+pF+PW

n
h_1>gm1>W)-lCrO_N>/cW>O_/2d8CFUGJS+�Wqd!/cW>W<C[~SpF+PW)W</2EG1�hPUGJSCFdSN>/2~8g2~Sp[+�W6TD/cE4g

p1 = · · · = pn = n−1 +61
S = log n

T8UGJSCfEbe +�Wz1UGJ,e JSES+o��/2N>-0+0HK+oprg.O6h6pF{6~SN>+���/cN<-IJSpF+0/
S = κ log W

af�q/cp�1>�6-�gmE8Etg JK1>C[pFCrWYh0O_+_1<1<+0ES/m1>C[/cE�+6E�1<jShP/2N>C[+0O_CFESh_1>CFUGJS+HK+�W�Lcg2�2acnq/cE8WYCrHKhPN</cE8WÀJSE�Lcg2�)O6/2E8WY1<C[1<J8h�Hfe J8EI1>N<{�W�L2NQgmExHoES/c-o~SN>+�HK+�d8g2NY1>CFO6JSp[+�W�CrHK+6EG1<CrUGJS+PW�dx/GW<W<hPHSg2EG1�OQjxg2O_J8ES+JSE8+0d!/cW<C[1<CF/2E�+_1uJSES+�BDC[1<+�W<W<+lN<+PdxhPN<hP+PW^d8gmNuJ8EwBc+PO_1<+6J8N
(x, v)

HSg2E8W
R6 a,*,+�LcN>g2E8H�ES/c-o~SN>+�HK+ld8gmN<1<CrO_J8p[+�W^�AgmC[1UGJ,e C[p8E,e +�Wz1�dxg2W�+PEGBDCrW<g2L2+�gm~SpF+XH,e h�O_N>C[N>+�p[+�W�hPUGJ8gm1<CF/2E8W�HSJ�-0/cJSB2+P-l+6EG1�dx/cJSN�OQj8gcO_JSES+�H,e +PEc1>N<+�+Pp[pF+PW�O6gmN�pF+�W<kKWz1>{6-l+/c~K1<+PEGJ�W<+6NQgmC[1lLcC[LGgmEG1<+�W<UGJS+4+_1vp[+�W�O_/2ExHKC�1>C[/cE8W�CFESC[1<CrgmpF+PW�CFE8O_/cESEDJS+PWPa��X/2p[1<�P-lg2ESE�g2HK/cdK1<+�g2p[/cN>W0JSES+�g2dSdSN>/KOQjS+dSN>/2~xgm~SCFp[CrWY1<+2Tx/2EwHKCFW>gmC[1 \|WY1>gm1<CrWz1>CFUGJS+�`t� p:e hPdx/KUGJS+cT@H,e /c¸tpF+IES/c- HK+i\�-lh�O6gmE8CFUGJS+0Wz1Qg}1<CrWY1<CrUcJ8+�`@a@¿¼psO6/2E8W<CrHK{6N>+prgiHK+6ExWYC[1<h4HK+ dSN>/2~8g2~SCFp[C[1<h

(x, v) ∈ R6 7→ ft(x, v)
UGJSC�N>+6d8N<h�WY+PEc1>+lpFgiN>h6dxgmN<1<C[1<CF/2EMHK+PWodx/GWYC[1<CF/2ExWz� BDC�1>+PW>WY+�WuHK+PWd8g2NY1>CFO6JSpF+PW�HKJiW<kDWY1<{P-l+��lpÃe C[ExWz1QgmEG1

t
aS¹�gmN�j8/2-l/2Lch6EShPC�1>h2TKCFpVW<JSdSd!/cW<+^d!/2J8N�WYCF-ldSpFC�Z8+PN�UGJS+

ft
ES+oHKhPdx+PE8H4d8g2W�HS+prg�d!/cW<C�1>C[/cE

x
aD¿¼p@hPO6N<C[1q+PE8W<JSC�1>+�JSE8+|h�UcJxg}1<CF/2EvgmJK� HKhPN<CFB2hP+PW�dxgmN<1<CF+6pFp[+�WqUGJSC!+_�KdSN>C[-l+|pÃe h6Bc/2pFJK1<CF/2E.HS+|O_+61Y1>+^HK+PE8W<C�1>hg2J]O_/cJSNQW^HSJt1>+6-ld8Wy+6E]1<+PE8gmEG1uO_/c-0dS1<+�HK+PWuOQj8/DOPW^+6EG1<N>+IdxgmN<1<CrO_JSpF+PWPa@¿¼p�-0/cEG1<N>+I+PEKZ8Ew+6E�WYJS~xWz1QgmE8O6+0HSg2E8WuW</2EO6h6pF{6~SN>+t\|1<jShP/2N>{6-l+_�

H
`�UcJ8+.WY/cJ8W�O6+6N<1>gmCFES+�WujDkGd!/m1>jS{PW<+PWoWYCF-ldSp[C[ZxOPg}1<N>CrO_+PWPT,prg�UGJ8gmEG1>C�1>h ∫

R3ft(v) log ft(v) dv
Tg2E8gmpF/2LcJS+IO6/2EG1<CFEDJwHK+�p:e +6EG1<N>/2dSCF+�HKCrW<O6N<{61<+

H
T,HKhPO6N</cC�1�g2JwO6/2JSNQWuHKJ]1<+6-ld8W�B2+6NQW^JSES+�B}gmpF+6J8Nu-0CFESCF-�gmpF+ UcJ8C�+PWY1gm1Y1<+PC[EG1>+^pF/2NQW>UcJ8+

f
+PWY1�LcgmJxW<W<C[+PESES+�1^HS+upFgI��/2N>-l+ N (u, T Id3)

/c¸
T
+PWY1�prgo1>+6-ld!h6NQg}1<J8N<+ugm~xWY/cp[JS+uHKJ�LGgm�2a2^gmE8Wl1>/2JK1>+ipFg�W<JSC[1<+2TqpÃe +6EG1>N</cdSC[+iHK+��X/cp�1>�6-�gmESE

H(f)
Hfe JSES+�HS+6E8W<C�1>h�HK+idSN>/2~8g2~SCFp[C[1<h

f : Rd → R
d8gmNNQgmdSd!/2N<1��Iprg0-l+PW<JSN<+uHK+�*b+6~!+PW<L2JS+uW<JSN

Rd +�Wz1�HKh6Z8ESCF+ud8gmN
H(f) :=

∫

Rd

f(u) log f(u) du. +3, a �4.
�X/2p[1<�P-�gmESE�ES/21<+

H
\^WY/cE�+6EG1<N>/2dSCF+�`65vHfe /2¸ipF+�ES/2-�HK+oW</2E��Ag2-l+6JK�41<jShP/2N>{6-l+754W>gmE8W�HK/2JK1>+�d!/2JSN|h6BDC�1>+6N�pF+PWO6/2EK��J8W<CF/2E8W�g�Bc+POXp:e +PEc1>N</cdSCF+�+6El1<j8+6N>-0/KHKkDE8g2-lCFUGJS+�UGJSCx+PWY1�ES/m1>h6+�1>N>gcHKC[1<CF/2ESES+Pp[pF+6-l+PEc1

S
aDnq/c-l-0+�ES/2J8W�gmpFp[/cE8W�pF+Bc/2CFNsH8gmE8WsprgyWY+�O�1<CF/2E , a 8^d8gmLc+ È2È 88T�pÃe +6EG1<N>/2d8C[+�HK+��DjxgmESES/cEI+�Wz1�p:e /2dSd!/cW<h6+)+6ElW<C[LcES+�HK+�pÃe +6EG1>N</cdSC[+�HK+��X/cp�1>�6-�gmESEbaÄ�pFpF+|+�Wz1X-lg2p[j8+6JSN>+6J8W<+6-l+PEc1qES/m1>h6+

H
d8gmN)�Dj8gmE8ES/2E pFJSC@-l�6-l+2aD¹s/2J8NXO6pFg2N<C[Z8+6Nqp[+�WqOQj8/cW<+PWPT2ES/cJ8Wqg�Bc/2E8W�OQjS/2CrWYC[1XHS+ES/21<+PN

H
p:e +PEG1<N>/2dSCF+uHK+o�X/2p[1<�P-lg2ESE4+_1

I
pÃe +6EG1>N</cdSC[+uHK+0�Dj8gmE8ES/2E,aS*�e /cdSd!/cW<C�1>C[/cE�HS+�WYCFL2ES+u+PEG1<N>+

H
+_1

I
�Ag2C�1�UGJS+p:e +PEG1<N>/2dSCF+�HK+|�DjxgmESES/cE�+PWY1�d8g2NY��/cCFW�g2dSd!+6pFh6+�EShPL2+PEc1>N</cdSCF+2Tm/cE�d8gmN>p[+�g2J8W>WYC!Hfe CFE8O6+6N<1<C[1<J8HK+|/2J�Hfe C[ES��/2N>-lgm1<CF/2E + Hfe /c¸ES/21<N>+yES/m1Qg}1<CF/2E . a

�0�:9 ���§¨_£<;�®u¢s¥Q¡�=�­¯�§�X¡ ¨_®  v£u¡V¥_£�  ¥_ I¡�>v¥�¡V¥@?��BA��z¥6 DC}£u¢�­¯®y¡V¥6£� 
��/cJ8W�g�B2/cE8Wo1</2JxW0g2dSdSN>CFWI1FEm1�/2J�1>g2N>H�UcJ8+4pF+�p[/cLcg2N<C[1<jS-l+vESh6d!h6N>C[+PE

log
+PWY1�pFg]dSN>C[-lC[1<CFB2+iHK+�prg���/cE8O�1>C[/cE

x → x−1 W<JSN R∗
+

+_1�UGJS+up[+ypF/2LGgmN>C�1>jS-l+
logb

HK+u~8gcWY+
b > 0

+PWY1�pFgI��/cE8O�1>C[/cEvN>hPO6C[dSN>/KUGJS+^HS+upFgI��/2ExO�1<CF/2E
x → bxW<JSN

R∗
+

a@*,+Ip[/cLcg2N<C[1<jS-l+og.O_+6d!+6ExHSgmEG1|J8ES+0W<CFL2ESC[ZxO6gm1<CF/2EidSpFJ8W|C[EG1>JSC�1>C[Bc+6G!dx/cJSN|1</2JS1
b ∈ N

∗ +_1�1>/2JK1 x > 1
T!prg

H
n! ∼

√
2πn e−nnn I0JLK@MON&P�QSRUT0P�VXW4RYP�Z\[^] _YZ-`:a�QSVSM\b&Wc`:MdZeVSM�f�R�Qg`hJLK@i�jYZeVSK@i Γ(x) :=

R

R+
tx−1 e−t dt fX] klP�QSRYM^mn@oUp

κ RY[eZ#P�i�R<jYK@i�[eZ-`:iqZ-RrP�i�V sqRYMO[-RYQSQSRr`:W�WtR^QS_YR6u�jYK@i�[eZ-`:ivZeR�f�R<wxK@Q Z-yYN�`:i�i#z4I{R(Z#K p W RY[eZ|QSR�i�K@N�a�MeR<f}] _YZ-`FZe[7fX] _Yi�RYMO~@VSRN
VSjYMeK@[ej^K@W�VST0P�RY[�W4K@[e[-VSa�QSRY[^m}�{R(ZOZ-R�JLK@MON&P�QSR�R^[OZ�~@Me`^sq_YR&[eP�MUQg`&ZeK@N&atR�f�R�wxK@Q Z-yYN�`:i�i<b&�UVSRYi�i�R@m o i$WtR^P0Z�MO_^_YjYMOVSMeR�Qg`&J�K@MON&P�QSRh[-K@P�[Qg`�J�K@MeN
R log
e1/κ W m�qo i|Wc`:MOQSRhf�R�f�VS[eZeMOVSa�P�ZeVSK@i7f�Rh��`F�v�{RYQSQXRYi$W��q�0[-VSTvP�R�fc`:i�[\jYR�j^K@iqZeRY�vZeRqm

�v�O�(�^��� �3�^�h�
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 ÈcÈ 8
d8g2NY1>C[+u+PEG1<CF{6N>+oHK+

logb(x)
N<+PdSN<h�WY+PEG1<+upF+�ES/2-I~SN>+oHK+oW<kD-o~!/2pF+PW�E8hPO_+�W<W>gmCFN>+PW���p:e h�O_N>C�1>JSN>+oHK+

x
+6E�~8gcWY+

b
a@nq+61Y1<+dSN>/2d8N<CFh_1>h|hPp[hP-0+PEG1>gmCFN>+yHShPO_/cJSpF+yHS+^prgl-l/2ES/21</cESC[+yHKJ�pF/2Lcg2N<C[1<j8-0+y+61�HSJv�Ag2C�1�UGJS+ud!/2J8N)1</2JS1

n ∈ N
∗

logb(b
n) = n.*b+0OPg2W

0 < x < 1
-l{6ES+�� J8ES+lC[EG1<+PN<d8N<h61>g}1>C[/cEtW<C[-lCFpFg2C[N>+oN>+6prg}1>C[Bc+IgmJS�tWYkD-o~!/2pF+PW�\^gmd8N<{�W�prg.BDCFN<LcJSpF+�`fa Á CFE8WYC:TpF+ pF/2Lcg2N<C[1<j8-0+.C[EG1<+PN<d!/2pF+ +PEc1>N<+

n = logb(b
n)
+_1

n + 1 = logb(b
n+1)

HK+.pFgt-0�P-l+.-�gmESCF{6N>+.UGJS+vpFg���/cE8O�1>C[/cELGgm-l-�g�Hfe Ä�JSp[+PN�CFEG1<+6N>d!/2pF+�+6EG1<N>+
n!
+61

(n + 1)!
a!*bgldSN>/2d8N<CFh_1>h�HK+o-IJSp�1>C[d8p[CrO6gm1<CFBGC[1<hIHKJ�pF/2Lcg2N<C[1<j8-0+

logb(xy) =
logb(x)+logb(y)

+_�KdSN>C[-l+�gmpF/2NQWsp[+)�Ag2C�1�UGJ,e �yd!+6J�HK+�OQjS/GWY+)dSN>{PWPT}+6El~8gcWY+
b
Tmp[+�E8/2-o~8N<+�HK+�W<kD-o~!/2pF+PWsESh�O_+PW>W>gmCFN<+�W�0p:e h�O_N>C�1>JSN<+uHK+

xy
+PWY1�prg0W</2-l-l+uHKJ�ES/2-I~SN>+yHS+yW<kD-o~!/2pF+PW)ESh�O_+PW>W>gmCFN<+�WX�0p:e h�O_N>C�1>JSN>+yHS+

x
+61�HK+

y
anq/2E8E8g��r1<N>+

x
+6E�~8gcWY+

b
N>+6BDCF+6EG1��uHK/2E8ES+6N�pF+PW

logb(x)
WYkD-o~!/2pF+PWsE8hPO_+�W<W>gmCFN>+PW��uW</2ElhPO6N<C[1<JSN>+)+6E�~8gcWY+

b
a Á CFE8W<CÃT

logb(x)
N>+6dSN>hPW<+6EG1>+�pFg����8µ}5x7Ã?±7��y²
	 ?±5��_;m9�
lµm7Ã?A;m5iEShPO6+PW>W<g2C[N>+��ypFgoO_/2E8E8gmCrW<W>gmExO_+�HK+

x
+PE�~8g2W<+

b
acÄ�E CFEK��/2N>-�g}1<CrUGJS+2T/cE�JK1<CFp[CrW<+�+6E�Lch6EShPN>g2pSprgu~8g2W<+

b = 2
dx/cJSNqHK+�W�NQgmCrWY/cE8W�hPBGCrHK+PEc1>+PWPT2+61qp:e /cE�d8gmN>p[+|HK+0¶6?±7�dx/cJSNqHShPW<C[LcES+6NqJSES+�J8ESC�1>h2aÁ C[E8W<C:TKdx/cJSN

x > 1
T
log2 x

N<+PdSN>+PW<+6EG1<+^p[+yES/c-o~SN>+uHK+.¶6?±7A³�²
	 ?±5��_;}9�
�µ}7:?A;}5�EShPO6+PW>W<g2C[N>+PWX�lprg0O6/2ESExgmCrW<W>gmE8O6+^HS+
x
anq/2ExWYCrHKh6N>/2ExWX�0dSN>hPW<+6EG1�JSE�+6ExWY+P-o~SpF+yZ8ESC

Ω
HK+�O6g2N>HSC[E8g2p |Ω| ∈ N∗ a8*�e g}�KCF/2-l+uHKJiOQjS/2C[�.pF+ydSp[JxW�WYCF-ldSpF+y�AgmC[1UGJS+�p:e /cE�dx+PJK1XHS/2E8O)EDJS-lh6N>/m1>+6N�pF+PW�h6pFh6-l+6EG1QW�HK+
Ω
TGHKJ E ◦1 gmJ�E ◦|Ω| a Á CFE8W<CÃTcC[p8�AgmJK1 log2 |Ω|

~SC[1>WqHfe C[EK��/cN<-�gm1<CF/2Ed!/2JSNqHKhPW<C[LcES+6N�JSE�h6pFh6-l+6EG1�d8g2NY1>CFO6JSpFC[+PN�HK+
Ω
aKnq/2-l-l+�pÃe +6ExWY+P-o~SpF+�HK+PW�d8gmN<1<CF+PW�HK+

Ω
+�Wz1XHK+�O6g2N>HSC[E8g2p

2|Ω|
T2CFpS�AgmJS1

|Ω| ~SC[1>W�Hfe C[ES��/2N>-lgm1<CF/2E4dx/cJSN�HKh�WYCFL2ES+PN)JSES+yd8gmN<1<CF+uHK+ Ω
a!Â|EvBc/2C[1X~8C[+PE�UGJS+yprg0~8g2W<+

2
+�Wz1�prgId8p[J8W)Exg}1<J8N<+Pp[pF+yCFO6CÃa2|+u-l�6-l+2TKCFpf�AgmJS1

log2(C
k
|Ω|)

~SC[1�Hfe C[EK��/cN<-�gm1<CF/2E4dx/cJSN�HKhPW<CFL2ES+PN�JSES+ud8g2NY1>C[+uHK+uO6g2N>HSC[E8g2p
k
HK+

Ω
a*bg4dSN>/2d8N<CFh_1>h0HK+l-IJSp�1>C[d8p[CrO6gm1<CFBGC[1<h HSJ]pF/2LGgmN>C�1>jS-l+o�Ag2C�1�UGJ,e C[p��Ag2JK1

log2 |Ω1| + log2 |Ω2|
~8C�1QW�Hfe C[EK��/cN<-�gm1<CF/2Ed!/2JSN�HKh�WYCFL2E8+6N�JSE0h6pFh6-l+6EG1�d8g2NY1>CFO6JSp[CF+6N�HSJIdSN>/KHKJSC[1�O6g2NY1>hPW<C[+PE

Ω1×Ω2
a2�DC

A ⊂ Ω
TmpFgyUGJ8g2Ec1>C�1>h

log2 |Ω|− log2 |A|N>+6dSN>hPW<+6EG1>+op:e CFEK��/2N>-�g}1>C[/cEtN>hPW<CFHKJ8+6pFp[+0EShPO6+PW>W<g2C[N>+od!/2J8N�HKhPO6N<CFN<+
Ω
g2dSN<{�WyHK+PW>O_N>C[dS1<CF/2E]HS+

A
aÀ�DC�pÃe /2E]dx/GWY+

pA :=
|Ω|/|A| ∈ [0, 1]

TK/2E�g0g2p[/cN>W
log2 |Ω| − log2 |A| = log2

|Ω|
|A| = − log2 pA.

Á C[E8W<C:T8WYC
pA = 0 + C:a +2a8CrO_C A = ∅ . TSprg�HK+�W<O6N<CFdK1<CF/2E�HK+ A

E,e glN>C[+PE�OQjxgmESLchyg2J�dSN</c~SpF{6-l+uHK+�prg0HS+PW>O_N>C[dK1>C[/cEiHK+
Ω
T1QgmE8HKCrW>UcJ8+up[/cN>W>UGJS+

pA = 1 + C:a +ca A = Ω
. T8prg HK+�W<O6N<CFdK1>C[/cE�HS+

A
WYJ��01^+6EG1<CF{6N>+6-l+PEc1��.HKhPO6N<CFN<+

Ω
a@�D/2C[1|��dSN>hPW<+6EG1

A1, . . . , An
JSE8+ d8gmN<1<C[1<CF/2E HS+

Ω
asÂ|E HKh6Z8ESC[1IprgipF/2CqHS+ dSN>/2~8g2~SC[pFC[1<h HKCrW<O6N<{61<+

(p1, . . . , pn)
d8g2N

pi := pAi

a�Â|Ed!+6JK1�HKh6Z8ESCFN�pFglUGJ8g2Ec1>C�1>hy-0/}kc+6ESE8+|+PEv~SC[1>W�H,e CFEK��/2N>-�g}1>C[/cEvESh�O_+�W<W>gmCFN<+^�0pFg0HK+PW>O_N>CFdK1<CF/2E�HK+
Ω
g2dSN<{�W)HK+PW>O_N>C[dS1<CF/2EHK+yp:e J8E�HS+PW

Ai
d8gmN�G

−
n∑

i=1

pi log2 pi.

nq+61Y1<+4UGJ8gmEG1<C[1<hv+PWY1I+6�KgcO�1>+6-l+6EG1<5MgmJ��AgcO�1<+PJSN
log 2

+_1lgmJ°W<CFL2ES+vdSN<{�W$5�pÃe +6EG1<N>/2d8C[+.HS+4�X/2p[1<�P-�gmESE +3, a È�. as*,+-l/KHK{6pF+ Hfe hPUGJSCFdSN>/2~8g2~SC[pFC[1<h�CrO_C�+�Wz1IOPg2OQjSh�HSg2E8W
Ω
TV+_1oprg4��/2N>-oJSpF+

pA = |A|/|Ω| O_/2N>N>+PW<dx/cE8H]��prgiW>g2O_N>/m�¼W>gmCFEc1>+��/cN<-IJSp[+ \|O6gcWX�Ag�B2/2NQgm~8p[+�WqW<JSN�O6gcWq1</m1QgmJK�l`@a
�0��� ���z�� I¡b¢s£u¤�¥_�§¦b��¨_£� �� =4®� 4 v£o 
nq/2ExWYCrHKh6N>/2ExWoJSE¾+6ExWY+P-o~SpF+ A := {a1, . . . , an}

HS+4OPgmNQHKC[Exgmp
n
TsUGJS+�p:e /cE�g2dSdx+Pp[+PN>g�µ}· =��Sµc¶Q3_7:T�+_1 HK/cEG10pF+PWhPp[hP-0+PEG1>W�W<+6N>/2EG1�gmd8dx+Pp[h�Wu³���
l¶Q;m·[3�³�a���E�-l+�W<W>gmLc+yHS+opF/2ESLcJS+6JSN

r ∈ N
h�O_N>C�1^g�B2+POuO6+_1|g2p[d8j8gm~!+_1�E8+oWY+PN>g�UGJ,e JSES+W<JSC[1<+�ZxESC[+yHK+^p[/cESL2J8+6JSN

r
Hfe h6pFh6-l+6EG1QWqHK+ A aDÄ�E�Hfe g2JK1<N>+PW�1<+PN<-l+�W6TDO_+�W�-l+PW>W>gmL2+�W�W</2EG1)+_�Sg2O_1<+6-l+PEc1Xp[+�W�hPp[hP-l+6EG1>WHK+ Ar a��D/2C[1 x = xr · · ·xr
JSE�-0+�W<W>gmLc+vHK+�pF/2ESLcJS+6J8N

r
hPO6N<C[1lg�Bc+POvpÃe gmpFdSj8g2~x+61 A a��DC ri

HKhPW<C[LcES+4p[+�ES/c-o~SN>+Hfe /KO6O6JSN<N>+6ExO_+qHSJIW<kG-I~x/cp[+
ai
HSgmE8WVpF+X-l+�W<W>gmLc+

x
T}/cEIg���/2NQO_h6-l+PEc1

r = r1+· · ·+rn
+_1spFg���N<h�UGJS+6E8O6+XH,e g2dSd8gmN>C[1<CF/2E

fr,i
HKJ.W<kG-I~x/cp[+

ai
+PWY1XHS/2ESEShP+�d8g2N

fr,i := r−1 ri
aG*b/2NQW<UGJS+ A, r, r1, . . . , rn

W</2EG1�ZS�KhPWPTGp[+|ES/2-I~SN<+|HK+�-l+PW>W>gmL2+�Wd!/cW>WYCF~SpF+PWX+PWY1�HK/cESEShyd8gmN�pF+�O_/D+���O6C[+PEG1)-IJSp[1<CFES/2-lCrgmpbW<JSCFB�g2EG1$G
Cr1,...,rn

r :=
r!

r1! · · · rn!
.
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¹s/2J8N)1<NQgmE8W<-l+_1Y1>N<+^JSE�-l+PW>W<g2L2+yHK+upF/2ESLcJS+6JSN�UGJS+PpFO6/2E8UGJS+

r
hPO_N>C[1�g�Bc+PO|pÃe gmpFdSj8g2~x+61 A TSCFpbWYJ��01�HS/2E8O^d8g2N�WYCF-ldSp[+EDJS-lh6N>/m1Qg}1>C[/cE�HK+o1>N>g2E8W<-0+61Y1>N<+oH,e g2~x/cN>H

r1, . . . , rn
TfO_+IUGJSCsN>+PUGJSCF{6N>+oHfe gmdSN>{PW|prg.W<+PO�1>C[/cE , a � -l/2CFE8WyHK+ n log2 r~SC[1>WPT!dSJSCrW|HK+o1<NQgmE8W<-l+_1<1<N>+oJSE�E8/2-o~8N<+�d8p[J8W|d!+_1<C[1y/2J�hPLcgmpÀ�

Cr1,...,rn
r

a!*b+oES/c-o~SN>+
I(r)

HK+0~SC�1QW�N>+PUGJSCrW�Bch6N>C�Zx+HK/cE8O
log2 Cr1,...,rn

r 6 I(r) 6 n log2 r + log2 Cr1,...,rn
r .�DJ8dSdx/GWY/cE8W�UGJS+Ip[/cN>W>UGJS+uprg pF/2ESLcJS+6JSN

r
HKJ�-l+PW>W>gmL2+u+�Wz1^L2NQgmE8HS+2T8pF+PW���N>hPUGJS+6ExO_+PW

(fr,1, . . . , fr,n)
Hfe gmdSd8g2N<C[1<CF/2ExWHK+�WIW<kD-o~!/2pF+PWlHK+4pÃe gmpFdSj8g2~x+61lO6/2EDB2+PN<Lc+6EG1�B2+PN>WIJSES+4pF/2C�HK+4dSN</c~8gm~8C[pFC�1>hvHKCrW>O_N>{_1<+

(p1, . . . , pn)
a�*bgt��/2N>-oJSpF+vHS+�G1>C[N>pFC[ESL�HK/cESES+ugmpF/2NQW

I(r) ∼
r=+∞

r

(

−
n∑

i=1

pi log2 pi

)

.

Á C[E8W<C:TSpFg�UGJ8g2EG1<C[1<h�-l/}k2+PESES+uHfe C[ES��/2N>-lgm1<CF/2E�+6E�~SC[1>W�d8gmN�W<kD-o~!/2pF+uEShPO6+PW>W<g2C[N>+u�lpFg01>N>g2E8W<-0CrW>WYCF/2E�Hfe JSEi-l+PW>W<g2L2+h�O_N>C�1�g�Bc+PO|pÃe gmpFdSj8g2~x+61 A +PWY1|g2W<kD-0dK1>/m1>CFUGJS+P-0+PEG1�HS/2ESEShP+ud8gmN�pÃe +6EG1<N>/2d8C[+ +-, a È�. /2¸ pi
N<+PdSN>hPW<+6EG1<+yprgldSN</c~8gm~8C[pFC�1>hHfe gmd8d8gmN>C�1>C[/cEvHKJiW<kD-o~!/2pF+

ai
HSg2E8W)pF+u-0+�W<W>gmLc+2anq+�NQgmCrW<W</2E8ES+6-l+6EG1�d!+6JK1ygmpF/2NQW)�_1>N<+�CFEDB2+PN>W<h�HK+�prgl�Ag��6/2EiW<JSC[B}g2Ec1>+ GxW<CbJ8ES+IW</2JSNQO_+yhP-0+61^HK+��Ag��_/cEiCÃa C:a Hfa!HK+PWW<kD-o~!/2pF+PW^HK+Ip:e gmpFdSj8gm~!+_1 A := {a1, . . . , an}

g�Bc+POodSN</c~8gm~8C[pFC�1>hPW
(p1, . . . , pn)

T,gmpF/2NQW�prg4UcJxgmEG1<C[1<hlHfe C[EK��/cN<-�gm1<CF/2E-l/}k2+PESES+4+6E�~SC[1 d8gmN W<kD-o~!/2pF+�EShPO6+PW>W<g2C[N>+4��prg]1<NQgmE8W<-lCFW>W<C[/cE�HK+iprgMWY/cNY1>C[+�HK+�O6+_1Y1>+�WY/cJSNQO_+�+PWY1.HK/2E8ESh6+�d8g2Np:e +PEG1<N>/2dSCF+ +3, a È�. a�DJSNupF+ldSprgmE�O_/2-I~SCFE8g}1>/2CFN<+cTxpF+lN>g2CFW</2ESE8+6-l+6EG1y+PWY1y+6�Sg2O�1>+6-l+6EG1uO_+Pp[JSC�UGJ,e gv�AgmC[1��q/cp�1>�6-�gmE8E G,gcWYkD-ldK1</21<CrUGJS+HK+|pFgop[/cCx-IJSp[1<CFE E2-lCrgmpF+�pF/2NQW<UGJS+�pF+PW���N>hPUGJS+6ExO_+PWqO_/cEGBc+6N>L2+PEc1�Tm+_1)JK1>C[pFCFW>g}1>C[/cE.HK+|pFg���/2N>-oJSpF+|HK+y�G1<CFN>p[CFESLod!/2J8N��Ag2C[N>+g2dSd8gmNQg��r1<N>+�prgI��/2N>-oJSpF+uHK+up:e +PEc1>N</cdSCF+yHSCFW>O_N>{_1>+^BDCrg0pFg0dSN>/2dSN>CFh_1<huO6p[h
log (m!) ∼ m log m

a��/cJ8W�HKh6Z8ESCrW<W</2E8W)p:e±3_5x7Ã9<;Q=!?A3l²23�� �8µ}5x5!;}5�²}?r³6´69��_7¼3�HS+upFg0pF/2C,HKCrW<O6N<{61<+
(p1, . . . , pn)

d8gmN�prgI��/2N>-oJSpF+
I(p1, . . . , pn) := −

n∑

i=1

pi log2 pi, +-, a 8 .
UGJSCh5wgmJ W<C[LcES+�+_1lgmJw�Ag2O_1<+PJSN

log 2
d8N<{�W$5]+�Wz1o+6�Sg2O�1>+6-l+6EG1�p:e +PEG1<N>/2dSCF+.HK+.�X/cp�1>�6-�gmESE HSh_Z8ESCF+ d8g2N +3, a È�. a�2�+-l�6-l+cT�ES/2J8WlHKh6Z8ESCrW<W</2ExWIp:e±3_5x7Ã9<;Q=!?A3]²23����Sµm585!;m5$´Q;}587:?±5 �83�HK+�pFgwHK+6ExWYC[1<hiHK+�dSN>/2~8g2~SCFp[C[1<h

f : R
d → R

d8gmNNQgmdSd!/2N<1��Iprg0-l+PW<JSN<+uHK+�*b+6~!+PW<L2JS+yd8g2N�pFgI��/cN<-IJSp[+
I(f) := −

∫

Rd

f(x) log2 f(x) dx, +-, a � .
UGJSCX5Ig2JlW<CFL2ES+)+_1�g2Jo�AgcO�1>+6JSN

log 2
d8N<{�W�5u+�Wz1�+6�Sg2O�1>+6-l+6EG1�p:e +PEc1>N</cdSCF+�HK+��X/2p[1<�6-�g2ESE0O6/2EG1<CFEDJS+�HKh_ZxESC[+�dxgmN +-, a �}. anq/c-0-l+Ip[+�W|+PEG1<N>/2dSCF+PW|HK+0�X/cp�1>�6-�gmESE

H
+_1uHK+0�Kj8gmESE8/2E

I
WY/cEc1yWY+P-o~Sprgm~8p[+�W6T!ES/2JxW�ES+0d8g2N<pF+6N>/2EG1|UGJS+0HK+0O6+6pFp[+HK+o�Kj8gmESE8/2E,Tx+_1|O6+oOQjS/2C[�.+61�1</cJK1|�l�Ag2C�1|g2N<~8C�1>N>g2C[N>+2a 2Ie g2JK1<N>+ud8g2NY1�T8d!/2JSN�J8ES+�B}gmN>CFg2~SpF+�gmpFhPg}1>/2CFN<+

X
T8/2E�ES/m1>+6NQg

I(X)
pÃe +6EG1>N</cdSC[+

I(L(X))
HK+uprglp[/cC,HK+

X
a	��+P-�gmNQUcJ8/2E8W�UGJS+

I(f)
+�Wz1�~SCF+6EiHKh6Z8ESCF+oW<+6JSpF+6-l+6EG1�pF/2NQW<UGJS+

f log2 f+�Wz1�*,+P~x+�WYLcJS+yC[EG1>h6L2NQgm~8p[+ca

|3 
�µ}9����83 , a 88a È���
 587:9<;>=@?A3y9<36·[µ}7:?±½}3�²23�� �K·±·[¶Qµc´������b36?A¶6·[3_9����|�D/2CF+6EG1

µ
+61

ν
HS+6JK��-l+PW<JSN>+PW�d!/cW<C[1<CFB2+PWXHKh6Z8ESCF+PWXWYJSNpF+ -l�6-l+.+�WYdxg2O_+.-0+�WYJ8N>g2~Sp[+

(Ω,F)
as*�e +6EG1<N>/2d8C[+ N>+6prg}1>C[Bc+ HK+��yJ8p[pF~8g2O��G�¼*,+PC[~SpF+6N

Ent(ν |µ)
+�Wz1lHKh_Z8E8C[+vd8gmNIpFg��/cN<-IJSp[+ + � a � . d8g2L2+�� È a2*,/cN>W>UGJS+ µ

+�Wz1�JSE8+�p[/cCSHK+�dSN>/2~xgm~SCFp[C[1<hcT}pÃe CFESh6LGgmpFC�1>h�HK+� 2+PE8W<+6El+6EG1<NQg��±ES+�UGJS+
Ent(ν |µ) ∈

R+ ∪ {+∞} a\2�+4dSpFJ8W Ent(ν |µ) = 0
WYCX+_1lWY+PJSp[+P-l+6EG10W<C

µ = ν
+61

Ent(ν |µ) < +∞ W<CX+_10W<+6J8p[+P-0+PEG10W<C
dν
dµ log dν

dµf ∈ L1(Ω,F , µ; R)
a

�0�"! #�¢s£u¤v¢s¥%$X¡&$�¦ Av�§¨2�Y�� o¡V¢À£u¤�¥_� A4¥_¦('q¢*)X¡À�
*�e +6EG1>N</cdSC[+^HK+u�Dj8gmE8ES/2E

I(p1, . . . , pn)
Hfe JSES+^p[/cC!HK+^dSN>/2~8g2~SCFp[C[1<h^HKCFW>O_N>{_1>+

(p1, . . . , pn)
+�Wz1�HKh6Z8ESCF+|d8g2N +3, a 8 . aÂ|E�N>+6-�gmNQUGJS+6NQgIUGJ,e +6pFpF+uES+oHKhPdx+PE8HiUGJS+�HK+PW�O_/D+ � O_CF+6EG1QW

pi
TS+_1|d8g2W�HSJ�WYJSd8dx/cNY1�HK+uprglpF/2CVHSCFW>O_N>{_1>+yO6/2E8W<CrHKh6N>h6+ca

�v�O�(�^��� �3�^�h�
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	#�U� ÈcÈ �
Ä�pFpF+u+PWY1�´Q;m587:?±5 �83�W<JSN�pF+uWYCF-ldSp[+6�K+

Λn
HK+PW�pF/2CrW�HK+ydSN>/2~8g2~SCFp[C[1<h�W�HKCFW>O_N>{_1>+PW�HK+^1QgmCFp[pF+�gmJ4dSpFJ8W

n
G

Λn := {(p1, . . . , pn) ∈ (R+)n, p1 + · · ·+ pn = 1}. +-, a � .*Vg�O_/cEGBc+6EG1<CF/2E
0 log 0 = 0

�AgmC[1XUGJ,e CFp!Ebe k�g�dxg2WXHK+�dSN>/2~8p[{P-0+�Wqg2JK�l~x/cN>H HS+
Λn
aD*bg���/2E8O_1<CF/2E

x ∈ R∗
+ → x log xh61>gmEG1�WY1<N>CFO_1<+6-l+PEc1�O6/2EDB2+6�D+cTD/2Eig G

I(p1, . . . , pn) = −n

n∑

i=1

1

n
(pi log pi)

6 −n

(
n∑

i=1

pi

n

)

log

(
n∑

i=1

pi

n

)

= log n = I

(
1

n
, . . . ,

1

n

)

.

*Vg O_/cEGBc+_�KC[1<hoWY1<N>CFO_1<+I+6EG1<NQg��±ES+oUGJS+Ip[+0O6g2W^Hfe h6LGgmpFC�1>h�E,e g pFC[+PJ]UGJS+od!/2J8N�prg -l+PW<JSN>+oJSESC[��/2N>-l+2ax2oe gmJS1<N>+od8g2NY1�Txprg��/cE8O�1>C[/cE
I
+PWY1|Wz1>N<CrO�1>+6-l+6EG1�O6/2E8OPg�B2+uWYJ8N

Λn
+PE�1>g2Ec1�UGJS+���/2E8O_1<CF/2E�HK+

n
B}gmN>Crgm~SpF+PW�OPgmN

x log x
+PWY1|WY1<N>CFO_1<+6-l+PEc1O6/2EDB2+6�D+ca Á CFE8W<CÃT

I : Λn → [0, log n]
gm1Y1>+6CFEc1XW<gyB}gmpF+6J8N�-lC[ESCF-�gmpF+

0
gmJS�Id!/2CFEc1QW�+6�G1>N<hP-�gmJK�lHKJ O_/cEGBc+_�K+�O_/c-0dxg2O�1

Λn
HS+

Rn TxUGJSCÀWY/cEc1�+6�Sg2O�1>+6-l+6EG1�pF+PW�-lgcW<W<+PW�HK+r2|C[NQg2O2TS+_1|W>glB}gmpF+6JSN�-lgm�KC[-�gmpF+ log n
+6EiJSEiJ8ESCFUGJS+odx/cC[EG1|UGJSC+�Wz1�prgIpF/2CbJSESC[��/2N>-0+��2anq/2-l-l+�+6�Dd8p[CrUGJSh�HSg2E8W�pF+PWXWY+�O�1>C[/cE8W , a � +61 , a 8STcpÃe +6EG1<N>/2d8C[+�HS+|�Dj8g2ESES/2E I(p1, . . . , pn)
-0+�WYJ8N<+�p:eF?±5��_;}9�
�µ}7:?A;}5

+ +6E�~SC[1>W . EShPO6+PW>W<g2C[N>+ygmJiO_/KHSg2L2+uHfe JSES+oW</2JSNQO_+uHK+upF/2C (p1, . . . , pn)
afnq+6d!+6E8H8gmEG1PT8W<+6pF/2E�pF+udx/cC[EG1�HK+oBGJ8+�g2HK/cdK1<hcT+Pp[pF+|-l+�WYJSN>+yh6LGgmpF+6-l+6EG1)pÃeF?±5!´Q369�7Ã?±7 �8²236a Á CFE8W<CÃTKp:e +PEG1<N>/2dSCF+

I(p1, . . . , pn)
+PWY1�Hfe gmJK1QgmEG1�dSp[JxW)L2NQgmE8HK+yUGJS+yWY/cE4g2N<LcJK�-l+6EG1�+�Wz1�\�g2p[h�g}1>/2CFN<+�`@a���ES+I-lgcW<W<+�HK+�2�CFN>gcOuN>+6dSN>hPW<+6EG1<+uprg O6+6N<1<C[1<J8HK+�1>gmExHKCFW^UGJS+�prg�pF/2CbJ8ESC���/cN<-l+IN<+PdSN<h�WY+PEG1<+p:e CFE8O6+6N<1<C[1<J8HK+�1</m1QgmpF+2a!*bg O6+6N<1<C[1<J8HK+IWY+oO6/KHK+og�B2+�O^1<N>{PW�d!+6J]HK+o~SC[1>W�1>g2E8HKCrW<UGJS+oUGJS+opÃe C[ExO_+6N<1<C[1<JxHK+�1>/m1>g2p[+�W<+oO6/DHS+g�Bc+POlgmJK1QgmEG1oHK+ ~8C�1QWoUGJS+ prg41>g2C[pFp[+vHKJ WYJ8dSdx/cNY1�aÀnq+.UGJSCqdSN<h�O_{�HK+�+PWY1od8g2NY�Ag2C�1>+6-l+6EG1oO_/cjSh6N>+6EG1�g�B2+�O�O_+ UGJSCq+PWY1+6�Dd8p[CrUGJShuHSgmE8W)prglWY+�O�1>C[/cE , a � a


�������� ����������� �"!�����#%$��'&)(*������+-,/.����
*bgo��/2ExO�1<CF/2E4pF/2Lcg2N<C[1<j8-0+^CFEc1>+6N>B2+PE8gmEG1XH8gmE8W)prgIHSh_Z8ESC[1<CF/2E�HK+

I
E,e +PWY1)dxg2WXBDN>g2C[-l+6EG1)EShPO6+PW>W<g2C[N>+|�Ip:e /c~K1<+PEc1>C[/cEHK+�WydSN>/2dSN>C[h61<h�W^HS+�-0/cES/m1>/2ESCF+2Tf+61�pÃe /2Ewd!+6JK1�N>+6-ldSprg2O6+6N

x log x
d8g2NuJSES+l��/cE8O�1>C[/cEwWY1<N>CFO_1<+P-0+PEG1oO_/2EDBc+_�K+0UGJS+Pp��O6/2E8UGJS+.HS+

R+
HSg2E8W

R
TsW6e gmEDJSpFprgmEG1o+6E

0
+_1I+PE

1
aÀÄ�E N>+6B}g2E8OQjS+2TVpFg���/2E8O_1<CF/2E

x log x
�AgmC[10HS+

I
JSES+.��/2E8O_1<CF/2E3>»c7 365S³�?±½}3_TSO6/2-l-l+^p:e +_�KdSN>C[-l+upF+|1>jSh6/cN<{P-l+yW<JSCFB}gmEG1Pa

021�35476985:<;%=?>A@B>�CED�FHGJIK; L�MKN*O?N*IK3QP�;%R"ST;5LUI)6947VWN�;-X9> �!?
X
367

Y
³6;}5x70²c3 �2» ½ �±µ �u²}?r³6´_9��_7¼3�³ZY�½}µ}·F3 �K9Q³t²2µm5S³

{0, . . . , n} [ µ}·[;m9Q³
I((X, Y )) 6 I(X) + I(Y ),µm½�3Q´ �]\Gµ}·�?±7 �o³�?�3_7�³63 �K·[3�
�3_5x7�³�?

X
3_7

Y
³6;}5x7�?±5@² �¼=S365!²cµ}587¼3_³%�

^ � 
�;}58³�7Ã9<µm7Ã?A;m5 ����/m1>/2E8W L(X) = p1δx1
+ · · ·+ pnδxn

pFglpF/2CVHK+
X
+_1 L(Y ) = q1δy1

+ · · ·+ qmδym

pFglpF/2CbHS+
Y
ax*bg0dSN>/2dSN>C[h61<h|��/2E8H8gm-l+6EG1>g2p[+uHKJ�pF/2LGgmN>C�1>jS-l+

log(ab) = log a + log b
dx+PN<-l+_1�H,e h�O_N>C[N>+ G

∑

16i6n
16j6m

piqj log(piqj) =
∑

16j6m

qj log(qj)
∑

16i6n

pi

︸ ︷︷ ︸

=1

+
∑

16i6n

pj log(pj)
∑

16j6m

qj

︸ ︷︷ ︸

=1

.

_a` R�J¦`:V Z TvP�RhQ¦] RYi�[-RYN&a�QSRUf�RY[\N
VSi�VSN�`�RYZ�Q¦] RYi�[-RYN�a�QSRUf�RY[\N�`F��VSN�`h[-K@VSRYiqZ\VSivs:`:MeVg`:iqZ-[�Wc`:M\W4RYMON&P�Z-`FZeVSK@i$f�RY[�jYKvK@Mef�K@i�i�_YRY[�RY[eZ�fcbb�Qg`&[O��N
_(ZeMeVSRUf�R
I
m

�v�O�(�^��� �3�^�h�
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Á C[E8W<C:TxES/cJ8W^g�B2/2ExW

I(L(X) ⊗ L(Y )) = I(X) + I(Y )
a!¹s/GWY/cE8W

ri,j := P(X = xi , Y = yj)
a@*bg.O6/2EG1<CFEDJSC[1<hIHS+p:e +PEG1<N>/2dSCF+

I
d!+6N>-l+_1�HK+�W<+yN>g2-0+PES+6N�g2J�OPg2WX/2¸�pF+PW

pi
+_1�pF+PW

qj
W</2EG1)1</2JxW�Wz1>N<CrO�1>+6-l+6EG1�d!/cW<C�1>C��AWPa!Â|E�g0g2p[/cN>W

I((X, Y ))− I(L(X)⊗L(Y )) =
∑

16i6n
16j6m

(
ri,j

piqj
log

ri,j

piqj

)

piqj .

¹s/2J8N�1<+PN<-lCFES+6N�T2CFp!W<J �l1XHS+�N>+6-�gmNQUGJS+6N�UGJS+�p:e C[EShPLcg2p[C[1<h�HS+  c+6E8W<+6E�d!/2JSNqpFg�B�g2N<Crgm~8p[+�g2p[h�g}1>/2CFN<+
(i, j) 7→ ri,j/piqj

TprgI��/2E8O_1<CF/2E�O_/2EDBc+_�K+
x 7→ x log x

+_1�prg0p[/cCbHK+ydSN>/2~8g2~SCFp[C[1<h L(X)⊗L(Y )
HS/2ESES+ G

∑

16i6n
16j6m

(
ri,j

piqj
log

ri,j

piqj

)

piqj > 0.

*VgiO_/2EDBc+_�KC�1>h Wz1>N<CrO�1>+ +6EG1>N>g}�rES+vUcJ8+ pÃe h6LGgmpFC�1>h E,e gipFC[+PJ UcJ8+ p[/cN>W>UGJS+
rij = piqj

d!/2JSNo1</2JxW
i
+_1

j
TsOme +PWY1Y�¼�}�¼HKC[N>+pF/2NQW<UGJS+

X
+61

Y
W</2EG1�CFE8HKhPdx+PE8HSgmEG1>+PWPT!O6+oUGJSCb1>+6N>-lC[ES+opFg.dSN<+PJSB2+ca!Â|EiN>+6-�gmNQUGJS+6NQglUcJ8+op:e CFESh6LGgmpFC�1>h�dSN>hPO6hPHK+PEc1>+HKh�O_/cJSp[+uHK+yprglN<+P-�gmNQUcJ8+ , a 88a È O6g2N Ent(L(X, Y ) | L(X)⊗L(Y )) > 0

a
nq+_1<1<+XdSN>/2dSN>C[h61<h|\�+_�D1<+PE8W<C[Bc+À`y+�Wz1V1</2JS1s�)�Ag2C�1sE8gm1<JSN>+6pFp[+|GPp:e CFE8O6+6N<1<C[1<J8HK+)Hfe JSEoO6/2JSdSpF+qHS+�B@a g8aP+�Wz1V1</cJ}�z/2JSNQW,d8p[J8Wd!+_1>C�1>+IUGJS+uprg WY/c-l-0+IHK+PW�C[E8O6+6N<1<C[1<J8HS+PWPTxg�B2+�O^h6Lcg2p[C[1<hIWYCV+_1|W<+6JSpF+6-l+PEc1^WYCV+6pFp[+�W�W</2EG1�C[ExHKh6d!+6E8H8gmEG1<+�W6afÂ|EiB2h6N>C[Z8+CF-l-0h�HKCrg}1<+P-l+6EG1 UcJ8+

I((X, X)) = I(X)
T�+6E�Hfe gmJK1>N<+�Wo1>+6N>-l+PWPT�pFg�HKJSd8p[CrO6gm1<CF/2E�Hfe JSES+iB@a g8a�E,e g}�z/2JS1<+�gmJ8O6JSES+CFE8O_+PNY1>C�1>J8HK+ca8*bg0ES/21<CF/2E�Hfe +PEG1<N>/2dSCF+uHK+o�Dj8g2ESES/2E4-l{6ES+��lO6+6pFp[+�W�Hfe +PEG1<N>/2dSCF+uO_/2ExHKC�1>C[/cESES+Pp[pF+y+_1�HK+�OPgmd8gcO_C[1<huHfe JSEOPgmE8g2p@HS+�O_/2-l-IJSESCrO6g}1>C[/cE,TSO��za � Á dSd����ST8OQj8gmdba	��� T � ��/c-�� � T ��/2-�� , �,+61 � ��� ����� a
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$����/� ,/.H�-����� & ��� �H���H+������
� R*VW1��! �; IKM�"�:<4 I�M ; I :<;5MKM#��$ ;5M

��E
n
��µm· =��8µ2¶Q3_7 A := {a1, . . . , an}

+�Wz1|pFg HS/2ESEShP+oHK+
n
W<kD-o~!/2pF+PW

a1, . . . , an
1>/2J8W|HKC&%!hPN<+PEc1QW6a ��E 
�3_³>³6µ�\c3/cJ JSE 
�;}7

x
hPO6N<C[1XH8gmE8WXO_+61)g2p[dSjxgm~!+_1qEbe +�Wz1)UcJbe JSE8+^W<JSC[1<+�ZxESC[+

x1, x2, x2, . . . , xm
/2¸ pF+PW

xi
W</2EG1�1>/2J8WXHSgmExW A aÂ|EvES/m1>+ A∗ p:e +6E8W<+6-I~Sp[+yHK+�Wq-l/21>WXhPO6N<C[1>W)g�B2+�O�p:e g2p[d8j8gm~!+_1 A a8Â|E.ES/21<+ |x| prgopF/2ESLcJS+6J8N m

HKJ4-l/m1
x
aS*,+�WX-0/21>Wd!+6JSBc+6EG1u�_1>N<+�´Q;}5@´>µm7 �65 �_³ldx/cJSN�/2~S1<+6E8C[N�HK+�Wy-l/m1>Wyd8p[J8W�p[/cESLcWPa@¹sg2Nu+_�K+6-ldSpF+2Tfd!/2J8Ny1</2JS1�+6EG1<CF+6N

k
T,pF+ldSN>/DHSJSC�1OPgmN<1<hPW<CF+6E Ak WPe C[E}�z+�O�1>+uE8g}1>JSN<+Pp[pF+6-l+PEc1�HSg2E8W A∗ dxgmN�prg0O6/2E8OPg}1>h6E8gm1<CF/2E

(ai1 , . . . , aik
) ∈ Ak −→ ai1 · · · aik

∈ A∗.Â|E�d8g2N<pF+6NQg4C[E8HSCFWY1<CFE8O�1>+6-l+6EG1lHK+ 
l;m7A³ /cJMHK+ 
�3�³Q³6µ)\G3�³4O6gmNuprgiES/21<CF/2EMHfe +PW<d8g2O6+�ES+ ES/cJ8WudSN>h6/KOPO_JSd!+ d8gcWuCFO6CÃaÂ|E d!/2J8N<NQgy1</cJK1qExg}1<J8N<+Pp[pF+6-l+6EG1)dx+PE8W<+6N)��p:e +6�D+P-ldSp[+^HK/2E8ESh�d8g2NXHS+PWq-0+�W<W>gmLc+PW�+6E���NQgmE �PgmCrW�d!/2J8NqpF+PW>UGJS+6prW A +�Wz1p:e g2p[d8j8gm~!+_1�J8W<JS+6pK+PESN>CFOQjSC[1�HK+�UcJ8+6prUcJ8+PW�W<kG-I~x/cp[+�Wsg2HSHKC[1<CF/2E8ES+6prW�O_/c-0-l+Xp[+�W�WYCFL2E8+PWsHK+)dx/cE8O�1>J8g}1>C[/cEIdxgmNs+_�K+6-ldSpF+2a
' �-L(�-R�; I MKN)$ L���*�G
nq/2-l-l+6EG1l1<NQgmExWY-l+_1<1<N>+vHK+41>+6prWl-0+�W<W>gmLc+PW0��1>N>g�Bc+6NQW�JSE�O6g2E8gmp�HK+iO6/2-l-oJSE8CFOPg}1<CF/2E�+vÄ�1.UGJ,e +PWY1Y�¼O_+�UGJ,e JSE\yOPgmE8g2p�HK+.O_/c-l-oJSESCrO6gm1<CF/2E `wgmJ4�zJ8WY1<+�+ ��E$´Qµm5!µ}·)²23�´Q;�
 
 �K5x?A´Qµ}7:?A;}5 ³6µm5S³.¶_9��K?±7^��/cE8O�1>C[/cESES+.��prg�-�gmESCF{6N>+HKJ�1>h6pFh6LcN>g2dSjS+ GqW<+6J8pFW.JSE�ES/2-I~SN>+�Z8ESCrWvHK+ ³Q? \25!µ �2»$W</2EG1�1>N>g2E8WY-lCrW<W<CF~Sp[+�W6a�¹À/cJSN.pF+i1>h6pFh6L2NQgmd8jS+2T�/cE HKCrWYd!/cW<+HK+�1>N</cCFW�W<CFL2E8g2JK��UGJSC|W</2EG1�G�pF+id!/2CFEc1�T�pF+�1<CFN<+61PT�+61.pF+�1<+6-ld8WvHK+id8g2J8WY+ca�2|+i-lg2ESCF{6N>+�gm~8WY1<NQgmC[1<+cT�JSE

r
� OPgmE8g2pHK+]O_/2-l-IJSESCrO6g}1>C[/cE W<g2E8W�~SN>JSC[1vES+wW<g2C�1.1<NQgmE8W<-l+_1Y1>N<+]UcJ8+

r
WYCFL2E8g2JK��HKC,%@h6N>+6EG1QW

s1, . . . , sr
TXUGJSC���/cN<-l+PEc1vJSEg2p[dSjxgm~!+_1 S := {s1, . . . , sr}

aV��/21<N>+ dSN>/2~SpF{6-l+ +�Wz10gmpF/2NQW�Hfe JK1<CFp[CrW<+6NIO6+PW
r
W<C[LcE8gmJS� 5]+61IHK/cE8O�p:e g2p[dSjxgm~!+_1 S 5d!/2JSN|1<NQgmExWY-l+_1<1<N>+IHK+�W�-l+�W<W>gmLc+PW�h�O_N>C�1QW|H8gmE8W^p:e g2p[dSjxgm~!+_1 A TfUGJSCsE,e +PWY1^dxg2W S af*,/2NQW>UcJ8+ r 6 n

T@pFgvWY/cp[JK1>C[/cEtgmJdSN>/2~8p[{P-0+)+�Wz1�1>N<CFBDCFg2p[+�O6g2N�gmpF/2NQW A ⊂ S amÄ�E�L2h6E8h6NQgmp:T}+_1�1</cJK1�O_/c-l-0+�H8gmE8W�p:e +_�K+6-ldSpF+�HKJ01<hPp[hPL2NQgmdSjS+cT n +�Wz1�~8C[+PEdSpFJ8WqL2NQgmE8H�UGJS+
r
TG+61XO2e +�Wz1XpF��1</2JS1qpF+�dSN>/2~SpF{6-l+cacÄ�EvC[ES��/2N>-lgm1<CrUGJS+2T

r
B}g2JK1XprgudSpFJSd8g2NY1)HKJ 1>+6-ld8W

2
aGÄ�EvW</2-l-l+2TES/cJ8WoOQj8+6NQOQjS/2E8Wo+6E dxgmN<1<CrO_JSpFC[+PNoJSE�-l/}k2+6EMd!/2J8N0O6/2-l-oJSE8CFUGJS+PNoNQgmdSCrHK+6-l+PEc10HKJ¾�Djxg��2+�WYd!+Pg2N<+�+PE JK1>C[pFCFW>gmEG1

2LcN</cL2ES+P-0+PEG1>W�HSC,%@h6N>+6EG1>WPa6aPa�nq/c-l-0+^ES/cJ8Wqg2p[pF/2ExWqpF+^B2/2CFN�TGO6+6prgo+�Wz1�gmpFL2/cN<C[1<jS-lCrUGJS+6-l+6EG1Xdx/GW<W<C[~8p[+^+_1�UGJSCfdSpFJ8WX+PWY1HK+y-�gmE8C[{PN<+y/2dS1<CF-lg2p[+
-
�v�O�(�^��� �3�^�h�
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	#�U� ÈcÈ ,
� 4769: �-R N�M ��I�N 4 L P�* V�694� WR�85:<; P(*�� 4?P(� $ ;
*,+ldSN>/2~8p[{P-0+0HKJ�O_/KHSgmLc+0O6/2E8W<CrWz1>+0�4g2W>WY/KO6C[+PN^�4OQj8g2UGJS+lW<kG-I~x/cp[+

ai ∈ A
JSE]-l/21

ci := si,1 · · · si,ri ∈ S∗h�O_N>C�1vH8gmE8W.pÃe gmpFdSj8g2~x+61 S a�Â|E O_/2-ldSN>+6ExH�gmCrWYhP-0+PEG1vUGJS+�prgME8g}1>JSN>+�+_�Sg2O_1<+�HK+�WvW<CFL2E8g2JK� si
Ebe g g2~8W</2pFJS-l+6EG1d8gcWuHfe C[-ld!/2N<1>gmExO_+ +61oUcJ8+.WY+PJSp�pF+6JSNoES/2-I~SN<+

r
+PWY1�d!+6N<1<CFES+6EG1PTV+_1oCFp�+PE�+PWY1IHK+�-l�6-l+ d!/2JSN A +61 n

ab*VgiWYJSC[1<+
c := (c1, . . . , cn) ∈ (S∗)n +PWY1�gmdSd!+6pFh6+4JSE (r, n)

�Y´Q;�²236Ts+_1 OQj8g2UGJS+
ci
+PWY10pF+w´Q;�²23iHS+

ai
a ��E°-l+PW>W>gmL2+

x :=
ai1ai1 · · · aim ∈ A∗ WY+PN>gIHK/2E8OyO6/DHSh^+PEvJ8Ev-l+PW>W>gmL2+ ci1ci2 . . . cim ∈ S∗ +6E4N<+P-0d8pFg �6gmEG1�OQj8g2UGJS+^/KO6O6JSN<N>+6ExO_+yHKJW<kD-o~!/2pF+

ai
HSgmE8W

x
d8gmN�pF+�-l/m1

ci ∈ S∗
ax*b+PW

ci
WY/cEG1�HK/2E8Ov´>;m5!´Qµ}7��65 �_³uH8gmE8W S∗ a@nq+�dSN>/DO6hPHKhy��/cJSN>ESC�1�g2J4Z8E8gmpJSE 
�3�³Q³6µ)\G3l´>;�² � G

ai1ai1 · · · aim
︸ ︷︷ ︸Å������	��
���
�� Æ���� 
�� ��� ∈ A

∗ � Æ�
���
��−→ ci1ci2 . . . cim
︸ ︷︷ ︸Å���������
�� � Æ�
��

∈ S∗.

*b+i-0+�W<W>gmLc+�O_/KHKh�Ebe +�Wz1vUGJ,e JSES+]WYJSC[1<+]HK+tW<C[LcE8gmJK�fT�UGJ,e CFp��Ag2JK1.+6ExWYJSC[1<+¾² �Q´Q;P²c3_9�d!/2JSNvN<+61<N>/2JSBc+6N�pF+�-l+PW>W<g2L2+Hfe /2N>CFL2CFES+2a,*VgvpF/2E8L2JS+PJSNoHKJ�-l+PW>W<g2L2+�Hfe /2N>C[LcC[E8+
ai1ai1 · · ·aim

HSgmExW A∗ +�Wz1 m
abÄ�EMN<+PB�g2E8OQjS+cTfpFg�pF/2ESLcJS+6J8N�HKJ-l+PW>W>gmL2+yO_/KHKh

ci1ci2 . . . cim

HSgmExW S∗ E,e +PWY1�d8g2W m
-lg2CFW |ci1 |+ |ci2 |+ · · ·+ |cim |

a
� 4 R
*�IKN�4 L L(����O ; ��* VB694  �R 8 : ;�P(*�� 4?P(� $ ;

��E8+�W</2pFJK1>C[/cE°E8g��ÃBc+4g2J°dSN>/2~SpF{6-l+iHKJ�O_/KHSg2L2+vO6/2E8W<CrWz1>+4��OQjS/cCFW<C[NlHK+�W�O_/KHK+PW
ci
UGJSC�W</2EG1l1</cJ8WlHK+�-0�P-l+pF/2ESLcJS+6J8NPT�+61.CFp|+�Wz1vg2p[/cN>W��Ag2O_CFpF+tHK+tBc/2CFN.UGJS+tO6+_1Y1>+�pF/2ESLcJS+6JSNvB}gmJK1

logr n
�MJSES+]JSESC[1<h�d8N<{�W6Tq+6E Bc+6N<1<J�HK+PW+6�Dd8p[CrO6gm1<CF/2E8WfHK+�pFg�W<+PO_1<CF/2E , a � aPnqj8/2CrWYCFNbHK+�WbO_/KHK+�W,UGJSCcW</2EG1f1>/2J8W,HS+�pFg)-l�P-0+�p[/cESL2JS+PJSNfE,e +PWY1bd8gcW@1<N>{PWVW<gm1<CrWz�Ag2CFW>gmEG1OPgmNopF+PW0W<kG-I~x/cp[+�Wu��N>hPUGJS+PEc1QWIHS+ A W<+6N>/2EG1IO_/KHKh�WIHS+.prg�-l�6-l+4-lg2ESCF{6N>+.UGJS+.pF+PW0WYkD-I~x/cp[+�W�NQgmN>+6-l+6EG1oJK1>C[pFCrWYh�W6anq+]dSN</c~SpF{6-l+tg h61<hwN<h�WY/cp[J�d!/2J8NvpF+�1>h6pFh6L2NQgmd8jS+�+6E$JK1<CFp[CrW>gmEG14HK+�W�O_/KHK+PWv� ~8gcWY+wHK+�1>C[N>+_1QW.+61�HS+td!/2CFEc1QWvHS+pF/2ESLcJS+6J8NbCFEGBc+6NQWY+P-l+6EG1bdSN>/2d!/2N<1<CF/2ESE8+6pFp[+���pFg���N<h�UcJ8+6E8O6+qHKJ0WYkD-o~!/2pF+�UGJ,e C[prWsO_/KHK+PEc1sHSgmExWbJSE8+�prgmESLcJS+qHK+qN<h6��h6N>+6E8O6+

+ pÃe gmESLcpFg2CFWPT�+6Eyp:e /KOPO_JSN>N<+PE8O_+ . a�n|e +PWY1,pF+��Agm-l+6JS�^O_/KHK+�º�/2NQWY+sCFEGBc+6EG1<h�Bc+6NQW È�� 8 �KT�+61,dx/cJSN,pF+PUGJS+Pp r = 3
a6*b+�HKhPO6/KHSgmLc++�Wz1XLcgmNQgmEG1>C�1�dxgmNXpÃe JK1<CFpFCFW>g}1>C[/cEvHKJ.1<+6-ld8W)HK+|d8gmJxWY+^dx/cJSN)WYhPd8gmN>+6Nqp[+�WqO6/DHS+PWPacÄ�E4+ %@+_1�TDp[/cN>W>UGJS+�pF+PW)O_/KHK+�W�ES+yW</2EG1d8gcW�HK+�-l�6-l+�pF/2E8L2JS+PJSNPTKCFp,�Ag2JK1��61<N>+u+6E�-l+PW<JSN<+�HS+oHKh_1>+6N>-lC[ES+PN�pF+�HKh6~SJS1�/2¸�prg0Z8E�HK+oOQj8gcUGJS+uO_/KHK+�pF/2NQW�HK+�prgN>hPO6+6dK1>C[/cEvHK+�W�WYCFL2ExgmJK�fa

' 4?P�;5M N LBM�I#�-LUI �-L�3 M ; I � PB3�� 4�P�� $ ; *�LBN"! *B;
¹s/2JSNQW<JSC[Bc/2E8W|ES/21<N>+IHKhP-lg2N>OQj8+IUGJS+6prUGJS+0dx+PJwg2~8Wz1>N>g2C�1>+o+PEwHK/cESE8g2Ec1uHK+PJK�tHKh_ZxESC�1>C[/cE8W^p[CFh6+�Wy�.prg.d!/cW>W<C[~SCFpFC�1>hHK+uHKh�O_/KHK+PN�JSE�-0+�W<W>gmLc+^O6/KHKhy+6EiWYCFL2ExgmJK�.dxgmN)JSE

(r, n)
� O6/KHK+2aÈ a$#�;�²23_³ Y4² �Q´ �D? %�9<µ�\c3 �K5x?�� �83 � ��E

(r, n)
�¼O_/KHK+u+�Wz1|HSC�1 Y4² �Q´ �D? %�9>µ)\G3 �K58?����83�pF/2NQW<UGJS+ypF+oHKh�O_/KHSgmLc+ydx+PN<-l+_11</2Jm�z/2JSNQWyHK+IN>+_1>N</cJSB2+PN|pF+0-0+�W<W>gmLc+IHfe /2N>CFL2CFES+IHSg2E8W A∗ HK+0�Ag��6/2E]JSESCrUcJ8+0g2dSN<{�W^N<h�O_+6dS1<CF/2E]HS+Iprg 1>/m1QgmpFC�1>hHK+upFg0Bc+6NQWYCF/2E4O_/KHKh6+uHKJ�-l+PW>W>gmL2+yHSg2E8W S∗ &� a$#�;�²23_³.?±58³Q7¼µ}5x7 µm5 �_³ � ��E

(r, n)
�¼O_/KHK+ +�Wz1lHKC�1v?±5S³�7 µm587¼µ}5��.pF/2NQW>UcJ8+�p[+.HShPO_/KHSg2L2+ Hfe JSE -l+�W<W>gmLc+0d!+6JS10�61<N>+�AgmC[1�gmJv��JSN�+_1��0-l+PW<JSN>+yp[/cN>W)HK+uprg0p[+�O�1<J8N<+�HK+�W�WYCFL2ExgmJK�.O6/2E8WY1<C[1<J8g2EG1�pFg0B2+PN>W<CF/2EvO6/KHKh6+uHKJ�-l+PW>W<g2L2+ca¿¼pÀ+PWY1yO6pFg2C[N^UGJ,e J8E]O_/KHK+0CFE8Wz1QgmEG1>g2ESh�+�Wz1u�.HKh�OQjSC&%!NQgmLc+�JSESCrUGJS+2T@+_1ypF+PW^O_/KHK+PW|CFE8Wz1QgmEG1>g2EShPW^W</2EG1^HK+Ip[/cC[E]p[+�W�d8p[J8WdSNQg}1>CFUGJS+�W6a �yN>gm�±1qgu-l/2EG1>N<h�+PE È � � �uUGJS+^WYCxJSE

(r, n)
�¼O_/KHK+

(c1, . . . , cn)
+�Wz1qC[E8WY1>g2EG1>gmE8h2TGC[p@W<gm1<CrWz�Ag2C�1X��p:e CFESh6LGgmpFC�1>hW<JSCFB�g2EG1<+ G

n∑

i=1

r−li 6 1,

/c¸
li = |ci|

a���hPO6C[dSN>/KUGJS+6-l+6EG1�T�W<CDpÃe /2ElW<+XHK/cESES+�HK+�WV+PEG1<CF+6NQWVExg}1<J8N<+PpFW
r, n, l1, . . . , ln

UGJSCSW>g}1>CFWY��/2EG1���prg^O_/2ExHKC�1>C[/cEHK+ �yNQg}�±1�TPg2p[/cN>W@CFp2+6�DCrWY1<+�JSE
(r, n)

�¼O_/KHK+�CFE8WY1>g2Ec1QgmESh�HS/2EG1bpF+PWfpF/2ESLcJS+6J8N>W,HS+�O_/KHK+�W,WY/cEG1,dSN<h�O_CrWYhP-l+6EG1bO_+�W
l1, . . . , ln

aÄ�ESZ8E,TSº�gcO^º�C[pFpFg2Evg0-l/2EG1<N>h^+6E È � ���oUGJS+^1</cJK1�O_/KHK+y�lHKhPOQjSC&%@N>g2L2+�J8ESCFUGJS+uW>g}1>CFWY�AgmC[1��oprgIO6/2E8HSC�1>C[/cE4HK+ �yNQg}�±1�a*�e JK1>C[pFCFW>g}1>C[/cE�HKJ$1<+P-0dxW4HS+]d8g2J8W<+]HSg2E8W4p[+�O_/KHK+�ºi/2NQW<+�dx/cJSNiWYhPd8gmN>+6Nvp[+�W�O_/KHK+PWvLcg2N>g2EG1<C[1.p[+�HKh�O_/KHSgmLc+CFE8WY1>gmEG1QgmEShca�Ä�E�N<h�gmpFC�1>h4J8E
(r, n)

�¼O_/KHK+
(c1, . . . , cn)

+PWY1 C[ExWz1QgmEG1>g2EShiWYC�+61.WY+PJSp[+P-l+6EG1.WYC�CFp�g�prgt=!9<;Q=!9�?��67 �w²23=@9��	'À»D3�GbgmJxO_JSE
ci
E,e +PWY1up[+�dSN>h_Z8�D+lHfe JSE

cj
g�B2+PO

j 6= i
afÄ�EMHfe g2JK1<N>+PW^1>+6N>-l+PWPT,WYC

ck = si1 · · · sik

TVgmpF/2NQW|d!/2J8N1>/2JK1
j < k

T
si1 · · · sij 6∈ {c1, . . . , cn}

a
�v�O�(�^��� �3�^�h�
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� SA;5LUI)694 V�N ; PB; � 1��7LBL�4 L%; I R�;�V�694� WR�85:<;�P(*�� 4?P(� $ ; 47V�I�N : �-R
�DJSd8dx/GWY/cE8W�UGJS+�pF+PW�-0+�W<W>gmLc+PW���O6/DHS+6N�HSg2E8W A∗ W</2EG1�1<+PpFW|UcJ8+�pFgld8N</c~8gm~SCFpFC�1>h�Hfe g2dSd8g2N<C[1<CF/2EiHKJ�W<kD-o~!/2pF+ ai+�Wz1
pi
aKÂ|E4gogmpF/2NQW�J8ES+|pF/2C@HK+^dSN>/2~8g2~SC[pFC[1<h�HKCrW>O_N>{_1<+

(p1, . . . , pn)
W<JSN A UcJ8C@HShPO_N>C[1qpF+PWq��N<h�UGJS+6E8O6+PWqHfe g2dSd8g2N<C[1<CF/2E8WHK+�W�WYkD-I~x/cp[+�W6aS�DC

c := (c1, . . . , cn)
+�Wz1�J8E

(r, n)
�¼O_/KHK+cTSpFg0pF/2ESLcJS+6J8NX-l/}kc+6ESES+yHSg2E8W S∗ HSJ�O6/KHK+uHfe J8E�W<kD-o~!/2pF+HK+ A d8g2N�p[+�O6/DHS+ c

+PWY1�HK/2E8ESh6+yd8g2N
L(c) :=

n∑

i=1

pi |ci|.

�D/cC�1 C(r, n)
pÃe +6E8W<+6-I~SpF+IHK+�W

(r, n)
�¼O_/KHK+IC[E8WY1>g2EG1>gmE8hPWPax*,+0dSN>/2~SpF{6-l+oHSJ¾´Q;P²cµ)\G3 ;>=@7Ã? 
�µ}·qO_/2ExWYCrWz1>+I� O6/2E8WY1<N>JSCFN<+JSE

(r, n)
�¼O_/KHK+uCFE8Wz1QgmEG1>g2ESh

c Æ������ 1>+6pbUGJS+
L(c Æ������ ) ' inf

c∈C(r,n)
L(c).

¿¼p,+�Wz1��AgcO_CFp[+�HS+�B2/cC[N�d8g2N�O_/c-0dxg2O_C[1<h + +_�K+6NQO_CrO_+
- . UGJS+�O6+_1�CFEKZ8-oJ8- +�Wz1�gm1Y1<+PC[EG1�+61�UGJ,e J8E�1<+6pVO_/KHK+u/2dS1<CF-lg2p c Æ������+6�DCrWY1<+2a!��gm1<JSN>+6pFp[+P-l+6EG1PTxJSE�1<+PpÀO6/DHS+�E,e g gmJ8O6JSES+�NQgmCrW</2EiHfe �_1<N>+�JSE8CFUGJS+ + dx+PE8W<+6Ny��pFg.WYkD-lh_1>N<CF+ . +61|CFpÀHKhPdx+PE8HKNQg+�W<W<+6EG1<CF+6pFpF+6-l+6EG1�HK+
r
+_1�HK+)pFg|pF/2CKHK+XdSN</c~8gm~8C[pFC�1>hXHSCFW>O_N>{_1>+

(p1, . . . , pn)
UcJ8CDHShPO_N>C[1ÀprgI³_; �K9<´Q3)HK+PWÀ-l+PW>W>gmL2+�W6a ��+�Wz1>+��1>N</cJSB2+PNoHK+�Wo-lh_1>jS/KHK+�HK+vO6/2E8WY1<N>J8O�1>C[/cE8WoHS+vO_/KHK+�W�/cdK1<CF-�gmJK�fTÀ+_10O6+6prg��AgmC[1lpÃe /2~K�z+610HK+�WoW<+PO_1<CF/2E8W0WYJ8C[B}gmEG1>+PWPa*b/2NQW<UGJS+ A +PWY1�p:e g2p[d8j8gm~!+_1�J8W<JS+PpÃT8/cE�dx/cJSN<NQgld!+6E8W<+6N�dxgmN�+6�D+P-ldSp[+IUcJ8+ (p1, . . . , pn)

N<+PdSN<h�WY+PEG1<+yp[+�W���N>hPUGJS+PE8O_+�WHfe JK1>C[pFCFW>g}1>C[/cE.HK+�W�pF+_1<1<N>+PWXHSgmE8WqpF+PWq1<+6�G1>+PWq+6E���NQgmE �6gmCrWPaG*b/2NQW<UGJS+�p:e /2E.gIg�%fgmCFN<+��oJSE.-l+�W<W>gmLc+�WYJ���W>gm-l-l+6EG1Xp[/cESLHSg2E8W A∗ TG/cE.d!+6JK1)h6LGgmpF+6-l+6EG1XC[-�gmLcC[E8+6N)UcJ8+ (p1, . . . , pn)
+�Wz1�/c~K1<+PEGJ8+�+6E4O6g2pFO6JSpFg2EG1XpF+PW���N<h�UGJS+6E8O6+PWX+6-ldSCFN>CFUGJS+�WHK+�W�W<kD-o~!/2pF+PW�HS+�p:e g2p[dSjxgm~!+_1 A HSg2E8W�pF+�-l+�W<W>gmLc+�+6E.UGJS+�Wz1>C[/cE,ac*b+o7 ���Q;}9���
�3u²23�´Q;�²2µ)\G3y5@;}5 �Y¶69��K?±7��u²23 � �8µ}5x5!;}5g �lN>-l+^UGJS+up:e /2E�g

I(p1, . . . , pn) 6 inf
c∈C(2,n)

L(c) 6 I(p1, . . . , pn) + 1.

*Vg�B2+PN>W<CF/2E d!/2JSN0JSE
r 6= 2

W6e /2~S1<CF+6EG10+PE°N>+6-ldSprg��PgmEG1
log2

d8gmN
logr

HSgmExWIprgwHKh_Z8E8C�1>C[/cE +-, a 8 . HS+vp:e +PEG1<N>/2dSCF+HK+l�Dj8g2ESES/2E
I
a!Ä�EtO_/KHSg2Ec1yHK+PW|~SpF/KO6W�HS+

k
W<kG-I~x/cp[+�W�HK+ A dSpFJK1FEm1^UGJS+Ip[+�W|W<kD-o~!/2pF+PW�+6JK�D� -0�P-l+PWPT8/2Et/2~K1>C[+PEc1CF-l-0h�HKCrg}1<+P-l+6EG1�+6EigmdSd8p[CrUGJ8gmEG1�O_+�UGJSCfdSN>hPO6{PHK+u� Ak +_1�+PE�B2+6N<1<J�HKJ41<j8h6/2N>{6-l+ , a � a È UcJ8+^d!/2J8N)1</2JS1 k ∈ N∗

I(p1, . . . , pn) 6 inf
c∈C(2,nk)

1

k
L(c) 6 I(p1, . . . , pn) +

1

k
.

��/m1</cE8WXUcJ8+ 1
k L(c)

+PWY1X1</2Jm�z/2JSNQW�J8ES+|pF/2E8L2JS+PJSNq-l/}kc+6ESES+|d8gmN�W<kD-o~!/2pF+|HK+ A OPgmN c ∈ C(2, nk)
+�Wz1)JSEvO6/KHK+^UGJSCO6/2E8O6+6N>ES+yp[+�W�WYkD-I~x/cp[+�W�HK+ Ak UGJSCÀWY/cEG1�HK+up[/cESL2J8+6JSN k

HSg2E8W A∗ a Á CFE8WYC:T8p:e +6EG1<N>/2dSCF+�HK+I�Kj8gmESE8/2E
I(p1, . . . , pn)-l+PW<JSN>+�pFg�pF/2E8L2JS+PJSN�-l/}k2+PESES+�HKJM-l+6CFp[pF+6J8N

(2, nk)
� O6/DHS+2Tb+61IO_+61Y1>+ -l+PW<JSN<+�+�Wz10Hfe g2JK1>g2EG1�dSp[JxWuZ8ES+vUcJ8+

k
+�Wz1LcN>g2E8Hfa}*,+�W�dSN>+6JSBc+PWsHK+)1</cJK1<+�W�pF+PW�g���N>-�g}1<CF/2ExWÀUGJSC8dSN<h�O_{�HK+6EG1�WY/cEG1�h6pFh6-l+6EG1>g2C[N>+PWÀ+61�Z8L2JSN>+6EG1�d8g2N�+_�K+6-ldSpF+�HSgmExWpF+ydSN<+P-lC[+PN�OQj8gmdSC[1<N>+uHK+ � ��/2-�� , � a!Â|E4dx/cJSN>N>glO_/cE8W<JSp�1>+6N)h6LGgmpF+6-l+6EG1�pF+�OQj8gmdSC[1<N>+ , HSJv1>N<{�W�g2OPO_+PW>W<C[~SpF+ � Á dSd�� � �:a

' 4?P�;5M P�; � 1��-L�L�4 L	� � �-LB4 ; I P�;�
 *	� : �-L
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N
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N
N
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N
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N
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N
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N
N
N
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N �}w����$�$� h�w��$�$�$� |}w��$�$�$�
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N
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N
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*�e +6EG1>N</cdSC[+y+6�Dd!/2E8+6EG1<CF+6pFp[+uHK+o�Kj8gmESE8/2E�HK+upFg0pF/2C,HKCrW>O_N>{6N>+

(p1, . . . , pn)
+PWY1�HKh_ZxESC[+yd8g2N

2I(p1,...,pn). +-, a � .
�v�O�(�^��� �3�^�h�
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	#�U� È��KÈ
Ä�pFpF+lO6/2N>N<+�WYd!/2ExH�gmJ�\^ES/2-I~SN<+lHK+�HK+PL2N>{PW^HK+lp[CF~x+PNY1>h|`th6B2/KUGJSh0gmJ�HKh6~SJS1uHS+0prg�WY+�O�1>C[/cE , a È WYJSNyp:e +PEG1<N>/2dSCF+0HS+�X/m1>p[�P-�gmESE�+6EtdSjDkDW<CrUcJ8+2T8/cJ�1</cJK1|W<C[-ldSpF+6-l+6EG1y� |Ω| HSgmExW�p:e +�WYdSN>C[1^HK+�prg W<+PO_1<CF/2E , a � a Á CFE8WYC:T!pÃe +6EG1<N>/2d8C[+�+6�Kdx/2�ES+PEG1<CF+6pFp[+�Hfe JSES+�-�gcW<W<+�HK+�2�CFNQg2OXB}gmJK1

1
TmO_+6pFpF+�Hfe J8ES+�p[/cC8HK+��X+6N>ES/cJSp[pFCSW<kG-lh61<N>CFUGJS+)B}gmJK1

2
+_1qdSp[JxW�L2hPESh6NQgmpF+6-l+6EG1�TO6+6pFp[+�HK+�prg4p[/cC�JSESC[��/2N>-l+lHS+l1>gmCFpFp[+

n
B}gmJK1

n
a ��g2dSd!+6pF/2E8W�UGJS+ld8g2N<-lCrWyp[+�WupF/2CrWuHKCFW>O_N>{_1>+PWuHK+ W<JSdSd!/2N<1�HK+l1>g2C[pFpF+g2JMdSp[JxW

n
TbprgipF/2CqJSESC[��/2N>-0+.-lgm�KC[-lCrWY+ p:e +6EG1<N>/2dSCF+.HK+4�Dj8gmE8ES/2E,a Á CFE8W<CÃTÀpÃe +6EG1>N</cdSC[+�+6�Kdx/cES+6EG1<CF+6pFpF+.HK+4�Kj8gmESE8/2E

2I(p1,...,pn) HK/cESES+ prg�1QgmCFp[pF+vHK+.pFgipF/2CqJSESC[��/2N>-l+vUGJSCqg�pFgi-l�P-0+v+6EG1<N>/2d8C[+.UGJS+.pFgipF/2C (p1, . . . , pn)
aÀ*�e +PEG1<N>/2dSCF++6�Dd!/2E8+6EG1<CF+6pFp[+0Hfe JSES+lp[/cC�HK+0�X+PN<ES/cJSpFp[Csg2W<kD-0h61<N>CFUGJS+I+PWY1^+PEG1<N>+

1
+_1

2
O6g2NyJSES+I1<+6pFpF+IpF/2CÀ�Ag�B2/cN<CrW<+�JSES+lHK+PWyHK+PJK�B}gmpF+6J8N>WXd!/cW>WYCF~SpF+PW)+_1�+�Wz1�HS/2E8O�\�-0/cC[ExW)C[E8O6+6N<1>g2C[ES+�`4UGJ,e JSES+yp[/cCbHK+u�X+6N>ES/2J8p[pFC,WYkD-lh_1>N<CrUGJS+2a

��E�Lch6EShPN>gm1<+PJSN�d8W<+6J8HK/2� g2p[h�g}1>/2CFN<+)CrHKhPg2pSdx/cJSN�prgypF/2C8J8ESC���/cN<-l+�W<JSN {0, . . . , n−1} HK+PBGNQgmC[1�g�B2/cC[N�JSE8+�+6EG1<N>/2d8C[++6�Dd!/2E8+6EG1<CF+6pFp[+0HK+
n
a@�XC[+PE�+6EG1>+6E8HKJbT!p:e +6EG1<N>/2dSCF+IHS+PW|L2h6E8h6NQg}1<+PJSNQW�+_�KCrWz1QgmEG1>W�+PWY1|1>/2J}�z/cJSN>W�dSpFJ8W^dx+61<C[1<+lUcJ8+IO_+61Y1>+B}gmpF+6J8NX-�gm�DCF-�gmpF+2a


������*� � ���a,/+ � ���-�",�� � ��� ����& &"�Q�J� � ��.�� �J����# $ ()�H� � �W��� & $H� �U,
� � �H����� ���-�", �
*bg dSN<+PJSB2+IHKJi1<j8h6/2N>{6-l+ , a � a È W<JSN|pÃe +_�D1<+PE8W<C[BDC[1<hoHK+IpÃe +6EG1>N</cdSC[+IHK+I�Dj8g2ESES/cEi+PWY1|+PW>W<+6EG1<CF+6pFp[+P-l+6EG1�~8gcWYhP+oWYJ8NpF+^�AgmC[1�UcJ8+udx/cJSN�HK+6JS�.B}gmN>CFg2~Sp[+�W�gmpFhPgm1</2CFN>+PWXHKCFW>O_N>{_1>+PW��0B}gmpF+6JSNQW�HSg2E8W {0, . . . , n}

I(L(X) ⊗L(Y )) = I(X) + I(Y )− I((X, Y )).

nq+61Y1<+ydSN>/2d8N<CFh_1>h^W<JSL2Lc{6N>+|HK+uHKh6Z8ESCFN)pÃeF?±5��_;m9�
lµm7Ã?A;m5 
 �K7 �836·±·[3
M(X, Y )

HS+
X
+_1

Y
d8gmN)prgI��/2N>-oJSpF+^W<kD-lh_1<N>CrUcJ8+

M(X, Y ) := I(X) + I(Y )− I((X, Y )) = I(L(X)⊗L(Y )).

Ä�pFpF+uN<+PdSN<h�WY+PEG1<+^pÃe C[ExO_+6N<1<C[1<JxHK+u-�g}�KC[-�g2p[+uUGJS+up:e /cEvd!+6JK1|/2~K1>+6ESCFN�dx/cJSN�JSEiO_/cJSdSpF+uHK+uB@a g8aSHK/2EG1�pF+PW)CFE8O_+PNY1>C�1>J8HK+PW-�gmN>L2CFE8g2p[+�W|W</2EG1�O_+Pp[pF+PW�HS+
X
+_1oHS+

Y
a 2^gmE8Wuprg4-l�6-l+�B2+PC[ES+cTf/2EMHKh6Z8ESC[1�pÃe±3_5x7Ã9>;>=!?A34´Q;}5@²}?±7:?A;}585@3_·±·F3

I(X |Y )d8g2N)pFg0��/cN<-IJSp[+
I(X |Y ) := I((X, Y ))− I(Y ).Ä�pFpF+.N>+6dSN>hPW<+6EG1<+.+6E�UGJS+PpFUGJS+4WY/cNY1>+ p:e CFE8O_+PNY1>C�1>J8HK+4N<h�WYCrHKJS+Pp[pF+.HSg2E8W

X
p[/cN>W>UGJS+ p:e /cE°O_/cESE8g}�F1

Y
a�Â|E°g�gmpF/2NQW�+PEBc+6N<1<J�HK+uO_+�UGJSCfdSN>hPO6{PHK+cT

M(X, Y ) = I((X, Y ))− I(X |Y )− I(Y |X).

2^gmE8WIp:e +�WYdSN>C[1lHK+4prgtW<+PO�1>C[/cE , a � TÀpF+PW0N<+PpFgm1<CF/2E8Wo+6EG1<N>+.CFEK��/cN<-�g}1>C[/cE -oJS1<JS+Pp[pF+�+_1l+6EG1<N>/2dSCF+PWIO_/cE8HKC[1<CF/2ESES+Pp[pF+PW0W<+O6/2-ldSN>+6ESES+PEG1q1>N<{�W)�Ag2O6C[pF+6-l+6EG1�+6E41>+6N>-0+uHfe +6ExWY+P-o~SpF+PWPTSO_/c-0-l+u+6�Dd8p[CrUGJShuWYJSN�prgIZ8L2J8N<+ , a È a

M(X,Y)I(X|Y)

I(X)
I(Y)

I((X,Y))

I(Y|X)

�����	� , a È 5���+6prg}1<CF/2ExWq+PEG1<N>+^+PEG1<N>/2dSCF+uHK+o�Dj8g2ESES/2EbTK+6EG1<N>/2dSCF+PW�O6/2E8HSC�1>C[/cESES+6pFpF+PWPTK+_1�C[ES��/2N>-lgm1<CF/2E4-oJK1>JS+6pFpF+2a

À¿��|ºiÄ|G�� �-6KIKN�; � N LUI�3 $769; 6HKh6Z8ESCFN�pFglOPgmd8gcO_C[1<h
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© �3�-�O�3�q�}����� �L�d�{�|� � �v�^ e¡  -¢ �}£�¤ �X¥U�¦�O�(�^§ � ¡S� �c¨O©«ªe¬�­F®3ªe¯S°-®-¬²±(³ ´¶µ �¶·¦¸�¸�¹Lºg¸²»Sº�¸�¼ � ¥ ½q¾e¿-À � ε ���¶µ(Á � �²Â{Ã � �«�(�e�e�3��Ä3ÅOÆ �-ÇY� ÈvÉeÊeËÍÌ ◦ ÎdÏ(Î(Ð



B
R

O
U

IL
LO

N

È��4� �������
	���
�����������������������	������ �����!�#" ��
����$�&%�'(�
021�35476985:<;�P�; � 4?P(� $ ;  B6�*�N*IK3


À¿��|ºiÄ|G�� �-6KIKN�; � N LUI�3 $769; 6


������ � � �W+ � � �5#�+7�������-�", ��� �B����,
���B�-��� �H���<$H� &)(*������+-,/.���� $���� �U+ �J���
*�e +6EG1>N</cdSC[+)HK+��DjxgmESES/cE0HSh_Z8ESCF+)+6E +-, a 8 . d!/cW>W<{PHK+�HK+X1<N>{PWs~!+6pFpF+PW�OPgmNQg2O�1>h6N>CFW>g}1>C[/cE8Wbgm�KC[/c-lgm1<CrUGJS+PWPa ��gmdSd!+6pF/2ExWUGJS+
Λn
HKh�WYCFL2ES+)pF+�WYCF-ldSp[+6�K+)HSh_Z8ESC[1�+PE +3, a � . am*VgyWY+PJSp[+X�Ag2-0CFpFp[+�HK+X��/cE8O�1>C[/cE Fn : Λn → R

T
n ∈ N∗ T2UGJSCKBch6N>C�Zx+6EG1È a)¹À/cJSN)1</cJK1

n ∈ N∗ T Fn
+�Wz1�W<kD-0h61<N>CFUGJS+cTKdx/GWYC[1<CFB2+y+61�O_/2EG1>C[EDJS+ &

� a
F2(1/2, 1/2) = 1 &88a)¹À/cJSN)1</cJK1

n ∈ N∗ +61 p ∈ Λn
T
Fn(p) = Fn−1(q, p3, . . . , pn) + q F2(p1/q, p2/q)

/c¸
q := p1 + p2

&+�Wz1^pÃe +6EG1<N>/2d8C[+0HK+l�Kj8gmESE8/2E
I
HKh_Z8E8C[+0+6E +3, a 8 . a!¿¼pÀ+_�KCrWz1>+0H,e g2JK1<N>+PW|O6gmNQg2O_1<hPN<CrW<gm1<CF/2E8W�HKJt-l�6-l+I1zkDdx+ca Á C[E8W<C:T!pF+PWW<+6JSpF+PWX�Ag2-lC[pFp[+�W�HK+y��/2ExO�1<CF/2ExW

Fn : Λn → R
T
n ∈ N∗ T8UGJSCfB2hPN<C[Z8+6EG1�d!/2JSN)1>/2JK1 n ∈ N∗È a

Fn
+PWY1�dx/GWYC[1<CFB2+y+61�O_/2EG1>C[EDJS+ &

� a
Fn(1/n, . . . , 1/n)) < Fn+1(1/(n + 1), . . . , 1/(n + 1)) &88a)¹À/cJSN)1</cJK1

(n1, . . . , nk) ∈ N∗k g�Bc+PO n1 + · · ·+ nk = n
T

Fn

(
1

n
, . . . ,

1

n

)

= Fk

(n1

n
, . . . ,

nk

n

)

+

k∑

i=1

ni

n
Fni

(
1

ni
, . . . ,

1

ni

)

;

W</2EG1�HK+ypFgI��/cN<-l+
Fn(p1, . . . , pn) = −

n∑

i=1

pi logb pi,

g�Bc+PO
b ∈ R∗

+

a^nq+�W�g}�KCF/2-l+PW�W</2EG1i1</cJK1t���AgmC[1�E8g}1>JSN>+6prW���+61�N<+PE8HK+6EG1�Hfe JSES+°O6+6N<1>g2C[ES+w�Ag �_/2E p:e +PEc1>N</cdSCF+�HS+�X/2p[1<�P-�gmESEK�z�Dj8g2ESES/cE$\uO6g2ES/2ESCrUGJS+�`@a�*bgwHKhP-0/cE8WY1<NQg}1<CF/2E HS+4O6+4UGJSC)dSN>hPO6{PHK+v+PWY10hPp[hP-0+PEG1>gmCFN>+ +_1�gth61<h�HK/2ES�EShP+yd8gmN��DjxgmESES/cEvpFJSC,-l�P-0+ca!Â|E4pFgI1<N>/2J8B2+6NQgId8gmN�+6�D+P-ldSp[+uHSg2E8W)pF+PW�dSN>+6-lCF{6N>+PWXd8g2L2+PW)HK+ � ��/c- � , � a

�������� � ���
� � ��� $ (*������+-,/. �"� $H��� �U+ �?�5�
��/cJ8W�g�Bc/2E8W�HKhY�Y��BDJiHSgmE8W�pFg�W<+PO_1<CF/2E , a � UGJS+up:e +PEc1>N</cdSCF+�HK+I�Dj8g2ESES/cE4+�Wz1|-lgm�KC[-lCrWYhP+2T8�01QgmCFp[pF+�HKJ�W<JSdSd!/2N<1ZS�KhP+2T�d8gmNÀpFg|pF/2CGJSESC[��/2N>-0+ca	�|JS+XW<+�dxg2W>WY+6�Ã1<�:CFpcpF/2NQW>UcJ8+�pÃe /2E0g}�z/cJK1<+qJSES+)O_/2EG1>N>g2C[EG1<+XWYJ8NÀW>g�-l/}k2+PESES+qd8gmNÀ+_�K+6-ldSpF+�+*VgIN>h6d!/2ExWY+^+PWY1�HK/2E8ESh6+yd8g2N�p[+y1>jSh6/cN<{P-0+yW<JSC[B}g2Ec1�a

021�35476985:<;�=J>T@�>�
<D
� ��G?N�: *B: P�SA;5LUI)694 V�N ;�X9> �@;m?±7
η ∈ Rn ����; �K9y7 ; �K7 η0 ∈ R

½��_9�? 'Xµ}5x7
min(η1, . . . , ηn) <

η0 < max(η1, . . . , ηn) [ ?±·À3>»2?r³�7¼3 β ∈ R
7 36· � �83

max
(p1,...,pn)∈Λn

η1p1+···+ηnpn=η0

I(p1, . . . , pn) = I

(

(qβ
1 , . . . , qβ

n)
)

,

;��
(qβ

1 , . . . , qβ
n) ∈ Λn

3_³Q7)² �"'�5x?A3�=8µ}9
qβ
k := (Zβ)

−1
e−β ηk;��

Zβ :=
∑n

i=1 e−β ηi
�?^03�=@· �D³ [ β

3�³�7 �K58?����83o·F;}9Q³�� �83I·[3_³
η1, . . . , ηn

5@3�³6;m587b=Sµ}³o7 ; �D³ �]\Gµ��2» � 
 5�'�5 [ β
Yv·[3³�? \25!30²23

(η1 + · · ·+ ηn)/n− η0 [ 3_7q½�µ �K7 0 3_5]´Qµ}³�² 	 � \cµm· ?±7 � �
��� K@P�MOTvP�K@V���kl�0RYMejYVSjYR��
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	#�U� È�� 8
^ � 
�;}58³�7Ã9<µm7Ã?A;m5 �)¹s/cJSN.gmpFpFh6L2+PN�p[+�W�ES/21>g}1>C[/cE8WPT�/2E�ES/m1>+6NQg

qβ := (qβ
1 , . . . , qβ

n)
+_1

p := (p1, . . . , pn)
+61.+6ESZ8E

Eq(η) := η1q1 + · · ·+ ηnqn
dx/cJSN�1</cJK1

q ∈ Λn
aS¿¼pV+PWY1�O_prgmCFN�UGJS+udx/cJSN�1>/2JK1

β ∈ R
T
qβ ∈ Λn

a8ºi/2EG1>N</cE8W�UGJS+
βd!+6JK1��61<N>+uOQjS/2CrWYC[1)1<+PpbUGJS+

Eqβ (η) = η0
aK¹À/cJSN�O_+PpFg8TK/2EiO_/cE8W<CFHK{PN<+^prgo��/cE8O�1>C[/cE

ϕ : R → R
HSh_Z8ESCF+ud8g2N

ϕ(β) := Eqβ (η) :=

∑n
i=1 ηi e−β ηi

∑n
i=1 e−β ηi

.

nq+61Y1<+y��/cE8O�1>C[/cEv+�Wz1�O6pFg2C[N>+6-l+PEc1�HK+�O6pFgcW<W<+ C∞ +_1
ϕ(0) = (η1 + · · ·+ ηn)/n

a 2Ie g2JK1<N>+ud8gmN<1PTKCFp,+6�DCrWY1<+y1</cJ}�z/2J8N>W
iHSg2E8W {1, . . . , n} 1<+PpbUGJS+ ηi = min(η1, . . . , ηn)

T8+_1�p:e /cE4g�g2p[/cN>W
ϕ(β) :=

ηi +
∑n

j=1 ηj e−β (ηj−ηi)

1 +
∑n

j=1 e−β (ηj−ηi)
,

UGJSCXO_/2EDBc+6N>L2+lB2+PN>W
min(η1, . . . , ηn)

p[/cN>W>UGJS+
β
1<+PE8H�B2+PN>W

+∞ a�2|+.prgi-l�6-l+ -�g2ESC[{PN<+cT,/2EM-l/cEc1>N<+vUcJ8+ ϕ(β)O6/2EDB2+PN<Lc+0Bc+6NQW
max(η1, . . . , ηn)

p[/cN>W>UGJS+
β
1<+PE8HMBc+6NQW −∞ aÀ*,+.1<jShP/2N>{6-l+ HK+PWIB}gmpF+6JSNQWuCFEG1<+6N>-lhPHKCrgmCFN>+PWogcW<W<JSN>+g2p[/cN>W�pÃe +_�KCrWz1>+6E8O6+^Hfe JSE

β ∈ R
1>+6pfUGJS+

ϕ(β) = η0
aD¹À/cJSN)-l/2EG1<N>+6N)UGJS+

β
+PWY1)JSESCrUcJ8+2TDC[p,W<J �l1�HK+y-0/cEG1<N>+6N)UcJ8+

ϕ+�Wz1�WY1<N>CFO_1<+6-l+PEc1�HShPO_N>/2CrW>W<g2Ec1>+2TG/2N�ES/cJ8W�g�B2/cE8WXd8gmN�J8E4W<C[-ldSpF+�O6g2pFO6JSp
ϕ′(β) := −Varqβ (η) 6 0,

g�Bc+POIh6Lcg2p[C[1<h�W<C�+_1oW<+6J8p[+P-0+PEG1oWYC�pF+PW
η1, . . . , ηn

W</2EG1y1</2JxWuh6LGgmJK�fa,ºi/cEc1>N</cE8Wy��dSN>hPW<+6EG1�UcJ8+ WYC
p ∈ Λn

B2h6N>C[Z8+
Ep(η) = η0

TxgmpF/2NQW
I(p) 6 I(qβ)

a!Â|Eig
I(qβ)− I(p) =

n∑

i=1

(

pi

qβ
i

log
pi

qβ
i

)

qβ
i ,

UGJSC�+�Wz1u+_�SgcO�1<+P-l+6EG1upÃe +6EG1<N>/2d8C[+lN>+6prg}1<CFB2+lHK+ �yJSpFp[~xg2O��G� *b+6CF~SpF+6N
Ent

(
p | qβ

) HKh_Z8E8C[+�+PE + � a � . d8gmLc+ � È a@Ä�pFpF+�+PWY1HK/cE8O^dx/GWYC[1<CFB2+y+61�EGJ8p[pF+uWYC,+61�WY+PJSpF+6-l+6EG1�WYC
p = qβ a

Â|EyN<+P-�gmNQUcJ8+6NQgqUGJS+�pF/2NQW>UcJ8+ÀpF+PW
η1, . . . , ηn

W</2EG1f1</cJ8WfhPLcgmJS�@T6pFg�O6/2E8HKC[1<CF/2EuW<JSN
η0
HSgmE8W,pÃe h6ES/cE8O_h�HSJy1<jShP/2N>{6-l+dSN>hPO6hPHK+PEG1�E,e +PWY1V�Yg2-lg2CFWqW<gm1<CrWz�Ag2C�1>+2TG+_1)HK+�1>/2JK1>+�-�gmE8C[{PN<+cT2pF+|dSN>/2~8p[{P-0+�N<+PBGCF+6EG1)gmpF/2NQW��oO6/2E8WY1>gm1<+6NXUGJS+�p:e +PEG1<N>/2dSCF+HK+^�Dj8gmE8ES/2E�+�Wz1�-�gm�DCF-lCFW<h6+�d8gmNqpFgupF/2CxJSESC[��/2N>-l+2TcO6+�UGJS+�ES/cJ8W�W>g�B2/cE8W�HKhY�Y�Sa*2�+|dSp[JxW6TcpFg�O6/2EG1<NQgmCFEG1<+

Ep(η) = η0CF-ldx/GWYhP+^�0p:e +PEc1>N</cdSCF+|+PEc1>N>g}�rE8+|CF-l-0h�HKCrg}1<+P-l+6EG1�UcJ8+
min(η1, . . . , ηn) 6 η0 6 max(η1, . . . , ηn)

TSO_+uUGJSCf-l/2EG1<N>+HK/cE8O�UGJS+|pFg�O6/2E8HSC�1>C[/cE C[-ld!/cW<h6+�W<JSN
η
E,e +�Wz1qd8g2WqN<+�Wz1>N<CrO�1>C[Bc+2a2*b+|OPg2W�/c¸

η0 = (η1 + . . .+ ηn)/n
+�Wz1XC[EG1<hPN<+�W<W>gmEG1�a¿¼p,+PEG1<NQg��±ES+uUcJbe �01QgmCFp[pF+�HKJiWYJ8dSdx/cNY1�Z8�DhP+u+_1��

η
� -0/}kc+6ESE8+|Z8�DhP+2TSp:e +6EG1<N>/2dSCF+�HK+o�DjxgmESES/cE�+PWY1�-lgm�KC[-lCrWYhP+^dxgmN�prgpF/2CÀJSESC[��/2N>-l+2a@Ä�EwpFg2ESLcg2L2+oLch6/c-0h61<N>CFUGJS+cT8prgvO6/2EG1<NQgmCFEG1<+IC[-ld!/cW<h6+l�.p:e +PEG1<N>/2dSCF+oN>+6BDCF+6EG1^�vpFg4O_/cE8W<CFHKhPN<+PN|O6/2-l-l+JSE8+o��/cE8O�1>C[/cEtHKh_ZxESC[+lW<JSNypÃe C[EG1>+6NQWY+�O�1<CF/2E]HKJ]W<C[-ldSpF+_�K+

Λn
g�Bc+POopÃe jDkGd!+6N>dSprgmE�dxg2W>W<g2Ec1|d8gmN

η0
+_1y/2N<1<jS/cL2/cE8gmpbg2JBc+PO�1>+6JSN

η
aVÂ|EwB2/2C[1ugmpF/2NQW^UGJ,e CFp�WYJ �l1�HK+�O_/cE8W<CFHKhPN<+PN|pF+PWyBc+PO_1<+6J8N>W

η
gmd8d8gmN<1<+PE8gmEG1u�vprg4WYdSj8{6N>+lHS+

R
n d!/2JSNuprgES/cN<-l+ ‖·‖1 TK+_1�p:e /cE�glHK/cE8O η0 ∈]− 1, +1[

a*,+�W�pF/2CrW�HK+�dSN>/2~xgm~SCFp[C[1<h�W�HK+�prg^��/2N>-l+
qβ
W</2EG1�gmdSd!+6pFh6+�W|\XpF/2CrW�HK+��X/cp�1>�6-�gmESES� � CF~S~8Wb`faDÂ|E�d!+6JK1�hPES/2ExO_+6N�JSE1>jSh6/cN<{P-0+)W<C[-lCFpFg2C[N>+�d!/2JSN�pF+PWÀpF/2CrWsHK+)dSN</c~8gm~8C[pFC�1>hPWsW<JSN

N
/2J

Z
amÄ�E0d8gmN<1<CrO_JSpFCF+6N�T�prg|p[/cCKL2h6/c-lh_1<N>CrUcJ8+qHK+)d8g2N>g2-0{61<N>+

p = 1/(m + 1)
W<JSN

N
-�g}�KC[-lCrWY+IpÃe +6EG1>N</cdSC[+od8gmN>-lCb1>/2JK1>+PW^p[+�W�pF/2CrW^WYJSN

N
Hfe +6EG1<N>/2d8C[+oZ8ESCF+o+_1uHK+0-l/}k2+6E8ES+

m
a*b+|1>jSh6/cN<{P-l+ È��4� dx/GW<W<{PHS+^J8ES+uB2+PN>W<C[/cEvW<+6-I~SpFg2~SpF+ , a �Sa È d!/2JSN�p:e +PEG1<N>/2dSCF+uO_/2EG1>C[EDJS+ +-, a � . a


������ 
 ������+-,/. �"� $��  �"��W����, � �J���U,
� .�&��J������#%$H��� , & � , �/,/+-,B!
��+PB2+6E8/2E8W|� dSN>hPW<+6EG1^�.pFg ES/m1>C[/cEtHK+lO_/2-ldSpF+_�KC[1<h0HK+ �|/2pF-l/2L2/cN</}B�CFEG1<N>/KHKJSCFN<+0HSgmE8W|prg.W<+PO�1>C[/cE È a È d8g2L2+ ���+61��AgmCrWY/cE8W�pF+up[CF+6E�g�Bc+POyp:e +PEG1<N>/2dSCF+�HK+o�X/2p[1<�P-�gmESEK�z�Dj8g2ESES/cE,a8�D/2C[1

m ∈ N∗ J8Ei+6EG1<CF+6N�E8/2EiEDJSp:T U JSES+o-lgcOQjSCFES+JSE8C[Bc+6NQWY+Pp[pF+y+_1 Pm
pÃe +6ExWY+P-o~SpF+�HK+PW�dSN>/2L2NQgm-l-l+PWqhPO6N<C[1>W�dx/cJSN�O_+61Y1>+�-�g2OQjSCFES+uHK/2EG1�prg0p[/cESL2J8+6JSN�HS+upFg�W</2N<1<CF+y+PWY1

�v�O�(�^��� �3�^�h�
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HK+

m
aSÂ|E�ES/m1>+

K(y|m)
pFg�O6/2-ldSpF+_�KC[1<h|HS+ ��/cp[-l/cL2/2N>/}B�HK+�1QgmCFp[pF+

m
Hfe J8ES+|W<JSC[1<+

y = (y1, . . . , ym)
HK+�pF/2ESLcJS+6J8N

m
TSHKh_ZxESC[+udxgmN�G

K(y |m) := min
p∈Pm, s(p)=y

l(p).

�D/cC�10�idSN>hPW<+6EG1�JSES+4WYJSC[1<+vHK+.B}gmN>Crgm~SpF+PW�g2p[h�g}1>/2CFN<+�WyCÃa CÃa Hfa
(Xi)i∈N

HK+ pF/2CXHKCFW>O_N>{_1>+
p1δa1

+ · · · + pnδan

/2¸MpF+PW
a1, . . . , an

WY/cEc1s1>/2J8W�HSC,%@h6N>+6EG1>WPTm+61�pÃe /2E0ES/m1>+ A := {a1, . . . , an}
p:e g2p[dSjxgm~!+_1�O_/cN<N>+PW<dx/cE8HSg2Ec1�a Á pF/2NQW6T}/cE0-l/cEc1>N<+ �UGJ,e C[pf+6�KCFWY1<+uJSE8+yO6/2E8WY1>g2EG1<+

c > 0
1<+Pp[pF+�UGJS+ydx/cJSN)1</cJK1

m ∈ N∗ G

I(p1, . . . , pn) 6
1

m

∑

y∈Am

py1
· · · pym K(y |m) 6 I(p1, . . . , pn) +

n log m

m
+

c

m
,

/c¸
pz := P(X1 = z1, . . . , Xm = zm)

dx/cJSN)1</cJK1
z ∈ Am a Á CFE8W<CÃTS/cE4g G

1

m
E(K((X1, . . . , Xm) |m)) −→

m→+∞
I(p1, . . . , pn).
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aÄ�E0+ %@+_1�T2W<C

X
+PWY1�JSElB2+�O�1<+PJSN�gmpFhPgm1</2CFN>+qHK+

R
d HK/cEG1sprg^p[/cCKg|J8ES+�HK+6E8W<C[1<h�d8g2NÀNQgmd8dx/cNY1���prg^-l+PW<JSN<+�HK+�*b+6~!+PW<L2JS+cT/cE4g0d!/2JSN)1>/2JK1

α ∈ R
G

I(α X) = I(X) + d log2 |α|,+61 pÃe +6EG1<N>/2d8C[+iHK+�prg�pF/2C�LGgmJ8W>WYCF+6E8ES+4WY1>g2E8HSg2N>H¾E,e +PWY1 d8g2W EGJ8p[pF+i+_1 B}gmJS1 d
2 log2(4π)

aX*�e +6EG1<N>/2dSCF+�O_/cEG1<CFEGJ8+4+�Wz1CFEDB�g2N<CrgmEG1>+�d8gmNV1<NQgmExWYprg}1>C[/cE8W�G
I(X+α) = I(X)

T�+_1�O_+_1<1<+XdSN>/2dSN>C[h61<hq+PWY1ÀpF+qd!+6ExHSgmEG1�HK+qp:e C[EDB}gmN>CFg2E8O_+XHK+XpÃe +6EG1<N>/2d8C[+HKCrW>O_N>{_1<+|d8gmNqN>g2dSd!/2N<1XgmJvWYJSd8dx/cNY1)HK+^W</2EvgmN>L2JS-l+6EG1�a��V/2JK1�O_/c-0-l+|pÃe +6EG1<N>/2d8C[+�HSCFW>O_N>{_1>+2TDpÃe +6EG1>N</cdSC[+|O_/2EG1>C[EDJS+|+PWY1+6�G1>+6E8W<CFB2+�G
I((X, Y )) 6 I(X) + I(Y ),g�Bc+PO)h6LGgmpFC�1>h|W<Cx+61XW<+6JSpF+6-l+PEc1)WYC!pF+PWXHK+6JK��Bc+PO�1>+6JSNQW�g2p[h�g}1>/2CFN<+�W���HK+PE8W<C�1>h

X
+61

Y
WY/cEc1qC[E8HSh6d!+6E8HSg2EG1>WPaG*Vg�dSN>+6JSBc++�Wz1�CrHK+6EG1<CrUGJS+��lO_+Pp[pF+uHKJ41<jShP/2N>{6-l+ , a � a È d!/2JSN�p[+uO6gcW�HKCrW<O6N<+61Panq/2-l-l+0ES/2J8W|p:e g�Bc/2E8W|-l/2EG1<N>hodSN>hPO6hPHK+P-l-0+PEG1PT@pÃe +6EG1>N</cdSC[+0O_/cEc1>C[EDJS+cTfO_/2EG1>N>g2C[N>+6-l+6EG1|�.pÃe +6EG1>N</cdSC[+lHKCrW<O6N<{61<+cTE,e g�dxg2WlHK+4-lgm�KC[-IJS- +_1�d!+6JK1�dSN>+6E8HSN<+.1</2JS1<+PW0pF+PW0B}gmpF+6JSNQW0HSgmE8W

R
a�nq/2-l-l+

0 log 0 = 0
TÀpÃe +6EG1<N>/2d8C[+�Hfe JSES+HK+PE8W<C�1>h

f
�IWYJSd8dx/cNY1XC[E8O6p[JxWXH8gmE8Wqp[+yO_/c-ld8g2O_1

K := [a1, b1]× · · · × [ad, bd] ⊂ Rd goJSEvW<+6ExW�pF/2NQW<UGJS+ f log f
+�Wz1*b+6~!+PW<L2JS+uCFEG1<h6LcN>g2~SpF+�WYJSN

K
ax¿¼pÀW<+u1<N>/2J8B2+�UGJS+odxgmN>-0C,1</2JS1<+PW|pF+PW�pF/2CrW�HS+�dSN>/2~8g2~SC[pFC[1<hPW|WYJ8N

Rd HK/2EG1�pF+oW<JSdSd!/2N<1+�Wz1�HSg2E8W
K
TSp:e +6EG1<N>/2dSCF+uO_/cEc1>C[EDJS+y+�Wz1�-�g}�KCF-0CrW<h6+yd8gmN�prg0p[/cC,JSESC[��/2N>-l+ UK

W<JSN
K
aKÄ�Ei+ %@+_1�T8WYC

µ
+PWY1�JSES+upF/2C,HS+dSN>/2~xgm~SCFp[C[1<h��uW<JSdSd!/2N<1�HSgmE8W

K
+_1�HK+�HK+PE8W<C�1>h

f
d8g2N�N>g2dSdx/cNY1�� UK

Tm/2E�gy+6ElES/21>g2Ec1 |K| prgy-l+PW<JSN>+�HK+�*,+P~x+�WYLcJS+HK+
K

I(UK)− I(µ) = log |K|+
∫

K

f(x) log f(x) dx =

∫

K

f(x) log(|K| f) dx = Ent(µ | UK) ,

/c¸vpF+y-0+P-o~SN>+�HK+uHKN>/2C[1<+y+PWY1�p:e +PEc1>N</cdSCF+^N>+6prg}1>C[Bc+^HS+��yJSp[pF~8gcO��c�¼*,+PC[~8p[+PNPTDO��zaSN>+6-�g2N>UGJS+ , a 8Sa È axÂ|E�glHK/2E8O
Ent(µ | UK) > 0,

�v�O�(�^��� �3�^�h�
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g�Bc+PO�h6LGgmpFC�1>h�WYC^+_14WY+PJSp[+P-l+6EG14W<C

µ = UK
a Á CFE8W<CÃTXprgMdSN>+PW>O_N>C[dK1>C[/cE Hfe JSE$W<JSdSd!/2N<1vO_/c-0dxg2O�1vdx/cJSN.p:e +PEG1<N>/2dSCF+O6/2EG1<CFEDJS+�+�Wz1)pÃe gmExgmpF/2L2J8+|HK+^pFgIdSN>+PW>O_N>C[dS1<CF/2E.HK+^prg�1QgmCFp[pF+^HSJvW<JSdSd!/2N<1Xd!/2JSN)p:e +PEG1<N>/2dSCF+^HSCFW>O_N>{_1>+2TDO_+yUcJ8C!Ebe +�Wz1�d8gcWW<JSN>dSN<+PE8gmEG1�al2�+o-lg2ESCF{6N>+�L2hPESh6NQgmpF+2TSp:e +6EG1<N>/2dSCF+�O_/cEG1<CFEGJ8+og�JSEi-�g}�KCF-oJS-�W</2J8W|O_/2EG1>N>g2C[EG1<+�HS+v\|-0/c-l+6EG1�`iWYJ8N1>/2JK1

Rd TDO_/c-l-0+|pÃe +_�KdSN>CF-0+|p[+|1<j8h6/2N>{6-l+�W<JSCFB}gmEG1PaSÂ|E.ES/21<+PN>g�UGJS+^O_+61Y1<+yO_/cEG1<NQgmCFEc1>+�HK+|-0/c-l+6EG1q+�Wz1y· ?±5 �Qµm?±9<3�365·[µ ·[;}?±Tx+_�Sg2O_1<+P-0+PEG1�O6/2-l-l+ypÃe +PWY1�pFglO6/2EG1<NQgmCFEG1<+yWYJSN�p:e +6EG1<N>/2dSCF+uHKCrW<O6N<{61<+uHSgmExW)p[+y1>jSh6/cN<{P-0+ , a � a � a
021�35476985:<;�=J> � > C D
� �-G?N�: *B: P ST;5LUI)6947VWN�;-X9> �@;m?±7

η : Rd → R
�K5@3 �_;}5@´_7:?A;}5 
l3_³��K9<µ2¶6·[3y7¼3_·±·F3 ���83

exp(−η)³6;}?±7 �b3�¶Q3�³�\ �83�?±5x7 � \29<µ2¶6·[3 ³ �K9
Rd � �@;m?±7 µη

·[µ�·[;}?�²c3y=@9<;2¶Qµ2¶6?±· ?±7���³�³��K9
Rd ²23.²c3_58³�?±7 � (Zη)−1 exp(−η)

; �
Zη3_³�7�·[µ4´Q;}5S³�7¼µ}5x7 3I²23I5!;m9�
lµm· ?r³6µ}7:?A;}5 � � ��=c=S;}³_;m5S³ ���83

η
³6;}?±7

µη
?±587�� \m9>µ2¶6·[3 [ 3_7q5!;}7¼;}58³ η0

³6µ 
l; �23_5x5!3 �&�@;}?±7 Vd· 	 365S³63�
l¶6·[3I²23_³^½}3Q´_7¼3 �K9Q³�µ}· �>µm7 ;m?±9<3_³�²c3
Rd ²2;}5x7�· 	 36587:9<;Q=!?A30²23 ���Sµm585!;m5 +3, a � . 3_³Q7X¶_?A365]² �"'�5x?A3I367q3_³�7q3�³�7 '�58?A3 �� 5]µvµ}·[;m9Q³

max
X∈Vd

E(η(X))=η0

I(X) 6 I(µη) := η0 + log2 Zη,

367�·[3 
�µ6»c? 
 � 
 5 	 3�³�7Xµm7Ã7¼36?±587 � �83)=S; �K9u·[3�³u½}3Q´_7¼3 �K9Q³�µ}· �>µm7 ;m?±9<3_³I²23I·[;}?
µη

�
^ � 
�;}58³�7Ã9<µm7Ã?A;m5 ��*Vg0dSN<+PJSB2+y+�Wz1�W<C[-lCFpFg2C[N>+u�0O6+6pFp[+�HSJv1>jSh6/cN<{P-l+ , a � a � a8Â|E4g

I(µη)− I(X) = Ent(L(X) |µη) ,/c¸vpF+y-0+P-o~SN>+�HK+uHKN>/2C[1<+y+PWY1�p:e +PEc1>N</cdSCF+^N>+6prg}1>C[Bc+^HS+��yJSp[pF~8gcO��c�¼*,+PC[~8p[+PNPTDO��zaSN>+6-�g2N>UGJS+ , a 8Sa È a*,+�W�pF/2CrW)HK+^dSN</c~8gm~8C[pFC�1>hPWqHK+|prgo��/2N>-0+
µη
W</2EG1)g2dSd!+6pFh6+PWy\�pF/2CrWXHK+^�X/cp�1>�6-�gmESES� � CF~S~8Ws`@TD+_1)pFg���/2E8O_1<CF/2E

η
+PWY1d8g2NY��/cCFW�gmdSd!+6pFh6+I\�dx/21<+6EG1>C[+PpD`0/cJ +6E8O6/2N>+o\)j8g2-0CFp[1</2E8C[+PEo`��2aKnq/2EG1<NQgmCFN>+6-l+6EG1�gmJ OPg2WqHKCFW>O_N>+_1XHKJ�1<j8h6/2N>{6-l+ , a � a � TCFpVEbe +�Wz1^d8g2W�1</2Jm�z/2JSNQW�d!/cW>WYCF~SpF+IHK+Id8gmNQgm-lh61<N>+6N�prg.O6/2EG1<NQgmCFEG1<+ud8g2N�JSE]d8gmNQgm-l{_1>N<+

β
a,n|e +PWY1^O6+6d!+6E8H8gmEG1|d!/cW>WYCF~SpF+HSg2E8W)JSEiO_+PNY1QgmCFE.ES/c-o~SN>+PW�HS+�O6g2WPaDÄ�EiB2/cCFO6CfUcJ8+6prUcJ8+PW)+_�K+P-0d8p[+�W�C[-ld!/2N<1>g2Ec1QW6aÈ a�� 4 N�M ; GJV 4 LB;5LUI�N ;5R�R�;5M > *b/2NQW<UGJS+

η(x) = λ ‖x‖1
g�B2+PO

λ ∈ R∗
+

TGpFgypF/2C
µη
UGJSC8+�Wz1�J8ES+�pF/2CxHS+�*bg2dSpFgcO_+ E(λ)

+ /2JvHK/2JS~8p[+6�:+6�Dd!/2E8+6EG1<CF+6pFp[+ . HK+|d8gmNQgm-l{_1>N<+ λ
aSÂ|E.g�g2p[/cN>W

η0 = λ
TG+61qpF+�1>jSh6/cN<{P-0+�+_�KdSN>C[-l+�UGJS+|p[+�W�pF/2CrW�HK+*bgmd8pFgcO_+y-�g}�KC[-lCrWY+PEG1)p:e +6EG1<N>/2dSCF+u�0-0/}kc+6ESE8+�ZS�KhP+2a8��/m1</cE8W�UGJS+uHSgmExW�O_+�O6gcW6T

I(η) = λ + d log2(2λ−1) &� a�� 4 N�M $ � *�M�MKN�;5L�LB;5M > *b/2NQW<UGJS+
η(x) = 1

2

〈
Σ−1 x , x

〉 /2¸
Σ
+PWY1�JSES+.-lgm1<N>CFO6+ WYkD-lh_1>N<CrUGJS+

d × d
HKh_Z8E8C[+dx/GWYC[1<CFB2+cTbprg�p[/cC

η
+PWY1oJSES+ pF/2C�LcgmJxW<W<C[+PESES+ N (0, Σ)

a�Â|E gigmpF/2NQW
η0 = d

2

TV+_1opF+�1<j8h6/2N>{6-l+�+6�Dd8N<CF-l+ UcJ8+p[+�WqpF/2CrWqLcgmJxW<W<C[+PESES+�W�HK+yO_/}B}gmN>CrgmE8O6+
Σ
-�g}�KC[-lCrWY+PEG1qp:e +PEc1>N</cdSCF+|�u1>N>gcO_+^HK+|prg�-�gm1<N>CFO6+|HK+yO_/}B}gmN>CrgmE8O6+)ZS�Kh6+2a¹sg2Nq-�gm1<N>CFO6+^HK+yO_/}B}g2N<CrgmE8O6+�HKJvB2+PO_1<+PJSN

X
Tc/cE.+6EG1>+6E8H

(Cov(Xi, Xj))16i,j6d
aK��/m1>/2E8W)UGJS+yHSgmExWqO6+^OPg2WPT

I(η) = d
2 log2

(

4πDet(Σ)1/d
) a

88a�� 4 N�M�$ �-:<: �J> �b/cJK1s+PWY1À+6�Dd8p[CrO_C[1>g2~Sp[+X+6Eo1<+PN<-l+PWsHK+Xprg���/cE8O�1>C[/cEoLcg2-l-lg8aPÄ��D+PN>O6CFO6+ -mÂ|EIHK+PBGNQgmC[1VN>+_1>N</cJSB2+PNpFg0pF/2C,+6�Dd!/2E8+6EG1<CF+6pFp[+uO6/2-l-l+yOPg2W)d8g2NY1>CFO6JSpFC[+PN &
� a�� 4 N�M PB;��E;5N  �*BR R"> ¿zHS+6-�a


|3 
�µ}9����83 , a �Sa � � �X9�?±5@´_? =83l²23 
lµP»c? 
 � 
�²
	 36587:9<;>=@?A3 ���|*,+|=!9�?±5@´_? =83�\ �65 �69<µ}·V²c3 
�µ6»c? 
 � 
�² 	 3_5x7Ã9<;Q=!?A36T8hPES/2E8O6hd8g2N)+_�K+6-ldSpF+yd8gmN� Gg�kDES+PW)HSg2E8WXp[+�W�gmESE8h6+PW È � � � TKO_/2ExWYCrWz1>+^�lHKCFN>+yUGJS+yprg0p[/cC,HK+udSN>/2~8g2~SC[pFC[1<hy�0OQj8/2CrWYCFN)d8gmN>-lCfJSE+PE8WY+P-o~SpF+yHK+yp[/cCFWXd!/cW>WYCF~SpF+PWXp[/cN>WXHfe JSES+y-l/KHKh6pFCFW>g}1>C[/cEvHK/cC�1��61<N>+^O6+6pFp[+uUGJSC@-�g}�KC[-lCrWY+yp:e +PEG1<N>/2dSCF+2aK*,+�W)O_/2EG1>N>g2C[EG1<+�WdSN>/}BDC[+PESES+PEc1)gmpF/2NQW�HK+yp:e CFEK��/cN<-�g}1>C[/cE.HK/cEc1)/2E4HKCrWYd!/cW<+2aD¹�gmNX+_�K+6-ldSpF+2TSW</2JxWqO6/2EG1<NQgmCFEG1<+|HS+^W<JSdSd!/2N<1PTD/2E4O_/cE8WYCrHKh6�N>+6NQg�JSES+Ip[/cCsJSESC[��/2N>-0+cT!W</2JxW|O6/2EG1<NQgmCFEG1<+oHK+0-l/}k2+PESES+2T!/2E]OQjS/2CrWYCFNQg�JSES+Ip[/cCÀ+6�Kdx/cES+6EG1<CF+6pFpF+2T@WY/cJ8W|O6/2EG1<NQgmCFEG1<+oHS+B}gmN>CrgmE8O6+2TD/2E�O_/cE8WYCrHK{PN<+PN>gIJSES+ypF/2C,LGgmJ8W>WYCF+6E8ES+2TD+_1QOma*,+�W�pF/2CrW�LGgmJ8W>WYCF+6E8ES+PW�W</2EG1�1>N<{�W�CF-ldx/cNY1QgmEG1<+�WoHSg2E8W�pF+PWIgmdSdSpFCrO6g}1>C[/cE8WPT,+_10N<+P-0d8pFgcO_+6EG1IW<JSNo1</2JS1
Rd pF+PWIpF/2CrWJSE8C���/cN<-l+PWPaG¹sg2NXg2E8gmpF/2LcC[+|g�B2+PO�p[+yO6gcWqHKCrW>O_N>+_1 +3, a � . TD/cEvHKh6Z8ESC[1Xp:e +PEG1<N>/2dSCF+�+6�Dd!/2E8+6EG1<CF+6pFp[+^HK+u�Dj8gmE8ES/2E N(X)

HSJBc+PO�1>+6JSN�g2p[h�g}1</cC[N>+
X
HK+uprg0-�gmESCF{6N>+uWYJSCFB}gmEG1<+ G

N(X) :=
1

4π
2

2
d I(X). +-, a , .

� k Z WtK@P�MeTvP�K@V«f�K@i�j �
�v�O�(�^��� �3�^�h�
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 �\� È�� ,
2|+ O_+61Y1<+�-�g2ESC[{PN<+

N(N (m, Σ)) = Det(Σ)
1/d ab*�e +PEG1<N>/2dSCF+l+_�Kdx/cES+6EG1>C[+Pp[pF+ HK+

X
HK/2ESE8+lHS/2E8Olp:e h�O6g2NY1y1zkDdx+ HS+prg�p[/cC�Lcg2J8W>WYCF+6ESE8+�WY1>g2E8HSg2N>H¾HK+i-l�6-l+�+PEc1>N</cdSCF+�UGJS+

X
aXnq/2-l-l+ip[+]HKh_1>+6N>-0CFE8g2Ec1 +�Wz1 J8E

d
� B2/2pFJS-l+2T |Σ|1/dWPe CFEG1<+PN<dSN>+_1<1<+uO_/c-l-0+yJSE8+�WY/cNY1>+^HK+.\�NQg�k2/2E4Hfe C[E8O6+6N<1<C[1<J8HS+�`fa8*,+y-�g}�KCF-oJS-�Hfe +PEG1<N>/2dSCF+ydx/cJSN�pFg0pF/2CfLGgmJ8W>WYCF+6E8ES+WPe +6�KdSN<CF-l+^g2p[/cN>W)HK+uprgI�Ag��6/2E�WYJSCFB}gmEG1<+ GKd!/2J8N�1</cJK1�B2+PO_1<+PJSN�gmpFhPgm1</2CFN>+

X
HK+�O_/}B}g2N<CrgmE8O6+

Σ
T

N(X) 6 Det(Σ)
1/d

.

2|+ -�gmESCF{6N>+�L2hPESh6NQgmpF+2Tf/cEMdx+PJK1IHKh6Z8ESCFNop:e h�UGJSC[B}g2p[+PEc10HK+ p:e +PEc1>N</cdSCF+�+_�Kdx/cES+6EG1>C[+Pp[pF+ d!/2JSNoOQjxg2UGJS+�pF/2C
η
HSg2E8WupF+1>jSh6/cN<{P-0+ , a �Ka È a@*,/cN>W>UGJS+�prg.pF/2CsHK+ X

gvJSE]W<JSdSd!/2N<1yO6/2-ld8gcO�1
K
HSg2E8W

Rd T@CFpsW<+6NQgmC[1|dxgmN^+_�K+6-ldSpF+Id8N<h6��h6NQgm~SpF+Hfe JK1>C[pFCFW<+6N�O6/2-l-l+qN>h_��hPN<+PE8O_+qpFg|p[/cCKJSESC[��/2N>-l+XW<JSN
K
+61sHS+XN>+PHSh_Z8ESCFN

N(X)
+6ElO_/2ExWYh�UcJ8+6E8O6+2a�*�e +6EG1<N>/2dSCF+

I(UK)
HS+prg�pF/2CKJ8ESC���/cN<-l+ UK

W<JSN
K
B}gmprgmEG1

log |K| T}/2EIdx/cJSN>N>g2C�1�HK/2ExOXHSh_Z8ESCFN NUK (X) := exp(I(X))
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