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(f ∗ g)(x) :=

∫

f(x− y)g(y) dy =

∫

f(z)g(x− z) dz = (g ∗ f)(x),

&(=
Eµ∗ν(ϕ) :=

∫

ϕ(x + y) d(µ⊗ ν)(x, y) =

∫

ϕ(x + y) d(ν ⊗ µ)(x, y) = Eν∗µ(ϕ) .
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µ∗n := µ ∗ · · · ∗ µ
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&H^d=_L2"2&1)P7.$e-b7:Z893&}7.93ol7[=e+,-3$'&@&(">='-P6H$e& 5�-�\ &.\z?T)[7:9/&(L2$E^�N87:"8^

N̄ := N ∪ (+∞) : Iz+." N`o(p8"2-3=i^'7amn+."846=e-/+."y,o("2oH$'7:=e$'-/4(&�087.$Wq
GX : [0, 1[ → R

s 7→ GX(s) := E
(
sX
)

=

+∞∑

k=0

sk
P(X = k).

@]9/9/&T"2&µN`oH05&H"8N |>L2&�N`&T9b7{93+,-�N`&
X
I®|>Lh� &(9/9/&�4(7:$E7.46=eoH$e-b^d&,\ @]" N�� 7:L`='$e&a='&($';i&l^(I�^d-

X
&(=

Y
^d+,">=@N2&(L`��)j\ 78\&H",='-P6H$e&l^(I`7.93+,$'^ L(X) = L(Y )

^e-j&6=�^e&(L29/&(;<&(">=M^e-
GX = GY

\2U#&W029/L8^(I
GX+Y = GXGY

93+,$'^'|>L2&
X
&6=

Y
^e+.">=-/"8N`oH05&H"8N27:">='&H^�5n9b7r$'oH46-/02$'+`|,L8&�&l^�=fm�7.L8^e^e& : \>!#"i05&HL`=�N`o(p8"2-/$f9/7Xmn+,"84�='-3+,"iy,o("2oH$'7:=e$'-/4(&�N`L@4(+.L2029/&MN`&�)j\ 72\[&(">='-P6H$e&l^

(X, Y )
&H"

(s1, s2) ∈ [0, 1[2
057:$Wq

G(X,Y )(s1, s2) := E
(
sX
1 sY

2

) \8wx&H^�)j\ 72\
X
&6=

Y
^e+.">=�7:9/+.$E^C-3"5N`o(0t&("8N87:">=e&l^M^d-&(=�^e&(L893&H;i&H">=�^d-

G(X,Y )(s1, s2) = GX(s1)GY (s2)
0t+.L2$�='+.L`=

(s1, s2) ∈ [0, 1[2
\wx7@mn+."846=e-/+."�y,o("2oH$'7:=e$'-/4(&W05&H$e;<&6=Xo(y>7:9/&(;<&(">=�N`&i4(7:9b46L893&H$�9/&H^M;<+,;i&H">='^#02L2-b^e|>L2&

P(X = n) = 1
n! Gn

X(0)
&6=

G′
X(1) = E(X)

&6=M029/L8^�y,o("2oH$'7.93&H;i&H">=Xq
G

(n)
X (1) = E(X(X − 1) · · · (X − n + 1))

\
��
?> @A�����!6�������$&BC��)#�ED5��8�9�9F�2$��E�(8�$G)#�H���I)�$J�G��%'�J8�$&)#-��

!#"a$'7.0205&H939/&u|>L2&W^d-
X
&6=

Y
^e+.">=MN`&HL`�1)j\ 78\`&(">=e-M6($'&H^�5�-�\ &.\5?_)[7.93&HL2$'^�N87:"8^

N̄)
-/"8N`o(0t&("5N27:">=e&l^�7:9/+.$E^Xq

P(X + Y = n) =
∑

k1+k2=n

P(X = k1)P(Y = k2).

@]"a='&($';i&WN`&W9/+.-b^HI246&(9b7<N`+."8"2&<q
(µ ∗ ν) =

∑

k1+k2=n

µ({k1}) ν({k2}) δn.

K�LNM�LPO Q�R�SUT�VWSYX?R[Z]\,^`_�SPacbdZfehgc^
V#� &H^d=k9b7�93+,-XN2+."2"2oH&µ087.$µq

(δa1
+ · · ·+ δan)/n

IC+(8 9/&H^
ai
^e+.">=1='+.L8^kN`-3�toH$e&H",=E^(\�@]9/93&c7 0t+.L2$k;<+[�.&("8"2&

(a1 + · · · + an)/n
&6=a05+,L2$k)[7.$e-b7:"84(&

(n‖a‖2
2/n − (a1 + · · · + an)2)/n2

\�!#" 9Q� L2=e-/93-b^d&c0t+.L2$k;i+`N`oH93-b^e&($aL2"02´8o("2+,;�6H"2&i05+,L2)[7:">=W02$e&H"8N`$'&
n
)[7:9/&(L2$E^rN`-v�jo($'&(">='&H^

a1, . . . , an
7P),&H4�9/7a;<¯(;<&<02$'+.Z87.Z2-39/-3=eo

1/n
\0@]9/93&}7a0t+.L2$02$'+.08$e-/o6='o�$'&(;@7:$E|>L87:Z29/&�N`&i;@7[�`-/;i-b^e&($lIt?

n
p2�`o.Ij9Q� &H">=e$'+.02-/&_N`&@s*´87."2"2+,"

H(p1, . . . , pn)
N`o(p8"2-/&_0t+.L8$XL8"2&_9/+.-N`&r02$'+.Z57:Z2-/93-3=eo

p1δa1
+ · · ·+ pnδan

057:$Wq

H(p1, . . . , pn) := −
n∑

k=1

pi log pi.

K�LNM�LiM Q�R�SU_�^kjA^hZ]V�R�T�lmlPS
V#� &H^d=_9b7T93+,-

qδa + pδb
+(8

p ∈ [0, 1]
I
q := 1 − p

&6=
a 6= b

\�wh&}029/L8^i^d+,L2).&H">=HIh+,"�L`=e-/93-b^e&
qδ−1 + pδ1

+,L
qδ0 + pδ1

\jwx7@9/+.-
qδ0 + pδ1

It"2+.=eo(& B(1, p)
I2&l^�=rN`&u;<+[�.&H"2"2&

p
&6=#N`&_)[7:$'-/7."846&

pq
\-@]9/93&_05&H$e;<&(=XN`&_;i+`N`oH93-b^e&($9/&�$'oH^eL293='7[=XN�� L8"2&�&(�*0to($'-/&("84(&_?}N`&HL`�T-/^'^eL2&H^�05+>^e^e-3Z893&l^(Ij46+,;i;<&u057:$�&(�`&(;<029/&�L2" W�&6=XN2&�02-M6H4(&_N27."8^ML2" W�&(LµN2&02-/9/&i+,L�m�7,46&.Ih7P),&H4�02$e+,Z87:Z8-39/-v='o

p
N`&<y>7:y."8&($25�46+`N`o

1 : &(=r08$e+,Z87:Z2-/9/-v='o 1 − p
N`&<05&H$'N`$'& 5�46+`N`o

0 : \A@]9/93&@7a05+,L2$mn+,"84�='-3+,"ky,o("2oH$'7:=e$'-/4(&
q + ps

\
[#\?]/^�_a` b'c�dfe
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K�LNM�L�� Q�R�S��WSmV�R�\ S��&lP^

N +.=eoH& B(n, p)
I*4.� &l^�=M9b7i93+,-fq

n∑

k=0

Ck
n pk(1− p)n−k δk = (qδ0 + pδ1)

∗n.

@]9/9/&�0t&($';i&(=�N2&�;<+`N`o(9/-/^e&($�93&X"2+,;�Z2$'&�N`&#y,7:-/"8^®05+,L2$
n
9b7:"546oH^C7:L W�&HLkN`&#02-/93&X+.L@m�7,46&�7P),&H4�08$e+,Z87:Z2-/9/-v='o#N`&#y,7:-/"N`&

p
\xs*-

X1, . . . , Xn
^e+.">=W-�\ -�\ N�\hN`&<9/+.-]N`&@BC&($'"2+,L2939/-

qδ0 + pδ1
Ih7.93+,$'^

X1 + · · · + Xn
^dL8-v=W9b7k9/+.- B(n, p)

\hw�702$'+.Z57:Z2-/93-3=eoXN`&Xy,7:y,"2&($
k
mn+.-b^C&("

n
9/7."846ol^®)[7:L2=

Ck
npk(1− p)n−k

\2s`7_;<+[�.&("8"2&�&l^�=
np
&6=�^'7u)[7:$'-/7."846&

npq
\�@]9/93&7i0t+.L2$�mn+,"84�='-3+,"ky,o("2oH$'7:=e$'-/4(&_q

GB(n,p)(s) := EB(n,p)(s
•) = (q + ps)n.w�7_9/+.-�y>7:L8^'^e-3&H"2"2&X05&HL`=�¯6='$e&r+,Z`=e&H">L8&X057:$�087,^e^'7:y,&#?<9b7_9/-/;i-3=e&,I84�m�\2=e´2oH+.$L6(;<&uY`\ Y`\ Y`I*087:y,& B>F`\

K�LNM�L�� Q�R�S��
	hR*\�	hgcZ S���T�^
wx7r9/+.-8y.o(+,;<o6=e$'-b|,L8& G(p)

N`&�087.$'7.;266=e$'&
p ∈ [0, 1]

I[+,L<93+,-8N`&��f7.^'4(7.9�I.4(+.$'$e&l^d0t+."5N�?r9b7r93+,-8N`L<02$'&(;<-3&H$®^eL84(4#6H^?1L2" W�&HL�N`&i02-/93&i+.Lµm�7.4(&i7P),&H4W02$'+.Z57:Z2-/93-3=eo<N`&iy,7.-3"
p
\hs*-

(Xn, n ∈ N∗)
&H^d=rL2"2&<^dL2-3=e&<N`&i)j\ 78\t-Q\ -�\ N�\�N`&i93+,-�N2&BC&($'"2+,L2939/-

qδ0 + pδ1
I>9b7u9/+.-jy,o(+.;<o(=e$'-/|>L2&XN`&#057:$E7:;266='$e&

p
&H^d=�9/7_93+,-tN2&#9b7�)j\ 72\�±�02$'&(;<-/&($�^dL54(4=6l^z³kN`o(p8"2-/&#087.$#q

T (p) := inf {n ∈ N
∗, Xn = 1}.

@]9/9/&W&H^d=�N2+."2"2oH&W087:$rq
G(p) := pq−1

+∞∑

k=1

qkδk.

s`7�;<+[�.&H"2"2&a)P7.L`=
1/p
If^e7c)[7:$'-/7."846&

q/p2 &6=}^e7�mn+,"84�='-3+,"gy,o("2oH$'7:=e$'-/4(&1&H^d= sp/(1 − sq)
\�!#"�02$'o6mE6H$e&a087:$emn+.-b^"*L2;<o($'+:='&($�9/&H^�9b7:"84(oH^�N`&W02-/9/&W+.Lkm�7.46&W?i087.$d='-3$MN`&

0
I`+."~7<7:9/+.$E^�9b7i93+,-hy.oH+.;<o6='$e-b|>L2&rN`&WZ87.^e&

0
q

p

+∞∑

k=0

qkδk,

|>L2-f7a05+,L2$r;<+[�.&("8"2&
q/p
&(=W05+,L2$r)P7.$e-b7:"546&

q/p2 \�s*+,L8^r46&($e='7.-3"5^X7,^d0t&H46='^HIj9/7a9/+.-�y.oH+.;<o6='$e-b|>L2&_0t&(L2=u¯6=e$'&i)>L8&4(+.;<;<&X9Q� 7:"87.93+,y.L2&rN`-b^e4($76(=e&WN`&r9/7<9/+.-�&(�`05+,"2&(">=e-/&(9/9/&.\
K�LNM�L�
 Q�R�SUV�	��
�Jg S���^����WSPV�R�\ S��4lY^
V#� &H^d=u9/7~9/+.-®N2Lc"8+.;�Z8$e&@N`&@9b7:"84(oH^W"8oH46&l^e^'7:-/$'&H^r?~L2"�W�&(L�N`&}08-39/&@+.Lcm�7.4(&}N`&@02$'+.Z87.Z2-/93-3=eo@N`&@y>7:-/"

p
0t+.L8$+,Z`=e&H"2-3$�&(�27.4�='&(;<&(">=

m
^dL84H4=6l^(\5V#� &H^d=#N`+,"84r9/7<9/+.-�N`&W9/7<)j\ 72\

Tm(p)
+(8

T1(p) = T (p)
5�N`&u9/+.-xy.o(+,;<o6=e$'-b|,L8& : &6=

Ti(p)
5
i > 1 : &l^�=MN`o(p8"2-h057:$�$'oH46L8$e$'&("84(&#057:$Wq

Ti(p) := inf {n > Ti−1, Xn = 1}.­«92&l^�=fm�7,46-/93&MN2&�).+.-/$]|>L2&
Tm(p)

?X9b7r;i¯H;<&M93+,-8|>L2&�9b7W^d+,;i;<&�N`&
m
)t\ 72\.-�\ -�\ N�\.N2&M93+,-2y.oH+.;<o6='$e-b|>L2&�N`&M087.$'7.;�6(=e$'&

p
\5!#"a7@N`+,"84iq

Gm(p) =
+∞∑

k=m

Cm−1
n−1 pmqk−m δk = G(p)∗m.

!#"}$'&6='$e+,L2).&#Z2-/&("19b7_93+,-ty,o(+,;io(=e$'-/|>L2&#05+,L2$
m = 1

q G(p) = G1(p)
\2w�7�9/+.- Gm(p)

7_05+,L2$�;i+[�,&("2"8&
m/p
I*0t+.L2$)[7:$'-b7:"84(&

mq/p2 &6=�0t+.L2$�mn+."846=e-/+."ky.o("8o($E7[=e$'-b46& (ps/(1− sq))m \}@®939/&X=e-/$e&r^d+,"1"2+,;�N`L}m�7.-v=M|>L2&X93&l^�46+*&=K}46-/&(">=E^N`&W^'7_mn+."846=e-/+."~y.oH"2o($E7[='$e-b46&#02$e+[)*-/&("2"8&(">=MN�� L8"2&u^d+,$d='&XN2&1±�mn+,$e;_L293&WN`L~Z2-/"��,;i&W-/"*).&H$'^eoC³j\
[#\?]/^�_a` b'c�dfe
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~	���� � �(�[� � ��
 ���~� 	�� 
~�/	��t� � ��
!����	���� �l¶,F
;#�=<@¨[�e�(�8� D8\ Y2\3�  ��A1 TV&=<@¨ $ ���#�6� £j¢ � ¥ ¥ � ª.¬ wh&�^'4E´2o(;@7cN`&�BC&($'"2+.L8939/-M46+,$e$'&H^e05+,"8N%?cL2"�W�&HL�N2&a08-39/&T+.Lgm�7.4(&-/"`p8"2-QI27P).&l4M02$'+.Z57:Z2-/93-3=eo

p ∈]0, 1[
N`&W^eL84(4#6H^�?i4E´87.|>L2&#9/7."846o 5n9/&H^�4H7.^C&6�*=e$'¯(;<&l^C^e+.">=C=e$'-3)*-b7:L`� : \2!#"a9/&#;<+`N`o(9/-b^d&087.$u9b7�N`+."8"2o(&1Nh� L2"8&1^dL8-v='&

(Xn, n ∈ N∗)
N`&1)t\ 72\�-�\ -Q\ N�\�N`&}9/+.-CN`&1BC&($'"2+,L2939/-®N`&k087:$E7:;26(=e$'&

p
^eL2$ {0, 1} qz?4E´87,|>L2&r9/7."846o,I`+."T46+`N`&

0
L2"~ol4E´2&H425n08$e+,Z87:Z2-/9/-v='o

q := 1− p : &(= 1
L2"�^dL54(4=6l^�5n02$'+.Z57:Z2-/93-3=eo

p : \8wx&r=e´2oH+.$L6(;<&WN`&VC7.$'7:=e´2&H+*N2+.$'�10t&($';i&(=rN2&iN`o(p8"2-/$rL2"2&_=e$'-3Z2Lc&6=rL2"2&i9/+.-fN`&i02$e+,Z87:Z8-39/-v='o L ^dL8$X9Q� &("8^e&(;_Z293& {0, 1}N
∗ N`&H^r^eL2-3=e&H^-/"`p8"2-/&H^CN`&

0
&6=�N`&

1
=e&(9/9/&X|>L2&

(X1, X2, . . .)
^e+.-3=CN`&#93+,- L \*BC-/&("}&H">=e&("5N`LhI>05+,L2$®='+.L`='&X^eL2-3=e& s

N87:"8^C46&(=�&H^e087,46&.I+,"a7 L({s}) = 0
\"@]"T$'&()[7."84E´2&.I`+,"a7<0t+.L8$�=e+.L2=

n ∈ N∗ &6= a ∈ {0, 1}n I8087:$M-/"8N`oH05&H"8N27."846&uN`&l^
X1, . . . , Xn

q
P(X1 = a1, . . . , Xn = an) = P(X1 = a1) · · ·P(Xn = an)

\CV�&H9/7c46+,$e$'&H^e05+,"8N%?�9Q� oH).o("8&(;<&(">=}46�*9/-3"8N2$e-b|>L2&
{a1} × · · · × {an} × {0, 1} × {0, 1} × · · · \hwx7k029/L2087:$e=uN`&H^r|>L2&l^�='-3+,"8^r|,L8&_9Q� +,"�0t&(L2=W^e&<05+>^d&H$X^eL2$r93&!W�&HLcN`&02-/9/&�+.L<m�7,46&#$e&H)>-/&("8"2&(">=�?�o6=eL5N`-3&H$�4(&($e='7:-/"2&l^]02$'+.02$'-/o6=eol^®N`&#9/7u93+,- L \*s*&l^®;@7.$ey,-3"87.93&l^]^e+.">=�N`&l^®9/+.-b^®N`&XBC&($'"2+.L29/9/-
B(1, p)

IP&(=�9b7X93+,-2N`&�9/7r^e+.;<;<&CN2&
k
=e&H$e;<&l^�&H^d=�Z8-3"2+,;<-/7.93& B(k, p)

\:s*+.L5^ L I:9b7�9/+.-2N2Li$E7:"8y#N`L<02$'&(;<-/&($ 1 N27:"8^�9b7^eL2-3=e&r-3"2p8"2-/&W&H^d=�y,o(+,;io(=e$'-/|>L2& G(p)
I2&6=�029/L8^�y,o("2oH$'7.93&H;<&(">=C9b7_93+,-hN`L~$'7."2yiN2L

m � �
	�� 1
&H^d=�"8o(y,7:=e-/).& ² Z2-/"2+,;i-b7:9/&

Gm(p)
\*wx&H^C^e4E´8o(;@7.^�N`&#BC&($'"2+,L2939/-j^d+,",=�Z5&l7:L84(+.L20};<+,-3"8^®=e$'-/)>-b7:L2�@|>Lh� +."193&#05&H"8^d&,I*&6=®mn+,L2$'"2-/^'^e&(">=�L2"}=e$L6H^�Z5+,"='&($'$'7.-3"1Nh� -/"*).&H^d=e-/y,7:=e-/+." 5��}46+.;<02$'-b^�0t+.L8$�9/&H^�^e�*^d=76H;<&H^CN`�*"87:;<-b|,L8&H^H\(\(\ : \`wx7_^d&l4�='-3+,"µ�.\ F`\/��057:y.&rY:R_N`+."2"8&#L2"8&02$'+.08$e-/o6='o�mn$E7.46='7:9/&W7:;_L8^e7.">=e&rN`&u46&H$d=E7:-/"8^�^e4E´2oH;@7.^�N`&WBC&($'"2+.L8939/-�\

K�LNM�L�
 Q�R�SU_�^��;R�SPaca R�V
wx7i9/+.-hN`&W��+,-/^'^d+," P(λ)

N`&r087.$'7.;266=e$'&
λ > 0

&l^�=MN`o(p8"2-/&W087:$Wq

e−λ
+∞∑

n=0

λn

n!
δn,

V#� &H^d=i9b7�93+,-CN`L�"2+,;�Z2$'&kN`&a)j\ 78\ $l\�-�\ -Q\ N�\fN`&~9/+.-�&6�`0t+."2&H">=e-/&(9/93&~N`&a087:$E7:;266='$e&
λ
|,Lx� -/9�m�7:L`=@7.N8N`-v='-3+,"2"2&H$i0t+.L8$N`oH087.^'^e&($h9/&®^e&(L2-/98�,\#@]9/93&C7�0t+.L2$�;i+[�,&("2"8&]&6=x)[7.$e-b7:"84(&

λ
&(=�0t+.L2$xmn+."846=e-/+."Wy,o("2oH$'7:=e$'-/4(&

eλ(s−1)
\lw�7�93+,-,N`&®�z+,-/^'^e+."&l^�=]&H"<|>L2&H9/|>L2&�^e+.$e=e&�9Q� 7."87:9/+.y,L2&�N`-/^'46$'&6=]N`&�9b7r9/+.-2y>7:L8^'^d-/&("8"2&.\,!#"<7r087:$f&(�`&(;<029/& P(λ1)∗P(λ2) = P(λ1 +λ2)

\!#"}N`-b^e05+>^d&M;<¯H;i&XN�� L2"�±C='´2o(+,$76H;i&#46&(">='$'7.989/-3;<-3=e&�0t+.-b^'^d+,"2-3&H"�³~q B(n, λ/n)
46+,">),&($'y.&�o6='$e+,-v='&(;<&(">=®),&($E^ P(λ)9/+.$E^e|>L2&

n → +∞ I246m�\hA B�w�D.R`I`='´h\��_\ F2\ Si0h\h�HB,R:GQ\
K�LNM�L�� Q�R�SU\ TWl gfSPV�R�\ S��4lY^
wx7%93+,-#;_L293=e-/"2+.;<-b7:9/& M(n, k, p1, . . . , pk)

N`&µ='7.-39/93&
n ∈ N∗ I�N`&{N`-/;i&H"8^e-3+," k ∈ N∗ &6=aN2&�087.$'7.;266=e$'&

(p1, . . . , pk) ∈ Rk
+

7P).&l4
p1 + · · ·+ pk = 1

&H^d=�9b7<9/+.-�0t+.$e=eo(&r087.$�9�� &("5^d&H;�Z29/&
{
(n1, . . . , nk) ∈ N

k,
=H\ |5\

n1 + · · ·+ nk = n
}

&(=�N2+."2"2oH&W087:$�9b7imn+.$';�L29/&<q
M(n, k, p1, . . . , pk)({n1, . . . , nk}) :=

n!

n1! · · ·nk!
pn1

1 · · · pnk

k .

@]9/9/&r=e-/$e&W^e+."a"2+.;�N`&r9/7_mn+.$';�L893&WN`L~;�L89v='-3"��,;<&@q
(a1 + · · ·+ ak)

n
=

∑

06n1,...,nk6n
n1+···+nk=n

n!

n1! · · ·nk!
an1

1 · · · ank

k ,

|>L2-hN`+,"2"2&@q
M(n, k, p1, . . . , pk) =

∑

06n1,...,nk6n
n1+···+nk=n

n!

n1! · · ·nk!
pn1

1 · · · pnk

k δ(n1,...,nk) = (p1δe1
+ · · ·+ pkδek

)
∗n

,

[#\?]/^�_a` b'c�dfe
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+98 {e1, . . . , ek}

&l^�=M9b7iZ87.^e&W4(7:"8+."2-b|>L2&WN`&
Rk
\t!#"a$e&(=e$'+.L2),&#9b7i93+,-hZ2-/"2+.;<-b7:9/&X0t+.L8$

k = 1
q

M(n, 1, p) = B(n, p).s*-
(X1, . . . , Xn)

^e+.">=hN`&H^x)j\ 78\6-�\ -Q\ N�\HN`&]9/+.-
(p1, . . . , pk)

^eL2$ {1, . . . , k} I6&6=�^e- Ni := #{j = 1, . . . , n,
=H\ |t\

Xj = i}7.93+,$'^
(N1, . . . , Nk)

^dL2-3=M9b7<93+,- M(n, k, p1, . . . , pk)
\8K�&(;@7.$'|>L2+,"8^�|,L8&W087:$MN`o(p8"2-3=e-/+."hI

N1 + · · ·+ Nk = n
\8w�79/+.-�;�L293=e-/"2+.;<-b7:9/&10t&($';<&6=_057:$�&(�`&(;<029/&1N`&1;<+`N`oH93-b^d&H$�9/&H^_$eol^dL89v=E7[='^_N`&

n
9b7:"546oH^�-3"5N`o(0t&("8N87:">='^iN�� L2"%N`oa?

km�7,46&H^HI
Ni
$e&H02$eol^d&H">='7:">=f7:9/+.$E^�93&�"8+.;�Z8$e&�N`&�mn+,-/^f+98<9/7Xm�7,46&�"*L2;<o($'+

i
7ro6='o�+.Z`='&("*L2&,\>!#"@7#&H"`p8"@9b7W46+,">),&($'y.&H"846&o(=e$'+.-3=e&W^dL8-3)[7:">='&X),&($E^CL2"2&W9/+.-�"2+,$e;@7:9/&<q

(
N1 − np1√

np1
, . . . ,

Nk − npk√
npk

) � I��Q�−→
n→+∞

N (0, Σp1,...,pk
),

+98
Σp1,...,pk

:= Ik − (
√

p1, . . . ,
√

pk)
>

(
√

p1, . . . ,
√

pk).w�7k9/+.-®"2+.$';@7:9/& N (0, Σ(p1, . . . , pk))
&H^d=u9/7a9/+.-®N2&@9/7~02$'+ W�&l4�='-3+,"cN�� L2"{).&l4�='&(L2$u7.93ol7[=e+,-3$'&<N`&}9/+.- N (0, Ik)

^dL8$9Q� ´*�*0t&($'029/7."k+,$d='´2+.y,+."87.9�7:L~).&l4�=e&HL2$ (√
p1, . . . ,

√
pk

)> \ts`7<;@7[=e$'-b46&uN`&u4(+[)P7.$e-b7:"546&X&H^d=�N`&W$'7."2y
k − 1

I2&(9/93&W&l^�=N`+,"84rN`o(y,o("2oH$eoH&�5�-�\ &.\5^d-/"2y.L893-M6($'& : \
K�LNM�L�� Q�R�S����
	2^hZ��
	hR*\�	hgcZ S���T�^
wx7}93+,-x´*�*05&H$ey,o(+.;<o(=e$'-/|>L2&uN`&�087:$E7:;266='$e&l^

(N, N1, n) ∈ N∗ × N∗ × N∗
7P),&H4

N1 6 N
&(=

n 6 N
&l^�=�9b7@9/+.-^eL2$ {0, . . . , n} N`+."8"2o(&r087.$Wq

n∑

k=0

Ck
N1

Cn−k
N−N1

Cn
N

δk.

s*-j9Q� +,"146+,"8^e-/N46H$e&#L2"2&X05+,02L29b7[='-3+,"1N`&
N
-3"5N`-3)*-bN`L8^�N`+,",=

N1
0t+,^'^�6lN`&(">=�L8"k4(7.$'7,4�=L6($'&�087:$e=e-b46L29/-/&($lI,087.$�&(�`&(;<029/&L2"8&®;@7:9b7.N`-/&.Il7:9/+.$E^�9b7M9/+.-.´*�*0t&($'y.o(+,;<o6=e$'-b|,L8&]N`&®087.$'7.;266=e$'&

(N, N1, n)
$e&H02$'oH^e&(">=e&f9b7M9/+.-*N`Lu"2+,;�Z2$'&®N�� -/"8N`-/)>-bN`L8^0t+,^'^dolN27:">=®4(&�4(7.$'7,4�=76H$e&�N27."8^]L8"}oH4E´87.">=e-/939/+."@N`&�=E7:-/939/&

n
N`&�9/7W0t+.08L29/7:=e-/+."h\`V#� &l^�=CN`+."84M9/7W9/+.-tN`&

X1 + · · ·+Xn+98k9/&H^�)j\ 72\
Xi
^d+,">=�-Q\ -�\ N�\2&(=M+.">=M05+,L2$�9/+.-

((N −N1)/N)δ0 + (N1/N)δ1
\

@]9/93&�7M0t+.L8$�;<+[�.&H"2"2&
nN1/N

&6=z05+,L2$�)[7.$e-b7:"84(&
n(N−n)N1(N−N1)(N−1)−1N−2 \[BC-3&H"�^��2$HIPN`&�9/7�;i¯H;<&m�7,°6+."�|>L2&}9b7T9/+.-�;�L293=e-/"2+.;<-b7:9/&}y.oH"2o($E7:9/-b^d&@9b7T9/+.-®Z8-3"2+,;<-/7.93&,Ih+."�0t+.L2$'$E7:-3=_N`o6p5"2-3$_L2"2&}9/+.-�´*�>0t&($'y.oH+.;<o6='$e-b|>L2&;_L29v='-30893&W9/+.$E^e|>L2&X9Q� +,"a^H� -/">=eoH$e&l^e^e&W?_L8"a"8+.;�Z8$e&

m > 1
N`&u4H7:$E7.46=76($'&H^CN27."8^�9/7i0t+.02L89/7:=e-/+."h\

��
�
 � $&%�����01�2$435"#)#�!6�) ����8�$&��)�$�� 6�) @A%29;-�%��C)

��+.L2$@9/&H^}93+,-/^@4(+.">=e-/"*L2&H^HI�9/7cmn+,"84�='-3+,"gy,o("2oH$'7:=e$'-/4(&k&l^�=}$'&(;<029b7.4(o(&a087:$@9b7�=e$E7:"8^dmn+.$';<o(&~N`&��2+,L2$e-/&($@+,L�N2&w�7:029b7.4(&.I�|>L2-W^e+.">=k0893L8^a02L8-/^'^e7.">=e&H^k&6=~y,7.$'N2&(">=19/&(L2$T^e&("8^k05+,L2$~93&l^19/+.-b^aN`-/^'46$L66='&H^H\�s`+.-3=
µ
L8"2&�;<&l^dL2$'&�N2&02$'+.Z57:Z2-/93-3=eoa^dL8$

(Ω,A)
+(8

Ω
&H^d=iL8"%&H^e087,46&a).&H46=e+,$e-/&(9®=e+.0t+.9/+.y,-/|>L2&k&6= A ^'7µ=e$'-3Z2LgZ5+,$eoH93-/&("8"2&.\®!#"%"8+:=e& Ω′9Q� &l^d057.46&XN`L87.98='+.0t+.9/+.y.-b|>L2&#N2&
Ω
I`46+,"8^�='-v='L2orN`&H^®mn+.$';<&H^�93-/"2oH7.-3$'&H^C46+,">=e-/">L8&H^C^dL2$

Ω
\`wx7W='$'7."8^dmn+.$';ioH&�N`&��2+,L2$e-/&($N`&

µ
&H^d=MN`o6p8"8-3&W087.$Wq

Fourier(µ) : Ω′ → R

f 7→ Eµ(exp (if))V�&(=d=e&<mn+,"84�='-3+,"�&l^�=uZ8-3&H"{N2o6p8"2-/&@02L2-b^'|,L8&@05+,L2$r=e+,L`=
f ∈ Ω′

Ih9b7kmn+."846=e-/+."
exp (if) : Ω → C

&l^�=�4(+.">=e-/"*L2&<&6=Zt+.$'"2o(&,\2wh+,$'^'|>L2&
Ω
&H^d=ML2"~&H^e087.4(&���-39/Zt&($e=

H
5
Rn
087.$�&6�`&(;<029/& : I2+."a-bN`&(">=e-3p8& Ω′

?
H
&6=M+."a0t+,^e&iq

Fourier(µ) : H → C

s 7→
∫

Ω

exp (i < s, x >) dµ(x).

[#\?]/^�_a` b'c�dfe
© g'hih?j'k=l9m7lon _MpEqArts m [#c�uwv uix m9y{z s}|~p�\?]/^�� n v�d mX�?�4�w�a�L�'�w���i�i�U�/� �-� q-���a�a�M���U���a�P� m | �=�w�i� g ε mog-�/� p nU�A� _ n4g/hwhwj'k{�'�?� gi� m ¡#¢w£w¤¦¥ ◦ §E¨���ª



B
R

O
U

IL
LO

N

��� � � ����������� � 
~� � � 	�� �l¶>O
w�7�='$'7."8^dmn+.$';ioH&XN2&rw�7:029b7.4(&.I2|>L87.",=M?i&(9/9/&.I2&l^�=MN`o(p8"2-/&W93+,$'^'|>L2&W46&(9b7<7iL2"T^d&H"8^�087:$Wq

Laplace(µ)(u) :=

∫

Ω

exp (− < u, x >) dµ(x).

�8+.$';i&H939/&(;<&H",=lI2-/9�^eL4K<=XN`&u08$e&H"8N`$'&
s = iu

N87:"8^�9b7}N`o(p8"2-3=e-/+."�N`&�9/7<='$'7."8^dmn+.$';ioH&WN`& �2+,L2$'-3&H$M05+,L2$�+,Z`=e&H"2-/$�9b7='$'7."8^�mn+,$e;<oH&XN`&Ww�7:029b7.4(&.I`9/+.$E^e|>Lh� &(9/93&X&6�`-b^�='&.\wx7u=e$E7:"8^dmn+.$';<o(&XN`&��8+.L2$'-/&($ 5n+.LaN`&rwx7:089/7,46& : 4(7.$'7,4�=eoH$e-b^e&M9/7�93+,-j&6=�9�� -3"5N`o(0t&("8N87:"84(&.\43M-/"8^e-�I2N`&HL`�@)j\ 78\>+,">=C9b7;<¯(;<&W9/+.-z^d-h&(=#^e&(L29/&(;<&(">=#^e-h&H939/&H^�+,">=�;<¯(;<&W=e$E7:"5^�mn+,$e;<o(&r&(=
X
&6=

Y
^e+.">=M-/"8N`o(0t&("5N27:">=e&l^M^e-x&6=X^d&HL293&H;<&(">=�^d-9b7_=e$E7:"8^dmn+.$';<o(&WN`LT46+,L2029/&

(X, Y )
&("

(s1, s2)
&H^d=Mo(y,7.93&W7.La08$e+`N`L2-3=�N`&l^�=e$E7:"8^dmn+.$';<o(&l^�$'&H^e0t&H4�='-3),&H^�&H"

s1
&(=

s20t+.L2$#=e+,L`=
(s1, s2)

\jZ2-/&("�&(">=e&H"8N`LhIj9b7@=e$E7:"5^�mn+,$e;<o(&�&("
s
N`&_9/7a^e+.;<;<&_N`&iN`&(L`��)j\ 72\t-3"5N`o(0t&("8N87:">=e&l^#&l^�=Xo(y>7:9/&7.Lk02$'+`N`L2-3=MN`&H^�='$'7."8^dmn+.$';ioH&H^C$'&H^e05&l4�=e-/).&l^C&("

s
5n9b7<$'oH46-/02$'+`|,L8&#&l^�=�m�7.L8^e^e& : \wx7}=e$E7:"8^dmn+.$';<o(&�N2& �8+.L2$'-3&H$XNh� L2"8&�9/+.-f^d�*;<o6='$e-b|>L2& 5�-�\ &.\j-/"*)P7.$e-b7:">='&u087:$X9b71^e�>;<o(=e$'-3&i46&(">='$'7.93&iN`&_4(&(">=e$'&

0 :&l^�=�$'o(&(9/9/&.\wx7�='$'7."8^�mn+,$e;<oH&~N2&��2+.L8$e-/&($}N`&
δa
7P),&H4

a ∈ Rn
&l^�=1N2+."2"2oH&~087:$

ei<s,a>
I]&(9/9/&a0t&($';<&6=kN2&�4(7:9b46L893&H$i9/&H^='$'7."8^�mn+,$e;<oH&H^�N`& �2+,L2$'-3&H$]N`&H^f9/+.-b^fN`-b^e4($76(=e&l^�5n-Q\ &,\,?r^dL80205+,$d=®7.L<0293L5^]N`o("8+.;�Z8$'7.Z293&�^'7:"8^f0t+.-/">=®N�� 7.4(4(L2;�L89/7:=e-/+." : \3�-3"8^e-QI`93&l^�93+,-/^�Z8-3"2+,;<-/7.93&l^ B(n, p)

&6=MN`&W��+,-/^'^d+," P(λ)
+,",=�0t+.L2$�='$'7."8^dmn+.$';ioH&XN2& �2+.L8$e-/&($�$'&H^e05&l4�='-3),&H^Xq

(peis + q)n &6=
eλ(eis−1).

�#L87.">=®?u9b7W93+,-8y,o(+.;<o(=e$'-/|>L2& G(p)
I*^dL8$

N∗
I,&(=C?W9b7W9/+.-5"2o(y>7[=e-/).& ² Z8-3"2+,;<-/7.93& Gm(p))

I*&(9/93&l^]+,",=�05+,L2$®='$'7."8^dmn+.$';ioH&N`& �8+.L2$'-3&H$�$e&l^d0t&H46=e-/).&l^#q
peis

1− qeis

&(= pmemis

(1− qeis)m
.

�_�6�`���b���Q���6�8� D2\ ¶2\/�% �� �e¨ £ ��� ¢ � <@¨[�Q� ¢[£ $ � >�¢ �`�����(� ¦ ¨ £ ¨ ¥�� �(�T� £ �E�7&E�(�8� £01 �6�Jª.¬ wx7~='$'7."8^�mn+,$e;@7:=e-/+."{N`& �2+,L2$'-3&H$N�� L2"2&}mn+."846=e-/+."
f
&6�`02$'-3;<&@9/&H^_46+.;<0t+,^'7:">=e&l^r&("�mn$'oH|>L2&H"846&l^ 5n+," N`-3=_7:L8^'^e-�^e05&l4�=e$'& : Ix-/"8N`&(�*oH&H^W057:$ s

I�N2&1^d+,"7.$ey,L2;<&(">=
f
\�wx7amn+."54�=e-/+."

x 7→ eisx $e&H02$'oH^e&(">=e&iL2"2&<mn+,"84�='-3+,"c0to($'-/+*N2-/|>L2&@oH93oH;i&H">='7:-/$'&.IhN`-3=e& T8¨[� < ¢[£ ���6�8� $ �
�E�7&E�(�8� £01 �

2π/s
\*­«9tm�7:L`=�Z5&l7:L84(+.L20aN`&r^d0t&H46=e$'&#0t+.L2$�$'&H4(+."8^d=e-3=eL2&H$�L8"2&Xmn+."846=e-/+."

f
4(+."8^d='7.">=e&�+,L1029/L8^Cy.oH"2o($E7:9/& ²;<&(">=#±�0t&(L@0to($'-3+`N`-b|>L2&®³i?#057:$e=e-/$]N`&H^f´57:$';i+,"2-b|,L8&H^H\:wx7#=e$E7:"8^dmn+.$';@7[='-3+,"_N`& �8+.L2$'-/&($f4E´87:"8y.&�9/7W4(+."*).+,93L2=e-/+."�&H"L2"a02$'+`N`L2-3=H\2��+.L8$�='$e+,"8|>L2&($�9/&u^d0t&H46=e$'&WN�� L8"~^e-/y."87.9

f
I`-/9x^eL4K<=MN`&W93&W4(+."*).+,93&H$C7P),&H4#9/7_=e$E7:"5^�mn+,$e;<o(&rN`& �2+,L2$'-3&H$-/"*).&($E^e&XN`&r9b7imn+."846=e-/+."a-3"5N`-/4H7[='$e-b46&WN`&r='$e+,"84(7:=eL2$'&.\

��
	� @A�����!�C���H�����U8�)#�

K�L ��LPO Q�R�SUT�VWSYX?R[Z]\,^
wx7193+,-xL2"8-vmn+,$e;<& U(a, b)

^dL2$#9�� -/",='&($')[7:9/93&i46+.;<087,4�=�"8+."�)*-bN`&
[a, b] ⊂ Rn 7}0t+.L2$XN`&("5^d-3=eoi087:$#$'7.020t+.$e=#?}9b7;<&H^eL2$'&WN`&Wwh&(Zt&H^ey.L8&

dx
^eL2$

R
q

1

b− a
I[a,b](x).

@]9/9/&u7_0t+.L8$�;i+[�,&("2"8&
(a + b)/2

&6=M0t+.L8$�)P7.$e-b7:"546&
(b− a)2/12

\2s`7i=e$E7:"8^dmn+.$';<o(&rN`& �2+,L2$e-/&($�&l^�=Wq

eis(a+b)/2 sin(s(b− a)/2)

s(b− a)/2
.


 +.L`=M4(&H46-�^d&ry.oH"2o($E7:9/-b^d&r^e7."8^�N`-PK@4(L293=eoH^�?<L2"k057P).o
[a1, b1]× · · · × [an, bn]

N`&
Rn \

[#\?]/^�_a` b'c�dfe
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K�L ��LiM Q�R�SHg Z]S��4V ��T�l��&SPZf^
V#� &H^d=X9b7}9/+.-�±#L2"2-3mn+.$';i&�³µ^dL8$#9/&u='$e-b7:"2y,93&iN`Lµ089/7."µN`&iZ87.^e&

[−a, a]
&6=WN`&<^d+,;i;<&(=XN`&<46+*+.$EN`+,"2"2o(&l^

(0, 1)
\

@]9/9/&u7_0t+.L8$MN`&("8^e-3=eoW087.$�$'7.0205+,$d=�?i9/7<;<&l^dL2$'&rN`&uwh&HZ5&l^dy,L2&
dx
^eL2$

R
q

1

a

(

1− |x|
a

)

I[−a,a](x),

0t+.L2$�;<+[�,&("2"2&
0
I805+,L2$�)[7:$'-/7."846&

a2/6
&6=M0t+.L8$�=e$E7:"8^dmn+.$';<o(&rN`& �2+,L2$e-/&($rq

2(1− cos(as))

a2s2
.

K�L ��L�� Q�R�S��
�4T�acacSY^�V�V�^
!#"�087:$'93&T7.L8^e^e-�N`&T9/+.-�"2+,$e;@7:9/&.IfN`&��r7.L8^e^HIf+.L�&("546+.$'&TN`&
Y�7[���C&(9/9���@]" 3M;<oH$e-b|>L2&�N`L�"2+.$EN�If+."�087.$e9/&^e+.L2),&(">=CN2&<±MZ5&H939�46L8$e),&C³jI`-Q\ &,\`N`&X4(+.L2$'Zt&#&H"k469/+`4E´2&.\2V�&H^C;_L29v='-30893&l^C7.020to(9b7[=e-/+."5^®='o(;<+.-/y."8&(">=CN`&r9Q� -/;<05+,$d=E7:"84(&N`&�4(&6=d='&�93+,-�\,!#"i05+,L2$'$'7.-v=fN`o6p5"2-3$f9/&H^�9/+.-b^�y,7.L8^'^d-/&("2"8&H^�^dL8$�N2&H^�&H^e087,46&H^�='$76l^�y.o("8o($E7:L`��IP;@7:-b^z4(&(9b7X"2+.L8^�;26H"2&($E7:-3=Z2-/&(" =e$'+.0�9/+.-/"��P\fwx7�93+,-�y>7:L8^'^d-/&("8"2& N (m, Γ)

If^dL8$
Rn
I�N`&a;i+[�,&("2"8&

m ∈ Rn
&6=@N`&1;@7[='$e-b46&kN`&k4(+[)P7.$e-b7:"546&

Σ ∈ S+
n (R) ⊂Mn(R)

It7_0t+.L8$MN`&("8^e-3=eoW087.$�$'7.0205+,$d=�?i9/7i;<&H^eL2$'&WN`&uwh&HZ5&l^dy,L2&
dx1 · · · dxn

^eL2$
Rn
q

(2π)−n/2|Σ|−1/2 exp

(

−1

2
〈x−m, Σ(x−m)〉

)

.

@]9/9/&u7_0t+.L8$�=e$E7:"8^dmn+.$';<o(&rN`& �2+,L2$e-/&($rq
exp

(

i〈s, m〉 − 1

2
〈Σ s, s〉

)

.

@]9/9/&k7T0t+.L2$i02$'+.02$'-/o6=eo}N2&1;@7[�`-/;i-b^e&($�9Q� &(">=e$'+.02-/&1N`&as*´87:"8"2+."%N2o6p8"2-/&k^eL2$_93&l^�9/+.-b^�N`&l^u),&H4�='&(L2$E^�7.93ol7[='+.-/$e&l^u?N`&H"8^e-v='o
f
N`&W46+[)[7.$e-b7:"84(&�p8�*oH&

Σ
087.$Xq

H(f) := −
∫

Rn

f(x) log f(x) dx.

K�L ��L�� Q�R�S=^	�
	2R�V�^(V*g SP^(lPlP^�^ g lYR�S �
�4\,\ �

wx7<9/+.-xy,7:;<;@7
Γ(a, λ)

N`&u087.$'7.;�6(=e$'&H^
(a, λ) ∈ R∗

+ × R∗
+

7<0t+.L8$�N`&("5^d-3=eo�^eL2$
R
087.$M$'7.020t+.$e=�?}9/7<;<&H^eL2$'&N`&Wwx&(Zt&H^ey.L2&

dx
^dL2$

R
q

λa

Γ(a)
xa−1 e−λx IR+(x),

+98
Γ(a)

&H^d=�9b7imn+."54�=e-/+."
�r7:;<;@7<N�� @]L29/&($�N`o(p8"2-/&W087:$Wq
Γ(a) :=

∫ +∞

0

xa−1 e−x dx,
&("a087:$e=e-b46L893-/&($

Γ(n) = (n− 1)!.

�f7:$emn+.-b^HI]+." 4E´2+,-/^e-v=kL2" 087:$E7:;<o(=e$E7:y.&TN`-3�jo($'&(">=kN`&�9b7{9/+.-�y>7:;<;@72I]&H" 05+>^e7.">=
b = 1/λ

I®&6=k9�� +." "2+.=e&µ7.93+,$'^
G(a, b) = Γ(a, 1/b)

\*��+.L2$
a = 1

I`+,"k+,Z`=e-/&(">=M9b7i93+,-�&6�`05+,"2&(">='-3&H939/&@q
Γ(1, λ) = G(1, 1/λ) = E(λ).

�
��������������������� ����!�"�#%$%&'���)(�#%���
H *
$%���+�,"�-.�/���0��-.��(1�/#%23��$%���345�����76�8 ��8:9;6.��$%�����)�0<������

H
���)(0=>�������/#%�������?�/#	�@(��/����$%��23����(1�/#

�'-.���A(�-.��(
v
<������

H *
$B��6C8 ��8 ��8

〈X, v〉
H

����(A=>�������/#%�������+�)!���$%$%�.8�DE� ���@(���-.��6>�+FG����#%$%��23����(A$%���	6>����(������)�H=>�����/��#%�����I��������$%�I���J�����������>(
H = R

n
8

[#\?]/^�_a` b'c�dfe
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w�7u9/+.-j&6�`0t+."2&H",='-3&H939/&X&H^d=�9Q� 7:"87.93+,y.L2&�4(+.">=e-/"*LkN`&r9b7u9/+.-jy.oH+.;<o6='$e-b|>L2&.I>&(9/9/&r7.02087.$'7 � =�46+.;<;<&X93+,-jN2L}=e&H;<08^�-3">='&($ ²^'7:L`=E^�N`Lµ02$e+`4(&H^'^dL8^#N`&���+,-/^'^d+,"h\5w�7@9/+.-z&6�`05+,"2&(">='-3&H939/&u&H^d=#oHy,7.93&H;i&H">=#^e7."8^#;ioH;<+.-/$e&}qj^e- L(X) = E(λ)

Ih7.93+,$'^
P(X > t + s | X > t) = exp(−λs)

"2&@N`oH05&H"8N{|,L8&iN`&
s
&(=W087.^WN`&

t
\�V�&6=e=e&@02$'+.08$e-/o6='o_9b7k4H7:$E7.46=eo($'-b^d&iN27:"8^9Q� &H"8^e&(;�Z893&aN`&H^_93+,-/^i46+,">=e-/">L8&H^HIx&6=i=e$E7.N2L2-v=iZ2-/&("%9/&k4(+.;<0t+.$e=e&(;<&H",=<N`&kN2L2$eoH&H^iN`&1)*-/&1&H" p57.Z2-39/-3=eo.I�N`L%=e&(;<08^N�� 7:$'$'-3),o(&~N`L 02$'+*4E´57:-/"�4(93-/&(">=1N27."8^@L2"8&Tp89/&µN�� 7[=d='&(">=e&,I®&(='4:\�@]939/&µ&(�`0293-b|>L2&To(y>7:9/&(;<&(">=}9b7�^�=E7[='-3+,"2"87:$'-3=eoTN`&H^7,4(46$'+.-b^'^d&H;i&H">='^CN`L~02$e+`4(&H^'^dL8^�N`&W��+,-/^'^d+," 5�$e&H"2+.L2),&(9/93&H;<&(">= : \wx7}93+,-�y>7:;<;@7

Γ(a, λ)
7}0t+.L2$#;i+[�,&("2"8&

a/λ
It0t+.L2$#)P7.$e-b7:"546&

a/λ2 &6=X05+,L2$�='$'7."8^dmn+.$';ioH&uN`& �8+.L2$'-/&($ (1 −
isλ−1)−a \�w�7T9/+.- Γ(n, λ)

7P),&H4
n ∈ N∗ &H^d=�087:$emn+.-b^�7.020t&(9/o(&}9/+.-CN`& @]$'9/7."2y8\fV�&H^�93+,-/^u^e+.">=u='$76l^u-/;<05+,$d=E7:">=e&l^02L8-/^'|>Lh� &H939/&H^C7:08087:$E7:-b^e^e&(">=®9/+.$E^'|,L8&�9Q� +,"}m�7:-3=�9/7i^d+,;<;i&rN`&X)j\ 78\ $l\,-Q\ -�\ N�\2N`&X93+,-j&6�`05+,"2&(">='-3&H939/&.\`wx7um�7:;<-/939/&WN`&H^C9/+.-b^y>7:;<;@7u&H^d=�^�=E7:Z29/&#057:$�46+,">),+.9/L`=e-/+."1&6=M46+,"8^�='-v='L2&rN`+."84#&("~|>L2&(9b|>L2&r^d+,$d='&�9Q� 7."87:9/+.y,L2&#4(+.">=e-/"*LkN`&r9b7um�7.;i-/9/93&rN`&H^9/+.-b^X"2o(y>7[=e-/).&l^ ² Z2-/"2+.;<-b7:9/&H^H\tw�719/+.-]N2L�='&(;<08^WN`&@N`&H087.^'^e&(;<&(">=WN�� L8"{^e&(L8-39f0t+.L2$WL8"�02$'+`46&l^e^eL8^rN`&<��+.-b^e^e+."�&H^d=L2"8&X9/+.-xy,7:;<;@72I`4H7:$M46+,"*).+.9/L`='-3+,"kN`&r9/+.-b^�&6�`05+,"2&(">='-3&H939/&H^H\

K�L ��L�
 Q�R�SU_�R*T��WlP^ ^ � 	2R*V�^(V*gfSY^(lmlY^
� y>7:9/&(;<&(">=_7.0205&H93oH&19/+.-CN`&1wx7.029b7.46&,\ @]9/9/&k7T0t+.L2$iN`&("5^d-3=eoa^dL2$

R
087:$_$'7.0205+,$d=�?�9/7T;<&l^dL2$'&1N`&awh&HZ5&l^dy,L2&

dx
^eL2$

R
q
λ exp(−λ|x|)/2

I5+98
λ
&H^d=XL2"�087:$E7:;26(=e$'&�N27:"5^

R+
\hs`7};<+[�,&("2"2&_)[7:L`=

0
I�^e7})P7.$e-b7:"546&

2/λ2
&(=r^'7='$'7."8^�mn+,$e;<oH&XN`& �8+.L2$'-3&H$�&H^d=

1/(1 + s2/λ2)
\

K�L ��L�
 Q�R�SU_�^���SPZ]SPb ��lY^hg
wx7%93+,-WN`&cU#-/$e-b4E´29/&6=TN`&µ=E7:-/939/&

n ∈ N∗
&(=~N2&�087.$'7.;266=e$'&

α ∈ (R∗
+)n

&l^�=~9b7 9/+.-WN`L ),&H46=e&(L8$a7.93ol7[=e+,-3$'&
(X1, . . . , Xn)/(X1 + · · · + Xn)

93+,$'^'|>L2&@9/&H^u)[7.$e-b7:Z29/&H^�7:9/oH7[='+.-/$e&l^
X1, . . . , Xn

^d+,">=�-�\ -Q\ N�\z&6=i^dL2-/).&H">=_N`&H^_9/+.-b^&(�*0t+."8&(">=e-/&(9/93&l^�N`&�057:$E7:;266='$e&l^x$'&H^e05&l4�='-vm�^
α1, . . . , αn

I:4�m�\`A UrVCUXR,Y:ZhIP&6�`&($E46-b46&�R2\ Y`\/�lF2IH057:y.&#�HD>YPGJ\{@®939/&�&H^d=�0t+.$e=eoH&087.$r93&}^e-3;<029/&6�`&
S(n, 1) := {y ∈ Rn, yi > 0, y1 + · · ·+ yn = 1} \hwx7~N`&H"8^d-3=eo@N`& (Y1, · · · , Yn−1)

&l^�=uN`+,"2"2oH&087.$rq
Γ(α1 + · · ·+ αn)

Γ(α1) · · ·Γ(αn)

(
n−1∏

i=1

yαi−1
i

)(

1−
n−1∑

i=1

yi

)αk−1

.

w�7_9/+.-hN2&uU�-/$e-b4E´29/&6=�N`&r=E7:-/939/&
n
&6=�N`&W087.$'7.;266=e$'&

α = (1, . . . , 1)
"h� &H^d=M$'-3&H"aN�� 7:L2=e$'&u|,L8&X9b7<9/+.-�L2"2-3mn+.$';<&u^dL8$�93&^e-3;<029/&6�`&

S(n, 1)
I246m�\2^d&l4�='-3+,"��,\ OW087:y,&X¶(B8\�@]9/93&W0t&($';<&6=�087:$�&(�*&H;<0293&rN`&W4E´2+,-/^e-3$u±ML2"2-3mn+.$';ioH;<&(">=®³}L2"8&X9/+.-�N`&02$'+.Z57:Z2-/93-3=eorN`-b^e4($76(=e&,\

K�L ��L�� Q�R�SU_�T b ��S � _�^�T3�
wx7#9/+.-`N`L

χ2(n)
?

n
N`&Hy.$L6H^zN`&�9/-/Z5&H$d='oC"x� &l^�=�$e-/&("iN�� 7:L`='$e&�|>L2&�9b7#93+,-*N2&�9b7#^e+.;<;<&�N`&H^�4(7.$e$'oH^�N`&

n
)j\ 78\ $l\P-�\ -�\ N�\N`&�9/+.-*"2+,$e;@7:9/&�46&(">='$eoH&H^z$eolN`L2-3=e&l^f^dL2$

R
\,V#� &H^d=]7:L8^'^e->9b7X93+,-`y,7.;i;@7

G(n/2, 2)
N`&�087:$E7:;26(=e$'&H^

(a, b) := (n/2, 2)
I-Q\ &,\59b7}9/+.-zy,7.;<;<7

Γ(n/2, 1/2)
N2&_087.$'7.;266=e$'&H^

(a, λ) := (n/2, 1/2)
\twx7193+,-zN`L

χ2(n)
-3">='&($')>-/&(">=#N87:"8^#93&_=e&l^�=N`La;<¯(;<&W"2+,;Q5�46m�\8¶2\ B8\ Y�087:y,&uO:� : \

K�L ��L�� Q�R�S=^	�
	2R�V�^(V*g SP^(lPlP^�^ g lYR�SH_�^�� ^(S��WTWlPl
wx7u93+,-8N`&��c&(-/Z2L29/9

W (α, λ)
N`&M087.$'7.;266=e$'&H^

(α, λ) ∈ R∗
+×R∗

+

&H^d=®9b7W9/+.-8^eL2$
R
N`+,">=®9/7�N`&("8^e-3=eoM087.$]$E7:020t+.$e=?i9b7_;<&l^dL2$'&WN`&uwh&HZ5&l^dy,L2&

dx
^eL2$

R
&H^d=rq

αλ xα−1 exp (−λxα) IR+
(x).

@]9/9/&W&H^d=�0893L8^�46+.;<;_L2"2o(;<&H",=MN`+,"2"2oH&W087:$�^'7�mn+,"84�='-3+,"TN`&r$eoH087:$e=e-3=e-/+."cq
Fα,λ(u) = (1− exp (−λxα)) IR+

.

[#\?]/^�_a` b'c�dfe
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s`7�;<+[�.&H"2"2&1)[7.L`=
λ−1/αΓ(1 + α−1)

&6=}^'7µ)[7:$'-b7:"84(&
λ−2/α

(

Γ(1 + 2α−1)−
(
Γ(1 + α−1)

)2
) \�V�&6=e=e&~93+,-�-3" ²='&($')>-/&(">=W&("�p57.Z2-39/-3=eo}N`&l^W^d�`^d=76(;<&l^(\ N +:=e+,"8^W|>L2&<9�� +."c$'&6=e$'+.L8).&i9/7a9/+.-f&6�`0t+."2&H">=e-/&(9/93&@N`&@087.$'7.;266=e$'& λ

93+,$'^'|>L2&
α = 1

q
W (1, λ) = E(λ).��+.L8$

α = 2
I`+."a087:$'93&r087.$dmn+,-/^�N`&W9/+.-hN2&uKM7P�*93&H-3y,´h\

K�L ��LiK Q�R�SU_�^ � �4T�b ���
V#� &H^d=M9/7i9/+.-h^eL2$

R
N2&rN2&("8^e-v='oW087:$�$E7:0805+,$d=M?i9/7i;<&H^eL2$'&WN`&uwh&HZ5&l^dy,L2&

dx
^eL2$

R
q

c

π

1

c2 + x2
,

+98
c
&l^�=]L8"@087:$E7:;266='$e&�0t+,^e-v='-vm�\}@]9/93&�"h� 7r057.^®N2&�;i+[�,&("2"8&�&6=�N`+,"84�087,^®N`&�)[7:$'-b7:"84(&.\,s`7X='$'7."8^dmn+.$';ioH&�N`& �2+,L2$'-3&H$&l^�=

exp
(

−c|s|2
) \

K�L ��LPO�� Q�R�SUjA^ g �
wx7a9/+.-]Zt¯6=E7TN`&<087:$E7:;26(=e$'&H^

(a, b) ∈ R
∗
+ × R

∗
+

&H^d=u9b7k9/+.-�^dL2$
R
N`&}N`&H"8^e-v='o@087:$W$E7:020t+.$e=W?~9/7a;<&H^eL2$'&<N2&wx&(Zt&H^ey.L2&

dx
^eL2$

R
q

1

B(a, b)
xa−1(1− x)b−1 I{0<x<1}(x),

+98
B(a, b)

&H^d=�9/7_mn+,"84�='-3+,"aZt¯6=E7@N�� @]L29/&($�N`o(p8"2-/&r087:$Wq
B(a, b) :=

∫ 1

0

xa−1(1− x)b−1 dx =
Γ(a)Γ(b)

Γ(a + b)
.

w�7_9/+.-�Zt¯6=E7@N`&r087:$E7:;26(=e$'&H^
(a, b)

7i0t+.L2$�;<+[�,&("2"2&
a/(a + b)

&(=M05+,L2$�)[7:$'-/7."846&
ab(a + b)−2(a + b + 1)−1

\
K�L ��LPO[O Q�R�SU_�^�� �&Zf^ g R
s*- L(X) = E(λ)

&6=M^e-
r ∈ R

I29b7i)t\ 72\
r exp (X)

^eL2-3=M087:$�N`o(p8"2-3=e-/+."~L2"2&W9/+.-hN2&W��7.$e&(=e+<N`&W087.$'7.;�6(=e$'&H^
λ
&(=

r
\5s`7<N`&H"8^e-v='oW087:$�$E7:020t+.$e=�?<9/7i;<&H^eL2$'&rN2&rwx&(Zt&H^ey.L2&W^eL2$

R
)[7.L`=uq

λ rλ

x1+λ
I{x>r}(x).

@]9/9/&~7�0t+.L2$@;<+[�.&H"2"2&
αr/(α − 1)

^e-
α > 1

&(=<"x� 7c087,^_;<+[�,&("2"2&~^e-3"2+,"h\®s*-
α > 2

If&H939/&~7�0t+.L8$i)[7.$e-b7:"84(&
αr2(α− 1)−2(α− 2)−1

I2&(=M&(9/93&r"h� 7<087,^�N`&r;i+,;<&(">=�N�� +.$EN`$e&rN`&HL`�a^e-3"8+."h\
K�L ��LPO(M Q�R�SUlPR
� � V�R[Z]\ �4lY^
V#� &H^d=�9b7_93+,-jN2&X9Q� &6�`05+,"2&(">='-3&H939/&WN�� L8"2&r)P7.$e-b7:Z893&X7:9/oH7:$'+.-3=e&XN`&r93+,-�y,7.L8^e^e-/&("2"2& N (m, σ2)

\4@]9/9/&r7i0t+.L2$�N`&H"8^e-v='o087.$�$'7.0205+,$d=M?i9b7_;<&l^dL2$'&WN`&uwh&HZ5&l^dy,L2&
dx
^eL2$

R
q

(2πσ2)−1/2 x−1 exp

(

− (log(x) −m)
2

2σ2

)

I{x>0}(x),

0t+.L2$�;<+[�,&("2"2&
exp

(
m + σ2/2

) &6=M0t+.L8$�)P7.$e-b7:"546&
exp

(
2m + σ2

)(

eσ2 − 1
) \

[#\?]/^�_a` b'c�dfe
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K�L ��LPO�� Q�R�SU_�^ � Smb ��^hZ ���#V�^(_�^(bdR[Z
wx7i9/+.-hN`& �z-b^d´8&($ ² s*"8&HN`&l46+.$ F(n, m)

?
n
&(=

m
N`&(y,$eol^�N`&W93-/Zt&($e=eoW&H^d=�9/7i9/+.-xN2&

X/n

Y/m
,

+98
X
&6=

Y
^d+,">=�-/"8N`oH05&H"8N27.",='&H^�&(=]+.">=f05+,L2$f93+,-/^z$'&H^e05&l4�='-3),&H^

χ2(n)
&6=

χ2(m)
\(@]939/&M7X05+,L2$]N`&H"8^d-3=eo�057:$�$'7.020t+.$e=?i9b7_;<&l^dL2$'&WN`&uwh&HZ5&l^dy,L2&

dx
^eL2$

R
q

Γ((n + m)/2)nn/2mn/2

Γ(n/2)Γ(m/2)

xn/2−1

(m + nx)(n+m)/2
.

��+.L8$
m > 4

I2^'7i;<+[�.&("8"2&r)P7.L`=
m/(m− 2)

&6=�^'7i)[7:$'-/7."846&
2m2(m + n− 2)n−1(m− 4)−1(m− 2)−2

\
K�L ��LPO � Q�R�SU_�^��CgfT�_�^�V�g
wx7i9/+.-hN`&�s*=eL8N`&H">= Tn

?
n
N`&(y,$eol^CN2&W93-/Z5&H$d='oW&H^d=�9/7<9/+.-hN`&

√
n X√
Y

,

+98
X
&(=X&(=

Y
^e+.">=#-/"8N`oH05&H"8N27:">='&H^X&6=W+.">=r05+,L2$X93+,-/^X$'&H^e05&l4�=e-/).&l^ N (0, 1)

&(=
χ2(n)

\0@]9/93&@7k05+,L2$WN`&("5^d-3=eoi087:$$E7:020t+.$e=�?_9b7i;<&H^eL2$e&WN`&uwx&(Zt&H^ey.L2&
dx
^dL2$

R
q

Γ((n + 1)/2)

Γ(n/2)
√

nπ

(

1 +
x2

n

)−(n+1)/2

.

@]9/9/&W&H^d=�4(&(">=e$'o(&r&(=�^e7i)[7:$'-/7."846&X)[7:L`=
n/(n− 2)

0t+.L2$
n > 2

\
K�L ��LPO�
 Q�R�SU_�^�� R*lP\,R
�[R[Z]R�� ���#\ SYZ]V�R��
V#� &H^d=M9/7i9/+.-h^eL2$

R
N2&#mn+,"84�='-3+,"TN`&W$eoH087:$e=e-3=e-/+."�q

F(u) :=







0
^d-

u 6 0,

1 + 2

+∞∑

k=1

(−1)ke−2k2u2 ^d-
u > 0.

@]9/9/&�-/",='&($')*-3&H",=CN27:"8^�9/&M=e&l^�=�N�� 7.N`ol|,L57[=e-/+."}N2&��#+.9/;i+,y.+,$e+[) ² s*;<-3$'"2+[)25�4�m�\`¶8\ B5\ ¶r087.y.&XO:¶ : \`V#� &H^d=C7.L8^e^e-89b7W9/+.-j^dL8$^eL202$'&(;_L2; N`&r9b7<)P7.93&HL2$M7:Z5^d+,93L2&rN�� L2"~05+,">=MZ2$e+���"8-3&H"k^eL2$
[0, 1]

5�4�m�\8^e&H46=e-/+."�Y`\ Bi087:y,&!B>D : \
K�L ��LPO 
 �*g �JgfSPa gfS���T�^`_	� R[Z _�Zf^�
 ��T��4V*gfSPlP^(a�
W\ 	(_�S��4V�^
s*+,-v=

µ
L8"2&M9/+.-5N2&�02$'+.Z87.Z2-/93-3=eoM^eL2$

R
I>N`&Mmn+,"84�='-3+,"}N`&M$'o(087.$d='-v='-3+,"

F
\*!#"@"2+.=e&

F (x−)
^'7r93-/;<-v='&#?Wy>7:L84E´2&�&H"

x
\t!#"TN`-v=�|>Lh� L2"~$'o(&(9

m
&H^d=ML2"2& < & $ ��¨ £ � 0t+.L8$

µ
9/+.$E^'|,L8&

F (m−) 6 1/2 6 F (m)
\5�]9/L8^�y.oH"2o($E7:9/&(;<&H",=lI`05+,L2$='+.L`=

α ∈ ]0, 1[
I5+,"�N`-v=W|>Lh� L2"�$'o(&(9

qα
&H^d=#L8" �6�8¨ £ �Q� ¥ � N�� +.$EN`$'&

α
0t+.L8$

µ
9/+.$E^e|>L2&

F (q−α ) 6 α 6 F (qα)
\j��+.L8$='+.L`=X+.$EN`$e&

α
IjL2"µ|>L87.">=e-/93&iN�� +,$'N2$e&

α
&(�*-b^d=e&u='+.LXW�+,L2$E^(It4(7:$X9b7@mn+."54�=e-/+."�N`&�$'o(087.$d='-v='-3+,"

F
&H^d=X4($e+,-/^'^e7.">=e&.I8&6=W70t+.L2$r9/-3;<-3=e&

0
&(" −∞ &(= 1

&("
+∞ \�w�7k4($e+,-/^'^e7."846&iN`& F

&H",='$'7 � "8&�o(y>7:9/&(;<&(">=W|>L2&<9�� &("8^e&(;_Z29/&iN`&l^W|>L87:">=e-/9/&H^N�� +.$EN`$'&
α
&l^�=�L2"k-3">=e&H$e)[7.939/&.\2s*-

q
&l^�=�L2"~|>L87:">=e-/9/&.I`9Q� -/">=e&($')[7:9/93&rN`&l^C|>L87.">=e-/93&l^CN2Lk;<¯(;<&r+.$EN`$'&�&l^�=�$eolN`L2-3=M? {q}^e-�&(=X^e&(L29/&(;<&H",=r^d-

µ({qα}) = 0
It&6=r7:9/+.$E^

F
&H^d=X4(+.">=e-/"*L2&u&H"

α
5n+."µ$'7.0205&H939/&_|>Lh� L2"2&�mn+."846=e-/+."µN2&�$'o(087.$d='-v='-3+,"&l^�=C=e+,LXW�+.L2$E^C46+.">='-3"*L2&r?�N`$'+.-3=e& : \2s*+,L2).&H",=lI*+."17.0205&H939/&r&("84(+.$'&#|>L87.",='-39/&#Nh� +,$'N`$'& α

9/&X;i-/9/-3&HLaN`&X9Q� -/">=e&($')[7:9/93&XN`&H^
[#\?]/^�_a` b'c�dfe
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	���
���������	�������	�������������� �!�"���#��� 	��
|>L87.",='-39/&H^®N�� +,$'N2$e&

α
I>4(&M|,L8-80t&($';i&(=�N`&M057:$'93&H$t$ � |>L87:">='-39/&�N�� +.$EN`$'&

α
I>;i¯H;<&�|>L87:"8Ni-/98�i&("}7r029/L8^e-3&HL2$E^(\ @®"`p8"hI9/+.$E^e|>L2&<9b7T9/+.-

µ
0t+,^'^�6lN`&@L2"2&kN`&("8^e-3=eo.Iz^e7Tmn+."846=e-/+." N`&}$'o(057:$e=e-3=e-/+."c&H^d=_46+,",='-3"*L2&1&6=�9/&H^�-3">=e&H$e)[7.939/&H^u|>L87.">=e-/93&l^^e+.">=�=e+,L8^�N`&H^�^e-/"2y.9/&6='+."8^H\!#"1057:$'93&rN`& $ & 1 � ¥ ��� 0t+.L2$�9/&H^�|>L87:">='-39/&H^�N�� +.$EN`$'&

1/10
I*N`& �6�8¨:����� ¥ ��� 05+,L2$M46&HL`�1N�� +.$EN`$'&

1/4
I*&6=E4:\5!#"1057:$'93&7.L8^e^e-�087.$dmn+,-/^<N`& .8�6� 1 � £ �Q� ¥ �6� 05+,L2$}9/&H^@|>L87:">='-39/&H^H\ R "8&T;iolN`-b7:"2&~&H^d=}L2" |>L87:">='-39/&�N�� +.$EN`$e&

1/2
\]wx7�mn+,"84�='-3+,"

Y�7:=e9b7:Z ���������
	 0t&($';<&6=�N�� +,Z`=e&H"2-/$�9b7W;<oHN`-b7:"8&�&(;<02-/$'-/|>L2&�Nh� L2"1oH4E´87.",='-39/9/+." 5n-Q\ &.\>9/7�;iolN`-b7:"2&�N2&�9b7rmn+."846=e-/+."1N2&$'o(087.$d='-v='-3+,"�&(;<02-/$'-/|>L2& : I�7:9/+.$E^�|>L2&i9/71mn+."54�=e-/+."{s>=e-3�`Z5+P����
 �
	����
��� 0t&($';<&6=uN�� +.Z`='&("2-/$#L8"c|>L87.",='-39/&�&H;<02-3$'-b|,L8&N�� +.$EN`$'&X|>L2&H9/4(+."8|>L2&WN�� L2"~oH4E´57:">=e-/939/+."x\s*-
(x1, . . . , xn)

&H^d=�L2"a).&H46=e&HL2$MN`&
Rn
I`+."a"2+:='&

(x(1), . . . , x(n))
9/&X),&H46=e&(L8$MN`&

Rn
+.Z2=e&("*La&("a$eoH+.$EN`+."8"87:">=N`&�m�7,°6+,"<4($e+,-/^'^'7:">=e&�9/&H^]4(+.;<05+>^e7.">=e&H^fN2&

x
\*s*-

X := (X1, . . . , Xn)
&H^d=®L2"@).&l4�='&(L2$]7.93ol7[=e+,-3$'&�N`&

Rn
I,+."@7:020t&(9/9/&^d='7:=e-b^�='-/|>L2&�N�� +.$EN`$'&CN`&

X
93&�),&H4�='&(L2$f7.93ol7[=e+,-3$'&

X̃ := (X(1), . . . , X(n))
+,Z`=e&H"*L_&H"_$'o(+,$'N`+,"2"87.",=z93&l^f46+*+.$EN`+,"2"2o(&l^N`&

X
?

ω
p2�`o,\2wx7_mn+."846=e-/+."
Y�7:=e9b7:Z������ � 0t&($';i&(=�N`&X=e$'-3&H$MN`&rm�7.°(+."~46$'+.-b^e^'7:">='&#L2"a).&l4�='&(L2$l\s*-

X := (X1, . . . , Xn)
&H^d=<L8"�ol4E´87:">='-39/93+,"gN�� L2"2&~9/+.-

µ
^dL2$

R
I®7.93+,$'^_9/7c;<oHN2-/7."2&~&(;<02-/$e-b|>L2&k"x� &l^�=}$'-3&H"N�� 7:L2=e$'&r|>L2&

X((n+1)/2)

^d-
n
&H^d=M-/;i057:-/$�&6=

(X((n/2) + X((1+n/2))/2
^d-

n
&H^d=�087:-/$l\2U�&u;@7."2-P6H$e&ry,o("2oH$'7.93&,I*^e-

α"h� &H^d=®087,^®L8"};�L293=e-/029/&#N`&
1/n
I,93&X|>L87:">=e-/9/&�N�� +.$EN`$e&

α
&H;i08-3$'-/|>L2&�)P7.L`=

(X([nα]) +X([nα]+1))/2
\(@]"`p5"hI*+."@0t&(L`=;<+.">='$e&H$]|,L8&�^d-

µ
7uL2"2&�N`&H"8^e-v='o

f
087.$]$E7:020t+.$e=®?r9/7u;i&l^dL8$e&MN`&#wh&(Zt&H^ey.L8&.I.7.93+,$'^�9b7W9/+.-8N`&

X(i)

7W0t+.L8$®N`&("5^d-3=eouq
fi(x) =

n!

(i− 1)!(n− i)!
F i−1(x)(1− F (x))n−if(x),

+98
F
&H^d=#9b7@mn+,"84�='-3+,"µN`&�$'o(057:$e=e-3=e-/+."�N`&

µ
\h!#"µ$e&(=e$'+.L2),&WZ2-3&H"

f
05+,L2$

n = 1
\js*-

x := (x1, . . . , xn) ∈ Rn
I5+,"7.0205&H939/& �e¨ £ © N2&

xi
N27."8^�9b7i^eL2-3=e&

x
9b7<|,L57:">=e-3=eo

ri(x) :=
n∑

j=1

Ixj6xi ,

|>L2-,$e&H02$eol^d&H">=e&f9/&]"2+.;_Z2$'&]N`&�4(+.;<05+>^e7.">=e&H^�N2&
x
|>L2->^d+,">=x-3"2mno($'-3&HL2$e&l^�+.LWoHy,7.93&l^h?

xi
\(­«9>0t&(L`=�7:$'$e-/).&H$h|,L8&

ri = rj
I;@7:-b^@+," 7{=e+,LXW�+.L2$E^

xri(x) = x(i)

\Cwh+.$E^'|,L8&T93&l^146+,;<05+>^e7.",='&H^@N`&
x
^e+.">=}=e+,L`=e&l^1N`-3�jo($'&(">=e&l^(I�9�� 7:020893-b4(7:=e-/+."

r : i ∈ {1, . . . , n} 7→ ri(x){1, . . . , n} &H^d=kL8"2&µ0t&($';�L`=E7[='-3+,"h\Cwx&µ),&H4�='&(L2$ r(x) := (r1(x), . . . , rn(x))
&l^�=7.0205&H93oi¤ � 1 �«�6�`�X�e¨ £ © N`&

x
\5!#"~N`o(p8"2-3=�"57[=eL8$e&H939/&(;<&(">=�93&X).&l4�='&(L2$�7:9/oH7:=e+,-3$'&M$E7:"2y

R(X)
Nh� L2"a).&l4�='&(L2$�7:9/oH7:=e+,-3$'&

X := (X1, . . . , Xn)
087.$

R(X)(ω) := r(X(ω))
\�!#"µ;<+,",='$e&,It46m�\fA UWVCUXR,Y[ZxI5='´2; B8\ B8\ Y:D1087:y,&1�l�>OlGf|>L2&i05+,L2$L2"aoH4E´57:">=e-/939/+."

X := (X1, . . . , Xn)
N�� L2"2&W9/+.-

µ
^eL2$

R
I246+.">='-3"*L2&<q

� 93&W),&H4�='&(L2$�$E7:"2y R(X)
&l^�=M02$'&H^'|>L2& ² ^��2$e&H;<&(">=�L2"8&W05&H$e;_L`='7:=e-/+."

� 93&W),&H4�='&(L2$�$E7:"2y R(X)
^eL2-3=M9/7i9/+.-�L2"2-3mn+.$';<&u^dL8$�9�� &("8^e&(;_Z29/&rN2&H^�0t&($';�L`=E7[=e-/+."5^�N`& {1, . . . , n}

� 9/7<^d='7[='-/^d=e-b|>L2&uN�� +.$EN`$'& X̃
N`&

X
&6=�^e+."a$'7."2y

R(X)
^e+.">=�-/"8N`o(0t&("5N27:">='^

� 9/7<^d='7[='-/^d=e-b|>L2&uN�� +.$EN`$'& X̃
7i05+,L2$�93+,-h9b7_9/+.-j='$'7,46&WN`&

n!µ⊗ · · · ⊗ µ
^eL2$ {x ∈ Rn, x1 6 · · · 6 xn}

\
��
�� � ���=<���-�8���������� � �*���H<�)�$& �)#���*)#�

!#"~7<93&l^�02$e+,02$'-3o(=eoH^�^eL2-/)P7.">=e&H^rq
�,\�B�&H$e"

(p, {0, 1})∗n = B(n, p)
\

Y2\ G(p)∗m = Gm(p)
\

¶8\ Gm1
(p) ∗ · · · ∗ Gmn(p) = Gm1+···+mn(p)

\
B5\ E(λ)∗n = Γ(n, λ)

\
F2\ N (m1, Σ1) ∗ · · · ∗ N (mn, Σn) = N (m1 + · · ·+ mn, Σ1 + · · ·+ Σn)

\
S8\ P(λ1) ∗ · · · ∗ P(λn) = P(λ1 + · · ·+ λn)

\
O`\Ms*- L(X) = N (0, In)

7:9/+.$E^ L(X2
1 + · · ·+ X2

n) = G(n/2, 2) = χ2(n)
\

[#\?]/^�_a` b'c�dfe
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R8\Ms*- L((X, Y )) = Γ(a, 1)⊗ Γ(b, 1)

7:9/+.$E^ L(X/(X + Y )) =
BC&6=E7

(a, b)
\D8\Ms*- L(X) = Γ(1, λ) = E(λ)

7:9/+.$E^ L(X−α) = W (α, λ)
\�l�2\�s*- L((X, Y )) = χ2(n)⊗ χ2(m)

I57:9/+.$E^ L((mX)/(nY )) = F(n, m)
\�,�.\�s*- L((X, Y )) = N (0, 1)⊗ χ2(n)

I87.93+,$'^ L(
√

nX/
√

Y ) = T (n)
\�PY`\�s*- L((Xn, n ∈ N

∗)) = E(λ)N
∗ &6=

Nt :=

+∞∑

n=1

IX1+···+Xn6t = inf {n ∈ N, X1 + · · ·+ Xn > t},
7:9/+.$E^�0t+.L8$�=e+.L2=

t ∈ R+
I L(Nt) = P(λt)

5�02$'+*4(&H^'^dL5^�N`&r�z+,-/^'^e+."~^d-/;<0293&WN�� -/",='&("8^e-3=eo
λ : \�l¶2\ B(n, λ/n)

� I��J�−→
n→+∞

P(λ)

�,\
Xn

P−→
n→+∞

X5�7 : ^'^d- (∀ε > 0) P({|Xn −X | > ε}) −→
n→+∞

05nZ : ^'^d- E(|Xn −X | ∧ 1) −→
n→+∞

05�4 : ^'^d- E(|Xn −X |/(1 + |Xn −X |)) −→
n→+∞

05�N : ^'^d-�N`&X='+.L`='&r^e+.L5^C^eL2-3=e& (Xnk
, k ∈ N

∗)
I`+,"k0t&(L2=M&6�*=e$E7:-/$e&#L2"2&W^e+.L8^ ² ^eL2-3=e&r|>L2-h46+,">),&($'y.&M0x\ ^H\`).&H$'^ XY2\

Xn
L−→

n→+∞
µ
^e^e- L(Xn)

� I��Q�−→
n→+∞

µ
\

¶8\
µn

� I��Q�−→
n→+∞

µ
5�7P),&H4

µn
&(=

µ
02$'+.Z57.^ :5�7 : ^'^d- (∀f ∈ Cb) Eµn(f) −→

n→+∞
Eµ(f)

5nZ : ^'^d- (∀s ∈ R) Eµn

(
eis•

)
−→

n→+∞
Eµ

(
eis•
)

5�4 : ^'^d- (∀t ∈ Cont(Fµ)) Fµn(t) −→
n→+∞

Fµ(t)B5\�wx7_m�7:;<-/939/&uN`&W)j\ 78\
(Xi, i ∈ I) ⊂ L

1
&H^d=�L8"2-vmn+,$e;<oH;i&H">=M-3">=eoHy.$E7:Z29/&25 R ­ :5�7 : ^'^d- supi∈I E

(
|Xi|I{|Xi|>c}

)
−→

c→+∞
05nZ : ^'^d-�� supi∈I E(|Xi|) < +∞ &(= (∀ε > 0)(∃δ > 0)(∀A)(P(A) 6 δ ⇒ supi∈I E(|Xi|IA) 6 ε)5�4 : ^'^d-�� ∃Ψ : R+ → R+

='&(9/93&u|>L2&
supi∈I E(Ψ(|Xi|)) < +∞ &6= Ψ(x)/x −→

x→+∞
+∞ \F2\ R "2&rm�7.;i-/9/93&WZt+.$'"2o(&WN27."8^

L
1
&l^�= R ­�\S8\Ms*+.-3=

(Xn, n ∈ N∗) ⊂ L
1
I2-/9��k7ioH|>L2-/)[7:9/&("84(&X&H">=e$'&iq

5�7 : Xn
L

1

−→
n→+∞

X
7P).&H4

X ∈ L
1

5nZ : (Xn, n ∈ N∗)
&H^d= R ­C&6=

Xn
P−→

n→+∞
XO`\Ms*-

Xn
L

p

−→
n→+∞

X
7P).&l4

p > 1
I27:9/+.$E^®N`&X='+.L`='&X^e+.L8^ ² ^dL2-3=e& (Xnk

, k ∈ N∗)
I>+,"k0t&(L2=�&(�*=e$E7:-/$e&#L2"2&r^d+,L8^ ² ^eL2-v='&|,L8-x46+,">),&($'y.&#0h\ ^H\2),&($E^

XR8\Ms*-
Xn

L−→
n→+∞

µ
7.93+,$'^��

s 7→ E
(
eisXn

) 46+,"*).&($'y.&#).&H$'^
s 7→ Eµ

(
eis•
) L2"8-vmn+,$e;<o(;<&H",=�^eL2$�='+.L`=M46+,;<087.46=

D8\Ms*+.-3=
(µn, n ∈ N∗)

N2&H^#02$e+,Z87.^H\ts`-
s 7→ Eµn

(
eis•

) 46+."*),&($'y.&W^d-/;<029/&(;<&(">=r).&($E^
s 7→ G(s)

46+,",='-3"*L2&_&("
07:9/+.$E^��

G
&l^�=M9b7_=e$E7:"8^dmn+.$';<o(&rN`& �2+,L2$'-3&H$�Nh� L2"8&W93+,-

µ
&6=

µn

� I��Q�−→
n→+∞

µ
\
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(Xn, n ∈ N∗)
)j\ 72\ $H\`-/"8N`oH0h\2&6=

Sn := X1 + · · ·+ Xn
\2­«9x�17ioH|>L2-/)P7.93&H"846&W&H">=e$'& � q

5�7 : (Sn, n ∈ N∗)
46+,"*).&($'y.&X0h\ ^(\

5nZ : (Sn, n ∈ N∗)
46+,"*).&($'y.&X&("

P5�4 : (Sn, n ∈ N
∗)
46+,"*).&($'y.&X&(" LU�&W029/L8^��:I8^e-

c > 0
&6=

Yn := XnI{|Xn|6c}

7:9/+.$E^
(Sn, n ∈ N∗)

46+,">),&($'y.&#0h\ ^H\8^'^d-�+,"a7<?i9b7imn+.-b^rq
5�7 : ∑+∞

n=1 P({Xn 6= Yn}) < +∞5nZ : ∑+∞
n=1 E(Yn) < +∞5�4 : ∑+∞
n=1 Var(Yn) < +∞�,�.\�s*-

Xn

� � �−→
n→+∞

X
&(=

Yn

� � �−→
n→+∞

Y
&(=

(a, b) ∈ R2
7.93+,$'^

aXn + bYn

� � �−→
n→+∞

aX + bY
&6=

XnYn

� � �−→
n→+∞

XY�PY`\�w]� &H^e087.4(&
L

0 N2&H^Wmn+,"84�='-3+,"8^u;<&l^dL2$E7:Z893&l^W;�L2"8-CN`&19/7~='+.0t+.9/+.y,-3&}N`&19/7�V � &("
P
7,^e^e+`46-/o(&}?T9b7�N`-b^�=E7:"84(&

d(X, Y ) := E(|X − Y |/(1 + |X − Y |)) &l^�=ML2"~&l^d087,46&rN`&uB�7:"87,4E´��[\�l¶2\�s*-
Xn

P−→
n→+∞

X
&(=

Yn
P−→

n→+∞
Y
7.93+,$'^

XnYn
P−→

n→+∞
XY

�HB8\�s*-
Xn

L
1

−→
n→+∞

X
&(=

Yn
P−→

n→+∞
Y
&(=

(Yn, n ∈ N∗)
L2"8-vm�\5Z5+,$e"2oH&W7:9/+.$E^

XnYn
L

1

−→
n→+∞

XY

�PF`\�s*-
(Xn, Yn)

L−→
n→+∞

(X, Y )
7:9/+.$E^

Xn + Yn
L−→

n→+∞
X + Y

&6=
Xn

L−→
n→+∞

X
&6=

Yn
L−→

n→+∞
Y

�lS2\�s*-
Xn

L−→
n→+∞

X
&6=

Yn
L−→

n→+∞
Y
&6=

(Xn, Yn, n ∈ N∗)
-/"8N`oH0h\�7:9/+.$E^

X
&(=

Y
-3"8N2o(0h\j&6=

Xn + Yn
L−→

n→+∞

X + Y

V �
L

p>1

⇓V �
L

1

⇓V ��0h\ ^(\ ⇒ V � &("
P ⇒ V � &H" LV �

L
1 =⇒�n���(�j���H� I �«� V � 0x\ ^H\V �

P =⇒�n���(�j���(� I �«� V � 0h\ ^(\V �
P =⇒�n�	��
 V � L

1

��
���� D2\/� � KM&(9b7[=e-/+."5^�&(">=e$'&r93&l^MN`-3�toH$e&H",=E^C=��*05&l^�N`&u46+,">),&($'y.&H"846&l^�N`&r)j\ 72\
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µ

�8+."846=e-/+."~N`&W$'o(087.$d='-v='-3+,"
Fµ(t) := µ([t, +∞[)U�-b^'46$L66=e& ∑

n>0 pnδan

5
an < an+1 : ∑

n>0 pnI[an,an+1[(t)R "2-3m�\ U(a, b) (b− a)−1(t− a)I[a,b](t) + I]b,+∞[(t)
E(λ) (1− exp (−λt))IR+

(t)
W (α, λ) (1− exp (−λtα))IR+

(t)
N (0, 1) Φ(t) ∼+∞ 1− t−1 exp

(
−t2/2

)

��+,93;<+,y.+.$'+[) ² s`;i-/$'"2+[) (

1 + 2
∑+∞

k=1(−1)ke−2k2u2
)

IR∗
+
(t)
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