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INTERACTIONS BETWEEN
COMPRESSED SENSING
RANDOM MATRICES AND
HIGH DIMENSIONAL GEOMETRY

Djalil Chafai, Olivier Guédon, Guillaume Lecué, Alain Pajor

Abstract. — This book is based on a series of post-doctoral level lectures given
at Université Paris-Est Marne-la-Vallée in November 2009, by Djalil Chafai, Olivier
Guédon, Guillaume Lecué, Shahar Mendelson, and Alain Pajor. It aims to bridge
several actively developed domains of research around the high dimensional phenom-
ena of asymptotic geometric analysis. The covered topics include empirical methods
and high dimensional geometry, concentration of measure, compressed sensing and
Gelfand widths, chaining methods, singular values and Wishart matrices, and empiri-
cal methods and selection of characters. This book focuses on methods and concepts.
Chapters are mostly self-contained. An index is provided.
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INTRODUCTION

Compressed sensing, also referred to in the literature as compressive sensing or
compressive sampling, is a framework that enables one to recover approximate or
exact reconstruction of sparse signals from incomplete measurements. The existence
of efficient algorithms for this reconstruction, such as the ¢;-minimization algorithm,
and the potential for applications in signal processing and imaging, led to a rapid and
extensive development of the theory after the seminal articles by D. Donoho [Don06],
E. Candes, J. Romberg and T. Tao [CRTO06] and E. Candes and T. Tao [CTO06].

The principles underlying the discoveries of these phenomena in high dimensions
are related to more general problems and their solutions in Approximation Theory.
One significant example of such a relation is the study of Gelfand and Kolmogorov
widths of classical Banach spaces. There is already a huge literature on both the
theoretical and numerical aspects of compressed sensing. Our aim is not to survey
the state of the art in this rapidly developing field, but to highlight and study its
interactions with other fields of mathematics, in particular with asymptotic geometric
analysis, random matrices and empirical processes.

To introduce the subject, let T be a subset of RY and let A be an n x N real
matrix with rows Y1,...,Y;, € RY. Consider the general problem of reconstructing a
vector x € T from the data Ax € R™: that is, from the known measurements

Y1,2),...,(Y,,x)

of an unknown z. Classical linear algebra suggests that the number n of measurements
should be at least as large as the dimension N in order to ensure reconstruction.
Compressed sensing provides a way of reconstructing the original signal = from its
compression Az that uses only a small number of linear measurements: that is with
n < N. Clearly one needs some a priori hypothesis on the subset T of signals that we
want to reconstruct, and of course the matrix A should be suitably chosen in order
to allow the reconstruction of every vector of 7'

The first point concerns the subset T' and is a matter of complexity. Many tools
within this framework were developed in Approximation Theory and in the Geometry
of Banach Spaces. One of our goals is to present these tools.
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The second point concerns the design of the measurement matrix A. To date
the only good matrices are random sampling matrices and the key is to sample
Yi,...,Y, € RY in a suitable way. For this reason probability theory plays a central
role in our exposition. These random sampling matrices will usually be of Gaussian or
Bernoulli (£1) type or be random sub-matrices of the discrete Fourier N x N matrix
(partial Fourier matrices). There is a huge technical difference between the study of
unstructured compressive matrices (with i.i.d entries) and structured matrices such
as partial Fourier matrices. Another goal of this work is to describe the main tools
from probability theory that are needed within this framework. These tools range
from classical probabilistic inequalities and concentration of measure to the study of
empirical processes and random matrix theory.

The purpose of Chapter [I] is to present some basic tools and preliminary back-
ground. We will look briefly at elementary properties of Orlicz spaces in relation to
tail inequalities for random variables. An important connection between high dimen-
sional geometry and the study of empirical processes comes from the behavior of the
sum of independent centered random variables with sub-exponential tails. An impor-
tant step in the study of empirical processes is Discretization: in which we replace
an infinite space by an approximating net. It is essential to estimate the size of the
discrete net and such estimates depend upon the study of covering numbers. Several
upper estimates for covering numbers, such as Sudakov’s inequality, are presented in
the last part of Chapter [I}

Chapter [2]is devoted to compressed sensing. The purpose is to provide some of the
key mathematical insights underlying this new sampling method. We present first the
exact reconstruction problem informally introduced above. The a priori hypothesis
on the subset of signals T" that we investigate is sparsity. A vector in RY is said to be
m-sparse (m < N) if it has at most m non-zero coordinates. An important feature of
this subset is its peculiar structure: its intersection with the Euclidean unit sphere is
a union of unit spheres supported on m-dimensional coordinate subspaces. This set
is highly compact when the degree of compactness is measured in terms of covering
numbers. As long as m < N the sparse vectors form a very small subset of the
sphere.

A fundamental feature of compressive sensing is that practical reconstruction can
be performed by using efficient algorithms such as the ¢;-minimization method which
consists, for given data y = Ax, to solve the “linear program”:

N
i ; [ti| subject to At =1y.
At this step, the problem becomes that of finding matrices for which the algorithm
reconstructs any m-sparse vector with m relatively large. A study of the cone of
constraints that ensures that every m-sparse vector can be reconstructed by the ¢;-
minimization method leads to a necessary and sufficient condition known as the null
space property of order m:

Vheker A, h#0, VI C [N], [I| <m, > |hi| < |hil.

el iele
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This property has a nice geometric interpretation in terms of the structure of faces of
polytopes called neighborliness. Indeed, if P is the polytope obtained by taking the
symmetric convex hull of the columns of A, the null space property of order m for
A is equivalent to the meighborliness property of order m for P: that the matrix A
which maps the vertices of the cross-polytope

N
B{V:{teRN : Z|ti|§1}
=1

onto the vertices of P preserves the structure of k-dimensional faces up to the di-
mension k = m. This remarkable connection between compressed sensing and high
dimensional geometry is due to D. Donoho [Don05].

Unfortunately, the null space property is not easy to verify nor is the neighborliness.
An ingenious sufficient condition is the so-called Restricted Isometry Property (RIP)
of order m that requires that all sub-matrices of size n X m of the matrix A are
uniformly well-conditioned. More precisely, we say that A satisfies the RIP of order
p < N with parameter § = ¢, if the inequalities

1-6, <|Az|3 <1496,

hold for all p-sparse unit vectors z € RY. An important feature of this concept is
that if A satisfies the RIP of order 2m with a parameter § small enough, then every
m-sparse vector can be reconstructed by the ¢;-minimization method. Even if this
RIP condition is difficult to check on a given matrix, it actually holds true with high
probability for certain models of random matrices and can be easily checked for some
of them.

Here probabilistic methods come into play. Among good unstructured sampling
matrices we shall study the case of Gaussian and Bernoulli random matrices. The
case of partial Fourier matrices, which is more delicate, will be studied in Chapter
Checking the RIP for the first two models may be treated with a simple scheme: the
e-net argument presented in Chapter [2|

Another way to tackle the problem of reconstruction by ¢;-minimization is to anal-
yse the Euclidean diameter of the intersection of the cross-polytope BV with the
kernel of A. This study leads to the notion of Gelfand widths, particularly for the
cross-polytope BY. Its Gelfand widths are defined by the numbers

d*(BY Yy =inf rad(SNBY), n=1,...,N
codim S<n
where rad (S N BYY) = max{ |z| : z € SN B} denotes the half Euclidean diameter
of the section of BY¥ and the infimum is over all subspaces S of R of dimension less
than or equal to n.

A great deal of work was done in this direction in the seventies. These Approxi-
mation Theory and Asymptotic Geometric Analysis standpoints shed light on a new
aspect of the problem and are based on a celebrated result of B. Kashin [Kas77]
stating that

a(BY ) < % 1og® M) (N/n)
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for some numerical constant C. The relevance of this result to compressed sensing is
highlighted by the following fact.
Let1 <m<n, if
rad (ker AN BY) < 1/2/m
then every m-sparse vector can be reconstructed by £1-minimization.

From this perspective, the goal is to estimate the diameter rad (ker A N B3Y) from
above. We discussed this in detail for several models of random matrices. The con-
nection with the RIP is clarified by the following result.

Assume that A satisfies the RIP of order p with parameter §. Then

rad (ker AN BY) < ot

= pl-0
where C'is a numerical constant and so rad (ker AN BY) < 1/2\/m is satisfied
with m = O(p).
The ¢1-minimization method extends to the study of approximate reconstruction
of vectors which are not too far from being sparse. Let € RY and let z* be a
minimizer of

N
min t;| subject to At = Ax.
feRN ; | z‘ J

Again the notion of width is very useful. We prove the following:

Assume that rad (ker A N BY) < 1/4/m. Then for any I C [N] such that
|I] < m and any x € RN, we have

1
|z — 2fly < — Z |z;].
VI gr

This applies in particular to unit vectors of the space ﬂf,\f ooy 0 < p < 1 for which
minrj<m )¢y il = O(m!'~1/7).

In the last section of Chapter |2| we introduce a measure of complexity ¢,(T") of a
subset T C RY defined by

N

£.(T) =Esup Z gits,

teT i

where g1, ..., gy are independent N(0,1) Gaussian random variables. This kind of
parameter plays an important role in the theory of empirical processes and in the
Geometry of Banach spaces ([Mil86], [PT.J86), [Tal87]). It allows to control the size of
rad (ker ANT') which as we have seen is a crucial issue in approximate reconstruction.
This line of investigation goes deeper in Chapter [3] where we first present classical
results from the Theory of Gaussian processes. To make the link with compressed
sensing, observe that if A is a n x N matrix with row vectors Yi,...,Y,,, then the
RIP of order p with parameter J, can be rewritten in terms of an empirical process

property since
n

b= s [LS e

z€5:(5,) ' M i
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where S2(X,) is the set of norm one p-sparse vectors of RY. While Chapter [2| makes
use of a simple e-net argument to study such processes, we present in Chapter
the chaining and generic chaining techniques based on measures of metric complexity
such as the 7o functional. The 75 functional is equivalent to the parameter £, (T)
in consequence of the majorizing measure theorem of M. Talagrand [Tal87]. This
technique enables to provide a criterion that implies the RIP for unstructured models
of random matrices, which include the Bernoulli and Gaussian models.

It is worth noticing that the e-net argument, the chaining argument and the generic
chaining argument all share two ideas: the classical trade-off between complexity and
concentration on the one hand and an approximation principle on the other. For
instance, consider a Gaussian matrix A = n’l/z(gij)lgignylgjgzv where the g;;’s are
ii.d. standard Gaussian variables. Let T be a subset of the unit sphere S™V~1 of
RYN. A classical problem is to understand how A acts on 7. In particular, does A
preserve the Euclidean norm on 7?7 In the Compressed Sensing setup, the “input”
dimension N is much larger than the number of measurements n, because A is used
as a compression matrix. So clearly A cannot preserve the Euclidean norm on the
whole sphere SV~!. Hence, it is natural to identify the subsets T of S™V~! for which
A acts on T in a norm preserving way. Let’s start with a single point z € T. Then
for any ¢ € (0, 1), with probability greater than 1 — 2 exp(—cone?), one has

l-e<|Az]2 <1 +e.

This result is the one expected since E|Az|3 = |z|3 (we say that the standard Gaussian
measure is isotropic) and the Gaussian measure on RY has strong concentration
properties. Thus proving that A acts in a norm preserving way on a single vector
is only a matter of isotropicity and concentration. Now we want to see how many
points in T' may share this property simultaneously. This is where the trade-off
between complexity and concentration is at stake. A simple union bound argument
tells us that if A C T has a cardinality less than exp(cone?/2), then, with probability
greater than 1 — 2 exp(—cone?/2), one has

Ve e A l-e<|Az)3 <1 +e.

This means that A preserves the norm of all the vectors of A at the same time, as
long as |A| < exp(cone?/2). If the entries in A had different concentration properties,
we would have ended up with a different cardinality for |A|. As a consequence,
it is possible to control the norm of the images by A of exp(cone?/2) points in T'
simultaneously. The first way of choosing A that may come to mind is to use an e-net
of T with respect to £ and then to ask if the norm preserving property of A on
A extends to T? Indeed, if m < C(g)nlog™* (N/n), there exists an e-net A of size
exp(cone?/2) in S3(%,,) for the Euclidean metric. And, by what is now called the
e-net argument, we can describe all the points in S3(X,,) using only the points in A:

A C Sy () C (1 —¢) teonv(A).

This allows to extend the norm preserving property of A on A to the entire set So(3,,)
and was the scheme used in Chapter
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But this scheme does not apply to several important sets 7 in SV~!. That is
why we present the chaining and generic chaining methods in Chapter [3| Unlike the
e-net argument which demanded only to know how A acts on a single e-net of T,
these two methods require to study the action of A on a sequence (Ts) of subsets of
T with exponentially increasing cardinality. In the case of the chaining argument,
T, can be chosen as an e4-net of T' where £; is chosen so that |Ts| = 2° and for the
generic chaining argument, the choice of (Ts) is recursive: for large values of s, the
set T, is a maximal separated set in T of cardinality 22° and for small values of s,
the construction of Ty depends on the sequence (7});>s4+1. For these methods, the
approximation argument follows from the fact that dy (¢,75) tends to zero when s
tends to infinity for any ¢ € T and the trade-off between complexity and concentration
is used at every stage s of the approximation of T" by Ts. The metric complexity
parameter coming from the chaining method is called the Dudley entropy integral

/ Vieg N(T,d,e) de
0

while the one given by the generic chaining mechanism is the 7, functional

oo
Ny - . s/2
Yo(T', 45" ) = inf sup 2%/ 4d N (t, T
(T.83) = ot sup D22 (0T
where the infimum is taken over all sequences (7%) of subsets of T such that |Tp| < 1
and |T,| < 2% for every s > 1. In Chapter [3| we prove that A acts in a norm
preserving way on T with probability exponentially in n close to 1 as long as

In the case T = S5(%,,) treated in Compressed Sensing, this condition implies that
m = O0(n log™! (N/n)) which is the same as the condition obtained using the e-net
argument in Chapter [2] So, as far as norm preserving properties of random operators
are concerned, the results of Chapter [3| generalize those of Chapter [2| Nevertheless,
the norm preserving property of A on a set T" implies an exact reconstruction property
of A of all m-sparse vectors by the ¢;-minimization method only when T = S5(%,,).
In this case, the norm preserving property is the RIP of order m.

On the other hand, the RIP constitutes a control on the largest and smallest
singular values of all sub-matrices of a certain size. Understanding the singular values
of matrices is precisely the subject of Chapter An m x n matrix A with m < n
maps the unit sphere to an ellipsoid, and the half lengths of the principle axes of this
ellipsoid are precisely the singular values s1(A4) > -+ > s,,(A) of A. In particular,

51(A) = max |Az|y = ||A],,, and s,(A) = min [Az|,.
|z|2=1 |z]2=1
Geometrically, A is seen as a correspondence—dilation between two orthonormal bases.
In matrix form UAV* = diag(s1(A),. .., sm(A)) for a pair of unitary matrices U and
V' of respective sizes m x m and n x n. This singular value decomposition — SVD
for short — has tremendous importance in numerical analysis. One can read off from
the singular values the rank and the norm of the inverse of the matrix: the singular
values are the eigenvalues of the Hermitian matrix v AA*: and the largest and smallest
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singular values appear in the definition of the condition number s1/s,, which allows
to control the behavior of linear systems under perturbations of small norm.

The first part of Chapter [4] is a compendium of results on the singular values
of deterministic matrices, including the most useful perturbation inequalities. The
Gram—Schmidt algorithm applied to the rows and the columns of A allows to construct
a bidiagonal matrix which is unitarily equivalent to A. This structural fact is at the
heart of most numerical algorithms for the actual computation of singular values.

The second part of Chapter [] deals with random matrices with i.i.d. entries and
their singular values. The aim is to offer a cultural tour in this vast and growing
subject. The tour begins with Gaussian random matrices with i.i.d. entries form-
ing the Ginibre Ensemble. The probability density of this Ensemble is proportional
to G +— exp(—Tr(GG*)). The matrix W = GG* follows a Wishart law, a sort of
multivariate x2. The unitary bidiagonalization allows to compute the density of the
singular values of these Gaussian random matrices, which turns out to be proportional

to a function of the form
S Hsgefsi H |52 — s?|ﬂ
k i#]

The change of variable sy — s7 reveals Laguerre weights in front of the Vandermonde
determinant, the starting point of a story involving orthogonal polynomials. As for
most random matrix ensembles, the determinant measures a logarithmic repulsion
between eigenvalues. Here it comes from the Jacobian of the SVD. Such Gaussian
models can be analysed with explicit but cumbersome computations. Many large
dimensional aspects of random matrices depend only on the first two moments of the
entries, and this makes the Gaussian case universal. The most well known universal
asymptotic result is indubitably the Marchenko-Pastur theorem. More precisely if M
is an m x n random matrix with i.i.d. entries of variance n~!/2, the empirical counting
probability measure of the singular values of M

m

1
= dun)
k=1

tends weakly, when n,m — oo with m/n — p € (0,1], to the Marchenko-Pastur law

mixwx TP 0o — (&= DD Lpepis yp ()i

We provide a proof of the Marchenko-Pastur theorem by using the methods of mo-
ments. When the entries of M have zero mean and finite fourth moment, Bai-Yin
theorem furnishes the convergence at the edge of the support, in the sense that

sm(M)—=1—/p and s1(M)—1+./p.

Chapter [4 gives only the basic aspects of the study of the singular values of random
matrices; an immense and fascinating subject still under active development.

As it was pointed out in Chapter studying the radius of the section of the
cross-polytope with the kernel of a matrix is a central problem in approximate recon-
struction. This approach is pursued in Chapter [ for the model of partial discrete
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Fourier matrices or Walsh matrices. The discrete Fourier matrix and the Walsh ma-
trix are particular cases of orthogonal matrices with nicely bounded entries. More
generally, we consider matrices whose rows are a system of pairwise orthogonal vec-
tors ¢1, ..., ¢n such that for any i = 1,..., N, |¢i]s = K and |¢;|oc < 1/v/N. Several
other models fall into this setting. Let Y be the random vector defined by Y = ¢;
with probability 1/N and let Y7, ...,Y, be independent copies of Y. One of the main
results of Chapter [5| states that if

m§01K2 "

log N (logn)3
then with probability greater than

1— Cyexp (—C’gK2n/m)
the matrix ® = (V1,...,Y,)" satisfies

1
N

rad (ker® N By') < N

In Compressed Sensing, n is chosen relatively small with respect to N and the
result is that up to logarithmic factors, if m is of the order of n, the matrix ® has
the following property that every m-sparse vector can be exactly reconstructed by
the /1-minimization algorithm. The numbers C7, Co and C3 are numerical constants
and replacing C7 by a smaller constant allows approximate reconstruction by the
{1-minimization algorithm. The randomness introduced here is called the empirical
method and it is worth noticing that it can be replaced by the method of selectors:
defining ® with its row vectors {¢;,i € I} where I = {i,d; = 1} and 61,...,0y are
independent identically distributed selectors taking values 1 with probability § = n/N
and 0 with probability 1 —§. In this case the cardinality of I is approximately n with
high probability.

Within the framework of the selection of characters, the situation is different. A

useful observation is that it follows from the orthogonality of the system {¢1,...,¢n},
that ker ® = span {¢;};c; where {Yi}7_; = {#i}i¢;. Therefore the previous state-
ment on rad (ker ®NBYV) is equivalent to selecting |.J| > N —n vectors in {¢1,...,dn}

such that the & norm and the £) norm are comparable on the linear span of these
vectors. Indeed, the conclusion rad (ker ® N BY) < ﬁ is equivalent to the following

inequality

a] JjeJs Za]¢] < T Za3¢j
jeJ 9 jedJ 1
At issue is how large can be the cardinality of J so that the comparison between the
¢ norm and the £) norm on the subspace spanned by {¢;}jes is better than the
trivial Holder inequality. Choosing n of the order of N/2 gives already a remarkable
result: there exists a subset J of cardinality greater than N/2 such that

V(a;)jer, Z%¢J Zajqﬁj < Cy—=— logN Z%¢J

]EJ 1 jedJ jeJ
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This is a Kashin type result. Nevertheless, it is important to remark that in the state-
ment of the Dvoretzky [FLMT77| or Kashin [Kas77| theorems concerning Euclidean
sections of the cross-polytope, the subspace is such that the £ norm and the /¥ norm
are equivalent (without the factor log V): the cost is that the subspace has no par-
ticular structure. In the setting of Harmonic Analysis, the issue is to find a subspace
with very strong properties. It should be a coordinate subspace with respect to the
basis given by {¢1,...,¢n}. J. Bourgain noticed that a factor y/log N is necessary in
the last inequality above. Letting p be the discrete probability measure on RY with
weight 1/N on each vectors of the canonical basis, the above inequalities tell that for
all scalars (o) e,

> a9 <D aie; < Cy(log N)* D ajo;
i€’ Liw €7 La(p) iet Li(p)

This explains the deep connection between Compressed Sensing and the problem of
selecting a large part of a system of characters such that on its linear span, the Lo(u)
and the L (u) norms are as close as possible. This problem of Harmonic Analysis goes
back to the construction of A(p) sets which are not A(q) for ¢ > p, where powerful
methods based on random selectors were developed by J. Bourgain [Bou89]. M.
Talagrand proved in [Tal98] that there exists a small numerical constant dg and a
subset J of cardinality greater than dyN such that for all scalars (a;);e,

Zaj(’bj S Zozquj SC5 \/IOgNIOglOgN Zajgbj
jed Liw 197 La(w) i€l La ()

It is the purpose of Chapter [5| to emphasize the connections between Compressed
Sensing and these problems of Harmonic Analysis. Tools from the theory of empirical
processes lie at the heart of the techniques of proof. We will present the classical
results from the theory of empirical processes and show how techniques from the
Geometry of Banach Spaces are relevant in this setting. We will also present a strategy
for extending the result of M. Talagrand [Tal98] to a Kashin type setting.

This book is based on a series of post-doctoral level lectures given at Université
Paris-Est Marne-la-Vallée in fall 2009, by Djalil Chafai, Olivier Guédon, Guillaume
Lecué, Shahar Mendelson, and Alain Pajor. This collective pedagogical work aimed to
bridge several actively developed domains of research. Each chapter of this book ends
with a “Notes and comments” section gathering historical remarks and bibliographical
references. We hope that the interactions at the heart of this book will be helpful to
the non-specialist reader and may serve as an opening to further research.

We are grateful to all the 2009 fall school participants for their feedback. We
are also indebted to all friends and colleagues, who made an important proofreading
effort. In particular, the final form of this book benefited from the comments of Radek
Adamczak, Florent Benaych-Georges, Simon Foucart, Rafal Latala, Mathieu Meyer,
Holger Rauhut, and anonymous referees. We are indebted to the editorial board of
the SMF publication Panoramas et Syntheses who has done a great job. We would
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like to thank in particular Franck Barthe, our editorial contact for this project. This
collective work benefited from the excellent support of the Laboratoire d’Analyse et
de Mathématiques Appliquées (LAMA) of Université Paris-Est Marne-la-Vallée.



CHAPTER 1

EMPIRICAL METHODS AND HIGH DIMENSIONAL
GEOMETRY

This chapter is devoted to the presentation of classical tools that will be used within
this book. We present some elementary properties of Orlicz spaces and develop the
particular case of 1, random variables. Several characterizations are given in terms
of tail estimates, Laplace transform and moments behavior. One of the important
connections between high dimensional geometry and empirical processes comes from
the behavior of the sum of independent 1, random variables. An important part of
these preliminaries concentrates on this subject. We illustrate these connections with
the presentation of the Johnson-Lindenstrauss lemma. The last part is devoted to the
study of covering numbers. We focus our attention on some elementary properties
and methods to obtain upper bounds for covering numbers.

1.1. Orlicz spaces

An Orlicz space is a function space which extends naturally the classical L, spaces
when 1 < p < 4oc0. A function ¢ : [0,00) — [0, 00] is said to be an Orlicz function if
it is convex increasing with closed support (that is the convex set {z, ¥ (z) < oo} is
closed) such that 1(0) = 0 and ¥ (z) — oo when z — oc.

Definition 1.1.1. — Let v be an Orlicz function. For any real random variable X
on a measurable space (2,0, u), we define its Ly, norm by

[X|l, = inf {c>0:Ep(|X]/c) <p(1)}.
The space Ly (2,0, p) = {X : || X[|,, < oo} is called the Orlicz space associated to .
Sometimes in the literature, Orlicz norms are defined differently, with 1 instead of

¥(1). It is well known that L, is a Banach space. Classical examples of Orlicz
functions are for p > 1 and o > 1:

Vo> 0, dp(x)=a"/p and  tha(z) = exp(a®) — 1.
The Orlicz space associated to ¢, is the classical L, space. It is also clear by the

monotone convergence theorem that the infimum in the definition of the L, norm of
a random variable X, if finite, is attained at [[X],,.
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Let ¢ be a nonnegative convex function on [0,00). Its convez conjugate ¥* (also
called the Legendre transform) is defined on [0, c0) by:

Yy >0, ¢*(y) = Sug(xy — ().
>
The convex conjugate of an Orlicz function is also an Orlicz function.

Proposition 1.1.2. — Let 1 be an Orlicz function and ¥* be its convex conjugate.
For every real random variables X € Ly and Y € Ly-, one has

EIXY| < (0(1) +¢" (1) [1X]y 1Y [l -

Proof. — By homogeneity, we can assume [|X{|,, = [|Y]|
convex conjugate, we have

4+ = 1. By definition of the

(XY <9 (X)) + 9" (Y]

Taking the expectation, since E¢(|X|) < ¢(1) and Ev*(|Y]) < ¥*(1), we get that
E|XY] < (1) + 0*(1). o

If p7 + ¢! =1 then ¢, = ¢q and it gives Young’s inequality. In this case, Proposi-
tion [1.1.2| corresponds to Holder inequality.

Any information about the 1, norm of a random variable is very useful to describe
its tail behavior. This will be explained in Theorem [1.1.5] For instance, we say
that X is a sub-Gaussian random variable when [|X||, < oo and that X is a sub-
ezponential random variable when ||XH¢1 < oco. In general, we say that X is 1,
when [|X|[,, < oo. It is important to notice (see Corollary and Proposition
that for any as > a1 > 1

Loc C Ly,, C Ly, C () Ly
p=1

One of the main goal of these preliminaries is to understand the behavior of the
maximum of a family of Ly-random variables and of the sum and product of %,
random variables. We start with a general maximal inequality.

Proposition 1.1.3. — Let ¢ be an Orlicz function. Then, for any positive integer
n and any real valued random variables X1, ..., X,,
< qhp L .

E max [Xi] <~ (n(1)) masx X
where ™1 is the inverse function of 1. Moreover if ¥ satisfies

Je>0, Vo, y > 1/2, p(x)y(y) < d(cay) (1.1)
then

) < -1 )
max | X . < c¢ max {1/2,97"(2n)} max 1 Xilly »

where ¢ is the same as in (1.1)).
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Remark 1.1.4. —
(i) Since for any x,y > 1/2, (e — 1)(e¥ — 1) < ¥V < 2 < (3% — 1), we

get that for any o > 1, 1, satisfies with ¢ = 81/0‘ Moreover, one has

b (nha(1)) < (1+ log(n)) Y/ and v, T(2n) = (log(1 +2m))V/=.
(ii) Assumption may be weakened to limsup, , . ¥ (x)(y)/P(cry) < oo.

(iii) By monotonicity of ¥, for n > (1/2)/2, max {1/2,%~(2n)} = ¢~ (2n).

Proof. — By homogeneity, we can assume that for any i = 1,...,n, || X;|l4 < 1.
The first inequality is a simple consequence of Jensen’s inequality. Indeed,

Y(E max |X;]) < m( max |X ) <) By (X)) < nep(1).

1<i<n :
i=1

To prove the second assertion, we define y = max{1/2,1~(2n)}. For any integer
i=1,...,n,let ; = |X;|/cy. We observe that if z; > 1/2 then we have by (1.1))

W (Xl fey) < LD,

U(y)
Also note that by monotonicity of 1,

( max z;) < ¥(1/2) +Zw zi) iy > 1/2)

1<i<n

Therefore, we have

Ey (max |X; |/cy) $(1/2) + ZEw (XD /en) (1 x10) fey) > 1/2)
| ny(1)
< 9(1/2) + Wy) ;Ew(l&l) <91/ + s

From the convexity of ¢ and the fact that (0) = 0, we have ¥(1/2) < ¢(1)/2. The
proof is finished since by definition of y, ¥ (y) > 2n. O

For every o > 1, there are very precise connections between the 1, norm of a
random variable, the behavior of its L, norms, its tail estimates and its Laplace
transform. We sum up these connections.

Theorem 1.1.5. — Let X be a real valued random variable and o > 1. The following

assertions are equivalent:
(1) There exists K1 >0 such that || X||,, <K
(2) There exists Ko > 0 such that for every p > «,

(BIX[")"" < Kap!/.
(3) There exist K3, K5 > 0 such that for every t > K,
P(X] > ) < exp ( — t9/K3).
Moreover, we have
Ky < 2eK, K3 < eKy, K} < ?Ky and K, < 2max(K3, K3}).
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In the case a > 1, let B be such that 1/a+ 1/ = 1. The preceding assertions are
also equivalent to the following:
(4) There exist K4, K} > 0 such that for every A > 1/ K},

Eexp ()\|X|) < exp ()\K4)ﬂ .
Moreover, K, < Ky, K} < Ky, K3 < 2K, and K} < 2K? /(K})?~!.

Proof. — We start by proving that (1) implies (2). By the definition of the Ly,

norm, we have
X1\
E — ] <e.
P (Kl =€

Moreover, for every positive integer ¢ and every x > 0, expa > 29/q!. Hence
E|X|* < eq!K{"? < eq!K{".
For any p > a, let g be the positive integer such that g < p < (¢ + 1)« then

1/(g+1)e

(BXP)7 < (Bl (r+0) < K (g + )Y

% 1/«
<elPK, <> < 2eKp*/e
(6%

which means that (2) holds with Ky = 2eKj.
We now prove that (2) implies (3). We apply Markov inequality and the estimate
of (2) to deduce that for every ¢t > 0,

RYS

CEXP (KGN e Kop'/®
P12 )< ot S0E < g (52) 077 = st o (o (=) ).

Choosing p = (t/eK3)* > a, we get that for t > e Koo'/, we indeed have p > a and
conclude that

B(IX]| > 1) < exp (—1/(Ka0)®).

Since a > 1, a/® < e and (3) holds with K} = €? Ky and K3 = K.
To prove that (3) implies (1), assume (3) and let ¢ = 2 max (K3, K%). By integration
by parts, we get

X\ Yo e
Eexp () -1= / au®" e P(|X| > uc)du
¢ 0

Kj/c N +oo e
< / au® e du + / au® Lexp (u“ (1 — a)) du
0 Kj/c KB
() -1 g
=exp | — -1+ = exp
C Kig‘ —
)

< 2cosh(K}/c)® —1 < 2cosh(1/2
by definition of ¢ and the fact that oo > 1. This proves (1) with K; = 2max(Ks, K3).
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We now assume that o > 1 and prove that (4) implies (3). We apply Markov
inequality and the estimate of (4) to get that for every ¢ > 0,

P(|X|>1t) < )i\nfo exp(—At)Eexp (A X])
>
< inf exp (()\K4)ﬁ — )\t).

A>1/K)

Choosing Mt = 2(AK,)? we get that if ¢ > 2K?/(K})?~!, then A\ > 1/K}. We
conclude that
B(X| > 1) < exp (~1%/(2K)°).

This proves (3) with K3 = 2K, and K} = 2K/ /(K})P~1.

It remains to prove that (1) implies (4). We already observed that the convex
conjugate of the function ¢, (t) = t*/a is ¢g which implies that for z,y > 0,

xry < 4 i
o

B

Hence for A > 0, by convexity of the exponential

1 XN\ 1
exp(AX]) < o, &P <|K1> + Eexp ()\Kl)ﬁ.

Taking the expectation, we get by definition of the Ly norm that

1
Eexp(AX|) < 2 + 5 exp (L)

We conclude that if A > 1/K; then
Eexp(AX|) < exp (AK;)”
which proves (4) with Ky = K; and K} = K. O

A simple corollary of Theorem is the following connection between the L, norms
of a random variable and its 1, norm.

Corollary 1.1.6. — For every a > 1 and every real random variable X,
1 (ELXP)?

— || X <sup ————

22 1% 11y, p;’l pi/a

Moreover, one has Lo, C Ly, and || X ||y, < | X||z..-

< 2e || Xy, -

Proof. — This follows from the implications (1) = (2) = (3) = (1) in Theorem
and the computations of Ko, K3, K% and K;. The moreover part is a direct
application of the definition of the 1, norm. O

We conclude with a kind of Hoélder inequality for 1, random variables.

Proposition 1.1.7. — Let p and q be in [1,+00| such that 1/p+1/q =1. For any
real random variables X € Ly, and Y € Ly, we have

XYl < WXy, V1, - (1.2)
Moreover, if 1 < o < B8, one has || X|,, <[ X|, <[XI,,-
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Proof. — By homogeneity, we assume that || X||,, = [[Y], = 1. Since p and ¢ are

conjugate, we know by Young inequality that for every x,y € R, |zy| < % + %.
By convexity of the exponential, we deduce that

1 1
Eexp(|XY]) < —Eexp | X|P + -Eexp|X|? < e
p q

which proves that [ XY, <1.

For the “moreover part”, by definition of the 1)4-norm, the random variable ¥ =1
satisifes ||Y||wq = 1. Hence applying with p = a and ¢ being the conjugate of p,
we get that for every a > 1, [ X||,,, <[X]|, . We also observe that for any 8 > «, if
6 > 1 is such that § = ad then we have

1X 5. = NX1* 1y, < NXI%y, = 1X5,
which proves that || X[, < [X]],, - O

1.2. Linear combination of Psi-alpha random variables

In this part, we focus on the case of independent centered 1), random variables
when a > 1. We present several results concerning the linear combination of such
random variables. The cases & = 2 and « # 2 are analyzed by different means.
We start by looking at the case a = 2. Even if we prove a sharp estimate for their
linear combination, we also consider the simple and well known example of linear
combination of independent Rademacher variables, which shows the limitation of the
classification through the 1,-norms of certain random variables. However in the case
a # 2, different regimes appear in the tail estimates of such sum. This will be of
importance in the next chapters.

The sub-Gaussian case.— We start by taking a look at sums of 1 random vari-
ables. The following proposition can be seen as a generalization of the classical Ho-
effding inequality [Hoe63] since Lo C Ly,.

Theorem 1.2.1. — Let X4,...,X, be independent real valued random variables
such that for anyi=1,...,n, EX; =0. Then

n 1/2
<o (z uxin;)
=1

n

S

i=1

P2
where ¢ < 16.

Before proving the theorem, we start with the following lemma concerning the
Laplace transform of a 1, random variable which is centered. The fact that EX =0
is crucial to improve assertion(4) of Theorem [1.1.5]

Lemma 1.2.2. — Let X be a vy centered random variable. Then, for any A > 0,
the Laplace transform of X satisfies

Eexp(AX) < exp (eX’ ||XH§}2 ).



1.2. LINEAR COMBINATION OF PSI-ALPHA RANDOM VARIABLES 23

Proof. — By homogeneity, we can assume that || X |y, = 1. By the definition of the
Ly, norm, we know that

Eexp (X2) <e and for any integer k,EXQk < ek!

Let Y be an independent copy of X. By convexity of the exponential and Jensen’s
inequality, since EY = 0 we have

Eexp(AX) <ExEyexpA(X —-Y).
Moreover, since the random variable X — Y is symmetric, one has

)\2 +oo )\2!@
ExEy expA(X —Y) =1+ “ExEy(X - Y)*+ E — _ExEy(X - Y)%
2  (2k)!

Obviously, ExEy (X — Y)? = 2EX? < 2e and ExEy (X — Y)?* <4FEX?k < edFE!.
Since the sequence v, = (2k)!/3¥(k!)? is nondecreasing, we know that for k& > 2
v > vy = 6/32 so that

1 edbkl _e32 (4\" 1 _ (4/e
> L _ 2k < < — | = — < Y
Y22 G Er (X =Y)T s G = (3) k! ( \/6) kLR

It follows that for every A > 0, Eexp(AX) <1+ eA? + 3% (e’\!) =exp(er?). O

Proof of Theorem — It is enough to get an upper bound of the Laplace trans-
form of the random variable ‘ Dy Xi’. Let Z =Y , X;. By independence of the
X;’s, we get from Lemma that for every A > 0,

Eexp(A\Z) HEeXp AX;) < exp (6)\22|X |w2>

i=1 i=1

For the same reason, Eexp(—AZ) < exp (e)\2 Dy ||XZ||3)2> Thus,

Eexp(AZ]) < 2exp (3)\22 ||X¢||32> :
1=1

1/2
We conclude that for any A > 1/ (Z?Zl ||X1||i2> ,

Eexp(A[Z]) exp( AQZHX w)

and using the implication ((4) = (1)) in Theorem with @ = 8 = 2 (with the
estimates of the constants), we get that || Z][,, < (X0, HXZ-Hbe)l/2 with ¢ <16. O

Now, we take a particular look at Rademacher processes. Indeed, Rademacher
variables are the simplest example of non-trivial bounded (hence 1) random vari-
ables. We denote by ¢1,...,¢&, independent random variables taking values +1 with
probability 1/2. By definition of Ly,, for any (a1, ...,a,) € R™, the random variable
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a;e; is centered and has 12 norm equal to |a;|. We apply Theorem to deduce

that
o\ 1/2

<clalsg=¢c|E

n n
E ai€; E ai€q
i=1 o i=1

Therefore we get from Theorem [I.1.5| that for any p > 2,

n 2 1/2 n
Zaisi S (E Zaisi
i=1 ] =1

> e

i=1
This is Khinchine’s inequality. It is not difficult to extend it to the case 0 < ¢ < 2 by
using Holder inequality: for any random variable Z, if 0 < ¢ < 2 and A = ¢/(4 — q)
then

o 1/2

E (1.3)

p\ 1/p
) <2/p|E

1/2 A (1-2)/4
(EIZ1?)"" < (B|2|)™ (B]2]*) :
Let Z =>""" | a;e;, we apply (1.3) to the case p = 4 to deduce that for any 0 < ¢ < 2,

n a\ /4 n 2\ /2 n a\ a4
(E Zaisi ) S E Zaiei Zaiei ) .
=1 i=1 i=1

< (40)2(2—q)/q (]E

Since for any = > 0, e’ — 1> 22, we also observe that

n n
E ;€4 E ;€4
i=1 i=1

However the precise knowledge of the ¥s norm of the random variable Z?:l a;e; is
not enough to understand correctly the behavior of its L, norms and consequently of
its tail estimate. Indeed, a more precise statement holds.

o\ 1/2

(e—1) > |E

P2

Theorem 1.2.3. — Let p > 2, let ay,...,a, be real numbers and let €1,...,e, be
independent Rademacher variables. We have

S

n
E ai€;
i=1

1/2

p\ 1/p
) SZaz‘Jch\/f) Zajz ,

1<p i>p

where (af,...,ak) is the non-increasing rearrangement of (|ail,...,|an|). Moreover,

r'n

this estimate is sharp, up to a multiplicative factor.

Remark 1.2.4. — We do not present the proof of the lower bound even if it is the
difficult part of Theorem[I.2.3 It is beyond the scope of this chapter.

Proof. — Since Rademacher random variables are bounded by 1, we have

n p\ 1/p n
<E > aie; ) < ladl. (1.4)
1=1 =1
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By independence and by symmetry of Rademacher variables we have

n p\ 1/p n py\ 1/p
<]E Zaisi ) = <]E Zafei > .
i=1 i=1

Splitting the sum into two parts, we get that

p\ 1/p p\ 1/p p\ 1/p
<E > < (E ) + [E|D afe
i>p
We conclude by applying (1.4) to the first term and (1.3)) to the second one. O

Rademacher processes as studied in Theorem provide good examples of one
of the main drawbacks of a classification of random variables based on ,-norms.
Indeed, being a 1, random variable allows only one type of tail estimate: if Z € Ly
then the tail decay of Z behaves like exp(—Kt*) for t large enough. But this result
is sometimes too weak for a precise study of the L, norm of Z.

Bernstein’s type inequalities, the case a = 1. — We start with Bennett’s
inequalities for an empirical mean of bounded random variables, see also the Azuma-
Hoeffding inequality in Chapter 4, Lemma

Theorem 1.2.5. — Let X1,...,X,, ben independent random variables and M be a
positive number such that for any i =1,...,n, EX; =0 and | X;| < M almost surely.
Set 0 =n~t 3"  EX?. For anyt > O we have

1 — no? Mt
where h(u) = (1 + ) log(l +u) —u for all u > 0.

Proof. — Let t > 0. By Markov inequality and independence, we have

I ,
P(ﬂ;Xi>t> S}l\r;foexp( AtIEeXp( ZX)

= 1nf exp(—At) HIEeXp (/\X ) . (1.5)

i=1
Since for any ¢ = 1,...,n, EX; =0 and | X;| < M,
AX; NFEXE NFpfR—2
E =1+)Y — L <1+EX?Y —pr
ex n) $Y N <1 Y

k! nkk!
k>2 k>2

B e () () )
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Using the fact that 1 + u < exp(u) for all u € R, we get

[z (5) <o (2527 (o0 (57) - (57) )

By definition of o and (|L.5]), we conclude that for any ¢ > 0,

1< . no? AM AM
P <n i:ZIXi > t) < ir;foexp (W (eXp (n> — (n) — 1) — )\t) .
The claim follows by choosing A such that (1 +tM/a?) = exp(AM/n). O

Using a Taylor expansion, we see that for every u > 0 we have h(u) > u?/(2 +2u/3).
This proves that if u > 1, h(u) > 3u/8 and if u < 1, h(u) > 3u?/8. Therefore
Bernstein’s inequality for bounded random variables is an immediate corollary of

Theorem [1.2.5]

Theorem 1.2.6. — Let X4,...,X,, ben independent random variables such that for
ali=1,...,n, EX; =0 and |X;| < M almost surely. Then, for everyt >0,

1 3n 2t
Pl - X7,>t g —— mi "o A ’
(ngzl > exp( 3 mm(g2 M))
1 n
where 0% = — E EX?.
n
i=1

From Bernstein’s inequality, we can deduce that the tail behavior of a sum of centered,
bounded random variables has two regimes. There is a sub-exponential regime with
respect to M for large values of t (t > 02/M) and a sub-Gaussian behavior with
respect to o2 for small values of ¢ (t < 0?/M). Moreover, this inequality is always
stronger than the tail estimate that we could deduce from Theorem m (which is
only sub-Gaussian with respect to M?).

Now, we turn to the important case of sum of sub-exponential centered random
variables.

Theorem 1.2.7. — Let Xq,...,X, be n independent centered 11 random variables.

Then, for everyt > 0,
>t] <2exp| — i —tz *
X cnmin
= X %a ) [1 )

1 n
P(n;Xi

1 n
— , 2 _ = 12 —
where My = max 1 Xilly, s o1 = - Eﬁl [ X:illy, andc<1/2(2e —1).

Proof. — Since for every x > 0 and any positive natural integer k, e* — 1 > 2* /k!,
we get by definition of the 1 norm that for any integer ¥ > 1 and any i = 1,...,n,

E
E|X;|* < (e —1)k! 1 Xilly, -
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Moreover EX; =0 for i = 1,...,n and using Taylor expansion of the exponential, we
deduce that for every A > 0 such that A [|X;||,, < AM; <n,

A AFE|X;|F e — DA || X7 e — DN X:|?2
Eexp <X2> < 1+Z % <1+ ( A le < ( _ ) |)|\Ml||¢1
n e n2 (17%”)(2.”1/}1) n? (1 — 20)

Let Z =n"! Z?zl X;. Since for any real number z, 1+ < e”, we get by independence
of the X,’s that for every A > 0 such that AM; <n

(e—1A? & 2 (e — H)XN0?
Eexp()\Z) Sexp (U_%;'XA’(ZH = exp m .

n2

We conclude by Markov inequality that for every ¢ > 0,

. (e — 1)\20%
P(Z>1t) < f At + — .
(Zzt) =< O<)\l<nn/1\/11 P ( At n — AM;

We consider two cases. If t < 0?/Mj, we choose A = nt/2e0? < n/2eM;. A simple

computation gives that

1 nt?
P(Zz1) < exp (‘2@@_1) 0-2>-
1

If t > 02 /M, we choose A = n/2eM;. We get

P(Z > 1) < exp (—1 ”t).

2(2¢ — 1) My
We can apply the same argument for —Z and this concludes the proof. O
The 1, case: a > 1. — In this part we will focus on the case a # 2 and a > 1.

Our goal is to explain the behavior of the tail estimate of a sum of independent
1o centered random variables. As in Bernstein inequalities, there are two different
regimes depending on the level of deviation ¢.

Theorem 1.2.8. — Let a > 1 and B be such that o™ + 871 = 1. Let X1,..., X,
be independent mean zero 1, real-valued random variables, set

n 1/2 n 1/8 n 1/2
= (Sw) o= () - (S
i=1 i=1 i=1
Then, for everyt > 0,
(e "
2exp | —C' min A—%,B—g if a <2,
P >t| <

>_Xi
i= 2t
! 26Xp <Cmax <1427B04>) lfol>2

where C is an absolute constant.
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Remark 1.2.9. — This result can be stated with the same normalization as in Bern-
stein’s inequalities. Let

1 1 ¢ Iy
o2 = EE |IXll2,, o2 = - > X7, ML= p > I1Xlly
i=1 i=1 =t

then we have
2 e
2 —Cnmin [ —, — if a <2,
exp( nmm(J% ng)) if «
=2t] <

P
2t _
2€Xp <_Cnma.X (0-(217 W)) lf o > 2.

Before proving Theorem we start by exhibiting a sub-Gaussian behavior of
the Laplace transform of any 7 centered random variable.

1 n
w2

Lemma 1.2.10. — Let X be a ¥ mean-zero random variable. If \ satisfies 0 <
A< (2 ||X||¢1>_1, we have
Eexp (AX) < exp (4(e — 1A ||X||il) .
Proof. — Let X' be an independent copy of X and denote Y = X — X’. Since X is
centered, by Jensen’s inequality,
Eexp AX = Eexp(M(X —EX’)) <Eexp A(X — X') =Eexp \Y.

The random variable Y is symmetric thus, for every A, EexpA\Y = Ecosh A\Y and

using the Taylor expansion,

)\Q(k—l)
(2Kk)!

)\2k
k)]

2k

EexpAY =1+ )

k>1
By definition of Y, for every k > 1, EY?* < 22)EX?¢. Hence, for 0 < A <
-1
(201X1,,) s we get

EY?F =142
k>1

Eexp \Y <1+ 432X |2, Z% <1+402X|2, (Eexp( |X] ) ~ 1) |
2 X T,

By definition of the 17 norm, we conclude that
EexpAX <1+ 4(e— 1)A2[|IX[2, < exp (4(e —1)A2 ||Xuil) .
O

Proof of Theorem[1.2.8 — We start with the case 1 < a < 2.
Fori=1,...,n, X;is ¥, with « > 1. Thus, it is a 1); random variable (see Proposition

1.1.7) and from Lemma [1.2.10, we get
V0 <A 1/21Xil,,), EexpAX; < exp (4(e — A X]7, ) -
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It follows from Theorem [[.1.5 that
B
VA2 1/ Xy, EexpAX; < exp (AIXill,, )

Since 1 < o < 2 one has f > 2 and it is easy to conclude that for ¢ = 4(e — 1) we
have

VA0, BEexpAX; < exp (e (VX3 + MIXiE,)) (1.6)

Indeed when | X;|lp, > 2||X;|ly,, we just have to glue the two estimates.
When we have ||X;lly, < 2[|Xilly,, we get by Holder inequality, for every

xe (121Xl y, /1Kl )
X;
Xl
Let now Z =Y ", X;. We deduce from (1.6) that for every A > 0,
Eexp AZ < exp (c (A%)\Q + Bg)\ﬁ)) .

AMXillpa
Eexp A X; < (Eexp ( )> < exp (M| Xl ) < exp ()‘24||Xi||12z11) .

From Markov inequality, we have

P(Z > t) < inf e ME Z < inf AIN? + BEN) — \t) . L.
(Z > 1) < infe exp A _igoexp(c( IN+ BOIN) = At) (1.7)
If (t/A1)? > (t/Ba)®, we have t2~% > A% /B2 and we choose A = i;l Therefore,
te te te
At = BON = < d
1cBa’ 7" T aepBe = (4e2Ba’ M
to ta—2A2 to
AN = :

(dcPBz Bz~ (d0°Ba
We conclude from that
P(Z >t) <exp (—175(1) .
8c B&
t/B,)?®, we have t2~* < A?/B% and since (2 — a)B/a = (8 — 2) we

If (t/A1)% < (
2 < Af(ﬁ_l)/Bg. We choose \ = ﬁ. Therefore,
ai §

also have %~

At

t2 . t2 t2  t2pp t2
)

= A2N2=___ _ and BN = < .
1A N T ez M Tt T e 3 2070 T (4o A3

We conclude from (1.7]) that

P(Z > 1) < L
=V = Oxp 8¢ A% '
The proof is complete with C = 1/8¢ =1/32(e — 1).
In the case @ > 2, we have 1 < § < 2 and the estimate (L.6) for the Laplace
transform of the X;’s has to be replaced by

VA >0, EexpAX; < exp (eA?[|X,]7, ) and Eexp AX; < exp (c)\ﬁHXz\Li) (1.8)
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where ¢ = 4(e — 1). We study two separate cases.
If M| Xill,, < 1/2 then (A ||Xi||'¢'l)2 < (A HXiH1p1)5 < (A ||XZ-||%)B and from Lemma

1.2.10, we get that if 0 <A < 1/(2X],,),
EexpAX; < exp (eA?[|X[13, ) < exp (eX? X5, ).

In the second case, we start with Young’s inequality: for every A > 0,
1 1 |X;]>

AX; < = NXG)8 4 =
7 6 || 1“ - a ||Xl||ga

which implies by convexity of the exponential and integration that for every A > 0,

1 1
Eexp AX; < = exp ()\ﬂHXZHﬁ ) + —e.
B )«

Therefore, if A > 1/2||X;]|y, , then e < exp (25)\5||Xi||ia) < exp (22)‘2HX1’H12/J&) since
B < 2 and we get that if A > 1/(2|.X;]y.)

Eexp A\X; < exp (QBABHXiHZQ) <exp (22?1 X;13,.) -

Since || Xill¢; < [ Xilly. and 2% < 4, we glue both estimates and get (1.8). We
conclude as before that for Z = Y"1 | X;, for every A > 0,

EexpAZ < exp (cmin (Ai)\Q, Bg)\ﬁ)) .
The end of the proof is identical to the preceding case. O

1.3. A geometric application: the Johnson-Lindenstrauss lemma

The Johnson-Lindenstrauss lemma [JL84] states that a finite number of points
in a high-dimensional space can be embedded into a space of much lower dimension
(which depends of the cardinality of the set) in such a way that distances between
the points are nearly preserved. The mapping which is used for this embedding is a
linear map and can even be chosen to be an orthogonal projection. We present here
an approach with random Gaussian matrices.

Let Gq,...,Gy be independent Gaussian vectors in R™ distributed according to
the normal law N(0,1d). Let T': R® — R* be the random operator defined for every
x € R” by
<le 'T>
Iz = : € R”. (1.9)
<Gk>a $>
We will prove that with high probability, this random matrix satisfies the desired
property in the Johnson-Lindenstrauss lemma.

Lemma 1.3.1 (Johnson-Lindenstrauss lemma). — There exists a numerical
constant C' such that, given 0 < € < 1, a set T of N distinct points in R"™ and an
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integer k > ko = C'log(N)/e?, there exists a linear operator A : R™ — R¥ such that
for every x, y €T,

Vi—e|z—yla <|A(z —y)la < V1+e |z -yl

Proof. — Let I be as in (1.9). For z € R® and i = 1,..., k, we have E(G}, )% = |2|3.
Therefore, for every z, y € T,
‘F(w )
VEk
Define X; = (G, z —y)> —E(G;,x—y)? for every i = 1,..., k. It is a centered random

variable. Since € > 1+ u, we know that E(G;,z — y)? < (e — 1) |[(Gi, z — y)?
Hence by definition of the s norm,

1Xilly, < 2(e = 1) [[(Giyz = 9)?]],,, = 2(e = 1) (G z = )]}, - (1.10)

2

k
1 2
o= ulf = 5 2 (Ger — ) ~EGua—y)”

2

s,

By definition of the Gaussian law, (G;,z — y) is distributed like |z — y|2 g where ¢
is a standard real Gaussian variable. With our definition of the 5 norm, || g||§}2 =

2¢%/(e? —1). We call ¢ this number and set ¢ = 2(e — 1)c3. We conclude that
2

Giso = )12, = @l — g3 and |Xillu, < ¢l — y3. We apply Theorem

together with M; = oy < ¢? |z — y|2 and get for t = ¢z — y|3 and 0 < e < 1,

'

sincet < |z—y|2 <2 |v— y\z < 0% /M;. The constant ¢’ is defined by ¢’ = ¢/c} where
¢ comes from Theorem Since the cardinality of the set {(z,y) :z € T,y € T}
is less than N2, we get by the union bound that

’ L—y)
NG

and if k > ko = log(N?)/c’e? then the probability of this event is strictly less than
one. This means that there exists some realization of the matrix I'/v/k that defines
A and that satisfies the contrary i.e.

Ve,yeT, Vvli—celz—yla <|A(x —y)la < V1+e |z —ylo.

1 k
%Z iy L —

i=1

- E<G2,CE - y>2

> elr — y|§> < 2exp(—c ke?)

2

— |z —yl3
2

P(Hm,yeT:

> elr — y|§> < 2N?exp(—c ke?)

Remark 1.3.2. — The value of C is less than 1800.

In fact, the proof uses only the 1o behavior of (G, x). The Gaussian vectors can be
replaced by any copies of an isotropic vector Y with independent entries and bounded
o norms, like e.g. a random vector with independent Rademacher coordinates. In-
deed, by Theorem|[1.2.1], |(Y,x—y)|ly, < clz—yl2 can be used in place of (L.10). Then
the rest of the proof is identical.
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1.4. Complexity and covering numbers

The study of covering and packing numbers is a wide subject. We present only a
few useful estimates.

In approximation theory as well as in compressed sensing and statistics, it is im-
portant to measure the complexity of a set. An important tool is the entropy numbers
which measure the compactness of a set. Given U and V two closed sets of R", we
define the covering number N (U, V) to be the minimum number of translates of V
needed to cover U. The formal definition is

N
N(U,V) :inf{N :3dxq,...,ay e R U C U (!L‘i —‘rV)} .
i=1
If moreover V is a symmetric closed convex set (we always mean symmetric with
respect to the origin), the packing number M (U, V') is the maximal number of points

in U that are 1-separated for the norm induced by V. Formally, for every closed sets
UV CR"Y,

MU, V) —sup{szlxl,...,xN ceUVi#jx—z; ¢ V}.

If V is a symmetric closed convex set, the semi-norm associated to V' is defined for
x € R™ by

lz|lv = inf{t > 0,z € tV}.
Hence z; — z; ¢ V is equivalent to ||z; — x|y > 1. For any ¢ > 0, we also use the
notation

N(U7€7 H : ”V) = N(Uv EV)'

Moreover, a family z1, ...,z is called an e-net if it is such that U C Uf\il (z; + V).
Finally, if the polar of V' is defined by

Ve={yeR": Ve eV, (z,y) <1}

then the dual space of the normed vector space (R™, ||-||y) is isometric to (R™, ||-]|vo).
In the case where V' is a symmetric closed convex set, the notions of packing and
covering numbers are closely related.

Proposition 1.4.1. — IfU,V C R™ are closed and 0 € V then N(U,V) < M(U,V).
If moreover, U is convex and V' convex symmetric then M(U,V) < N(U,V/2).

Proof. — Let N = M(U,V) and z1,...,zy be in U such that for every i # j,
zi—x; ¢ V. Let w € U\ {z1,...,zn}. Then {z1,...,zn,u} is not 1-separated in
V', which means that there exists ¢ € {1,..., N} such that u —x; € V. Consequently,
since 0 € V, U c U, (z; + V) and N(U,V) < M(U,V).

Let z1,...,z be a family of vectors of U that are 1-separated. Let z1,...,2x be
a family of vectors such that U C Ufil (zi +V/2). Sincefori=1,...,M, z;, € U, we
define a mapping j : {1,..., M} — {1,..., N} where j(i) is such that z; € z;;)+V/2.
If j(i1) = j(i2) then z;, — z;, € V/2 — V/2. By convexity and symmetry of V,
V/2—-V/2 =V. Hence z;, — z;, € V. But the family x1,..., x5 is 1-separated in
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V' and necessarily i1 = i5. Therefore, j is injective and this implies that M (U, V) <
N(U,V/2). O

Moreover, it is not difficult to check that for any U, V', W closed convex bodies, one
has N(U,W) < N(U,V)N(V,W). The following simple volumetric estimate is an
important tool.

Lemma 1.4.2. — LetV be a symmetric compact convez set in R™. Then, for every
e >0,

N(V,V) < <1+§)n.

Proof. — By Proposition NV, eV) < M(V,eV). Let M = M(V,eV) be the
maximal number of points z1,..., 2y in V such that for every i # j, z; —x; ¢ V.
Since V is a symmetric compact convex set, the sets x; + €V//2 are pairwise disjoints

and
M

(@i +eV/2) cV+ev/2= (1+ g) V.

i=1
Taking the volume, we get
u(z) =(+3)
2/~ 2
which gives the desired estimate. O
We present some classical tools to estimate the covering numbers of the unit ball

of £} by parallelepipeds and some classical estimates relating covering numbers of T’
by a multiple of the Euclidean ball with a parameter of complexity associated to T.

The empirical method. — We introduce this method through a concrete example.
Let d be a positive integer and ® be an d x d matrix. We assume that the entries of
® satisty for all 4,5 € {1,...,d},

K
B < 1.11
D4 7 (1.11)
where K > 0 is an absolute constant.
We denote by ®q,...,P, the row vectors of ® and we define for all p € {1,...,d}

the semi-norm ||-[| , ,, for z € R, by

= max [ (®;,z)|.

] = i

Let By = { € R : 2]l , < 1} denote its unit ball. If E = span{®1,...,®,}
and Pg is the orthogonal projection on E, then B, = PpBep + E+, moreover,
Pr By is a parallelepiped in E. In the next theorem, we obtain an upper bound
of the logarithm of the covering numbers of the unit ball of £, denoted by B{, by a
multiple of B, ,. Observe first that from hypothesis on the entries of the matrix
®, we get that for any x € B{ and any j = 1,...,p, (®;,2)| < |®j|e|z)r < K/Vd.
Therefore

K
B{ c ﬁBm,p (1.12)
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and for ¢ > K/v/d, N(B{,eBw,) = 1.

Theorem 1.4.3. — With the preceding notations, we have for 0 <t <1,

K 1 log(2d + 1 2
log N (Bf, i/ngp) < min{co o8(p) sz( d+ ), plog (1 + t)}

where ¢cg is an absolute constant.

The first estimate is proven using an empirical method, while the second one is based
on a volumetric estimate.

Proof. — Let x be in B{. Define a random variable Z by
P(Z = Sign(z;)e;) = |z foralli=1,...,d and P(Z =0) =1 — |z|y

where (eq,...,eq) is the canonical basis of R?. Observe that EZ = z.
We use a well known symmetrization argument, see Chapter [5| for a more complete
description. Let m be some integer to be chosen later and Z1,...,Z,,, Z1,...,Z], be

i.i.d. copies of Z. We have by Jensen’s inequality

1 — I« 1 &
-2yz| -|2¥en- Ly a-z
mia mia mia

The random variable (Z] — Z;) is symmetric hence and has the same law as €,(Z} — Z;)

< EE’

oo,p

oo,p oo,p

where €1, ...,&,, are i.i.d. Rademacher random variables. Therefore, by the triangle
inequality
iizf— - lpwg ia(Z{—Zl) 3 Ze
m % 7 m € - K3 7 3 m 1444
i=1 co,p i=1 00,p 00,p
and
D T oR
m = € , €i4y
i=1 00,p i=1 00,p
= EE. max ;gxzﬂcpﬂ (1.13)

By definition of Z and (1.11)), we know that |[(Z;,®;)| < K/vd. Let a;; be any
sequence of real numbers such that |a;;| < K/Vd. For any j, let X; = Y1" | ajje;.
From Theorem [1.2.1| we deduce that

m 1/2
Kym

Vi=1,....p IXl, gc<za§j> <ce—Y—.
’ =1 \/E

Therefore, by Proposition [[.1.3] and remark [[.1.4] we get

K\/m
E X;| < 141 _—
293, 11 s v +losn) =7



1.4. COMPLEXITY AND COVERING NUMBERS 35

From (1.13)) and the preceding argument, we conclude that

1 & 2¢K\/(1+1
]Ex——ZZi < ¢ (1+logp)
mi4 Vimd
= 00,p
Let m satisfy
2 2
4c*(1+ logp) <m< 4c*(1 + log p) 41
t2 12
For this choice of m we have
1 & tK
E{x—— Z; < —.
m ; Vd
1= 00,p
In particular, there exists w € €2 such that
1 & tK
r— — Zi(w < —.

So the set
1 m
{Ezzl S 21,5 2m € {:I:el,...,:lzed}U{O}}
i=1

is a t K /v/d-net of B{ with respect to [|-|| _ - Since its cardinality is less than (2d+1)™,
we get the first estimate:

log N (Bld7 %BW’P) < co(1+ logpt)zlog(Qd +1)

where ¢g is an absolute constant.
To prove the second estimate, we recall that by (1.12) B{ C K/VdB., . Hence

tK K tK
N (B¢ =—B )§N<B ,—B >:NB ,tBoop) .
( L g NZ e iV tads (Boops tBoo p)
Moreover, we have already observed that Be p = PrpBosop + EL which means that
N (Boop; tBoop) = N(V,tV)

where V' = Pp By . Since dim E' < p, we may apply LemmaT.4.2] to conclude that

tK 2\ "
v (Bt ) < (147)
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Sudakov’s inequality and dual Sudakov’s inequality. — Among the classical
tools to compute covering numbers of a closed set by Euclidean balls, or in the dual
situation, covering numbers of a Euclidean ball by translates of a symmetric closed
convex set, are the Sudakov and dual Sudakov inequalities. They relate these covering
numbers with an important parameter which measures the size of a subset T of R",
£.(T). Define

0.(T) = Esup(G, 1)
teT

where G is a Gaussian vector in R™ distributed according to the normal law N (0, Id).
We refer to Chapter 2| and [3] for deeper results involving this parameter. Remark that
£,(T) = £,(convT) where conv T denotes the convex hull of T.

Theorem 1.4.4. — Let T be a closed subset of RN and V be a symmetric closed
convex set in RN . Then, the following inequalities hold:

supey/log N(T,eBY) < cl.(T) (1.14)
e>0
and
supey/log N(BY,eV) < ¢l (V°). (1.15)
e>0

The proof of the Sudakov inequality (1.14]) is based on comparison properties be-
tween Gaussian processes. We recall the Slepian-Fernique comparison lemma without
proving it.

Lemma 1.4.5. — Let Xq,..., Xy, Y1,..., Yy be Gaussian random variables such
that fori,j=1,...,M

ElY; - Y;|* <E|X; - X;[?
then

E max Y, <E max Xj.
1<k<M 1<k<M

Proof of Theorem[1.4.J} — We start by proving . Let z1,...,zp be M points
of T that are e-separated with respect to the Euclidean norm | - |5. Define for i =
1,..., M, the Gaussian variables X; = (z;, G) where G is a standard Gaussian vector
in RY. We have

E|X; — X;|? = |z; — x;]3 > & for all i # j.
Let ¢i1,...,9m be standard independent Gaussian random variables and for ¢ =
1,...,M, define Y; = %gi. We have for all i # j
EY; - Y =&
and by Lemma[T.4.5|

S
- ) .
5, max, ge <E max (n, G) < 20(T)

Moreover there exists a constant ¢ > 0 such that for every positive integer M

E max gy > /logM/c (1.16)

1<k<M
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which proves ev/Iog M < ¢v/20(T). By Pr0p051t10n the proof of inequality
(1.14)) is complete. The lower bound (| is a classmal fact. First, we observe that

Emax(gi, g2) is computable, it is equal to 1/y/m. Hence we can assume that M is
large enough (say greater than 10%). In this case, we observe that

2K >E = Elgil.
,max g > 12%53\4|9k| |91

Indeed,

Elgﬁ%gk = Elglax (g —g1) = Elg}%%mm((gk - 1),0)

and by symmetry of the g;’s,

_ < _ _
]Elglczix lgr — 91| <E nia)?wmax((gk 91),0) + E H]lCaXMHlaX((gl gx),0)

=92F — =2E
) gﬂgw(gk 91) =2E max g

But, by independence of the g;’s

+oo “+o0
— <
Elg}%ﬂgk' / P(lglax |gk|>t> dt = / (1 P(lg}cax lgx| t))dt
+oo 2
:/ 1- 1—\/>/ e 2du dt
0

and it is easy to see that for every ¢ > 0,
+OO 2 2
/ e 20y > e~ (/2.
t

Let tg + 1 = y/2log M then
M

to 9 +oo R
E max |gk|>/ 1-— 1—\/—/ e 2 du dt
1<k<M 0 T Ji

M
>t [1- <1 M@) > to(1 — e~ V2/m)

which concludes the proof of .

To prove the dual Sudakov inequality (1.15)), the argument is very similar to the
volumetric argument introduced in Lemma [I.4.2] replacing the Lebesgue measure by
the Gaussian measure. Let r > 0 to be chosen later. By definition, N(BY,eV) =
N(rBY ,reV). Let z1,...,2) be in rBY that are re separated for the norm induced
by the symmetric convex set V. By Proposition it is enough to prove that

ev/log M < ct,(V°).
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The balls z; + (re/2)V are disjoints and taking the Gaussian measure of the union
of these sets, we get

' S 2 dz
YN (x; +7re/2V) | = / e—le2_9%__ g
(U 1 zz:; lz—2z:|lv <re/2 (271')N/2

=1

However, by the change of variable z — x; = u;, we have

ez 42 f|xi|§/2/ —lwil3 /2, —Guiey QW
(& =€ e (&
/szi||v<re/2 (2m)N/2 il <re/2 (2m)N/2

and from Jensen’s inequality and the symmetry of V,

1 / —l22/2__dz w13/
T e 2 > ila/=,
W (5 V) Neaily <res2 (2m)N/2

Since z; € rBY, we proved

Me™"/2 YN (% V) <1.
To conclude, we choose r such that re/2 = 2£,(V°). By Markov inequality,
YN (% V) >1/2and M < 2¢™’/2 which means that for some constant c,

ey/logM < cl. (V).

O

The metric entropy of the Schatten balls. — As a first application of Sudakov
and dual Sudakov, we compute the metric entropy of Schatten balls with respect to
Schatten norms. We denote by Bj"" the unit ball of the Banach spaces of matrices
in My, 5, endowed with the Schatten norm ||-[|g = defined for any A € M, by
1/p
lalls, = (Tr(casay/2))

It is also the £p-norm of the singular values of A. We refer to Chapter E| for more
information about the singular values of a matrix.

Proposition 1.4.6. — Form >n 21, p,q € [1,4+o0] and € > 0, one has

a\/log N(By"", eBy"™) < 1 v/m n(t=1/P) (1.17)

and

€ \/logN(B;”’",eB;n’") < o v/m nt/d (1.18)

where ¢; and co are numerical constants. Moreover, for n > m > 1 the same result
holds by exchanging m and n.

Proof. — We start by proving a rough upper bound of the operator norm of a Gaus-
sian random matrix I' € M,, ,, i.e. a matrix with independent standard Gaussian
entries:

E|Tls. < c(vi+vim) (1.19)
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for some numerical constant c. Let X, , be the Gaussian process defined for u €
BY',v € BY by

Xuw = Tv,u)
SO

E|flg =E sup  X,,.
* u€EBY' vEBY

From Lemma there exists (1/4)-nets A C BY* and A’ C BY of By and BY
for their own metric such that |[A] < 9™ and |A’| < 9". Let (u,v) € BY* x BY and
(u/,v") € A x A’ such that |u — u'|s < 1/4 and |v — v'|2 < 1/4. Then we have

[ Xuw = Xurwr| = [T, u = ') + (T(0 = o), u)| < |Tlg Ju—v']2 + [T [0 =02
We deduce that ||[I'||g_ < sup,ep e [ Xu |+ (1/2) |Tlg_ and therefore

ITlls, <2 sup | Xu |
u EAV EN

Now X,/ is a Gaussian centered random variable with variance |u/[3[v'|3 < 1. By

Lemma [T.T.3]

E  sup | Xy | < ceylogA[[N] < ey/log9 (Vim + V/n)
u’ €A v’ EN

and (|1.19) follows.
Now, we first prove (|1.17) when m > n > 1. Using Sudakov inequality (1.14)), we

have for all € > 0,

5\/10g N(Bp"",eBy"") < clu(By"").

Since

(By"") =E sup (', 4)
AeBph™

where (I, Ay = Tr(T" A*). If p satisfies 1/p+ 1/p’ = 1, we have by trace duality
(0, 4) < Illg , 1415, < 0% [Tl 1 Alls, -
Taking the supremum over A € By"", the expectation and using (1.19), we get
(B ™) < n'PE D5 < e/ 0!/

which ends the proof of (1.17])
To prove (1.18]) in the case m > n > 1, we use the dual Sudakov inequality (|1.15)

and ([1.19) to get that for ¢ € [1, +o0]:

ey/log N(By"" eBy"") < cE|Ulg, < en'/"E||T||_ < ¢'n'/9y/m.

The proof of the case n > m is similar.
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Concentration of norms of Gaussian vectors. — We finish this chapter by an-
other important property of Gaussian processes, a concentration of measure inequality
which will be used in the next chapter. It is stated without proof. The reader is re-
ferred to [Led01] to learn more about this and to [Pis89] for other consequences in
geometry of Banach spaces.

Theorem 1.4.7. — Let G € R™ be a Gaussian vector distributed according to the
normal law N(0,1d). Let T C R™ and let

o(T) = sup{ (E(G,)*)""*).
We have
Yu >0 P ( §1€1¥<G,t> - ]E:g%)(G, t)‘ > u> < 2exp (—u?/20%(T)) (1.20)

where ¢ is a numerical constant.

1.5. Notes and comments

In this chapter, we focused on some very particular concentration inequalities. Of
course, there exist different and powerful other type of concentration inequalities.
Several books and surveys are devoted to this subject and we refer for example to
ILT91), vdVW96), Led01l, BBLO04), Mas07] for the interested reader. The classical
references for Orlicz spaces are [KR61), LT77, [LT79, RR91, RR02].

Tail and moment estimates for Rademacher averages are well understood. Theo-
rem is due to Montgomery-Smith [MS90] and several extensions to the vector
valued case are known [DMS93], [MS95]. The case of sum of independent random
variables with logarithmically concave tails has been studied by Gluskin and Kwapien
IGK95]. For the proof of Theorem we could have followed a classical prob-
abilistic trick which reduces the proof of the result to the case of Weibull random
variables. These variables are defined such that their tails are equals to e *". Hence,
they are logarithmically concave and the conclusion follows from a result of Gluskin
and Kwapien in [GK95]. We have presented here an approach which follows the line
of [Tal94]. The results are only written for random variables with densities c,e ™",
but the proofs work in the general context of 1, random variables.

Originally, Lemma[L.3.1] was proved in [JL84] and the operator is chosen at random
in the set of orthogonal projections onto a random k-dimensional subspace of /s,
uniformly according to the Haar measure on the Grassman manifold G, .

The classical references for the study of entropy numbers are [Pie72, [Pie80),
Pis89, [CS90]. The method of proof of Theorem has been introduced by Mau-
rey, in particular for studying entropy numbers of operators from ¢¢ into a Banach
space of type p. This was published in [Pis81]. The method was extended and devel-
oped by Carl in [Car85]. Sudakov inequality is due to Sudakov [Sud71] while
the dual Sudakov inequality is due to Pajor and Tomczak-Jaegermann [PTJ86].
The proof that we presented follows the lines of Ledoux-Talagrand [LT91]. We have
chosen to speak only about Slepian-Fernique inequality which is Lemma [1.4.5] The
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result of Slepian [SIe62] is more general and tells about distribution inequality. In
the context of Lemma however, a multiplicative factor 2 appears when applying
Slepian’s lemma. Fernique proved that the constant 2 can be replaced by 1
and Gordon extended these results to min-max of some Gaussian
processes. About the covering numbers of the Schatten balls, Proposition[I.4.6]is due

to Pajor [Paj99]. Theorem is due to Cirel’son, Ibragimov, Sudakov [CIS76]
(see the book [Pis89] and [Pis86]| for variations on the same theme).






CHAPTER 2

COMPRESSED SENSING AND GELFAND WIDTHS

2.1. A short introduction to compressed sensing

Compressed Sensing is a quite new framework that enables to get exact and ap-
proximate reconstruction of sparse or almost sparse signals from incomplete measure-
ments. The ideas and principles are strongly related to other problems coming from
different fields such as approximation theory, in particular to the study of Gelfand
and Kolmogorov widths of classical Banach spaces (diameter of sections). Since the
seventies an important work was done in this direction, in Approximation Theory and
in Asymptotic Geometric Analysis (called Geometry of Banach spaces at that time).

It is not in our aim to give a comprehensive and exhaustive presentation of com-
pressed sensing, there are many good references for that, but mainly to emphasize
some interactions with other fields of mathematics, in particular with asymptotic
geometric analysis, random matrices and empirical processes. The possibility of re-
constructing any vector from a given subset is highly related to some complezity of
this subset and in the field of Geometry of Banach spaces, many tools were developed
to analyze various concepts of complexity.

In this introduction to compressive sensing, for simplicity, we will consider only the
real case, real vectors and real matrices. Let 1 < n < N be integers. We are given a
rectangular n X N real matrix A. One should think of N > n. We have in mind to

compress some vectors from R for large NV into vectors in R™. Let Xi,..., Xy € R"
be the columns of A and let Y3,---,Y;,, € RY its rows. We write
Y1
Y,
A= ( ) CRTTTT XN) — |
Y,

We are also given a subset T C RY of vectors. Let 2 € T be an unknown vector.
The data one is given are n linear measurements of x (again, think of N > n)

<Y17.7;‘>,--- 7<Yn’w>
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or equivalently

y = Ax.
We wish to recover x or more precisely to reconstruct x, exactly or approximately,
within a given accuracy and in an efficient way (fast algorithm).

2.2. The exact reconstruction problem

Let us first discuss the exact reconstruction question. Let € T' be unknown and
recall that the given data is y = Az. When N > n, the problem is ill-posed because
the system At =y, t € RV is highly under-determined. Thus if we want to recover
we need some information on its nature. Moreover if we want to recover any x from
T, one should have some a priori information on the set T, on its complexity whatever
it means at this stage. We shall consider here various parameters of complexity in
these notes. The a priori hypothesis that we investigate now is sparsity.

Sparsity. — We first introduce some notation. We equip R and RY with the
canonical scalar product (-, -) and Euclidean norm | - |5. We use the notation | - | to
denote the cardinality of a set. By B2 we denote the unit Euclidean ball of RY and
by SV~1 its unit sphere.

Definition 2.2.1. — Let 0 < m < N be integers. For x = (x1,...,zy) € RV,
denote by suppx = {k : 1 <k < N,z # 0} the support of x, that is the set of indices
of non-zero coordinates of x. A vector x is said to be m-sparse if |suppz| < m. The
set of m-sparse vectors of RN is denoted by ., = X,,(RN) and its unit sphere by

So(2p) = {x € RY : |z] = 1and |suppz| < m} = %,,(RY)n SN,
Similarly let
By(2,,) = {z € RY : |z|y < 1and |suppz| < m} = %, (RY)n BY.

Note that X, is not a linear subspace and that Bs(%,,) is not convex (except when
m = N).

Problem 2.2.2. — The exact reconstruction problem. We wish to reconstruct
exactly any m-sparse vector x € X, from the given datay = Ax. Thus we are looking
for a decoder A such that

Vo € Y, A(A, Az) = .
Claim 2.2.3. — Linear algebra tells us that such a decoder A exists iff
ker AN Xg,, = {0}.

Ezxample 2.2.4. — Let m>1, N >2m and 0 < a; < --- <ay =1. Let n =2m
and build the Vandermonde matrizx A = (a;}l), 1<i<n,1<j<N. Clearly all the
2m x 2m minors of A are non singular Vandermonde matrices. Unfortunately it is
known that such matrices are ill-conditioned. Therefore reconstructing x € ¥, from

y = Az is numerically unstable.
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Metric entropy. — As already said, there are many different approaches to seize
and measure complexity of a metric space. The most simple is probably to estimate
a degree of compactness via the so-called covering and packing numbers.

Since all the metric spaces that we will consider here are subsets of normed spaces,
we restrict to this setting. We denote by conv(A) the convex hull of a subset A of a
linear space.

Definition 2.2.5. — Let B and C be subsets of a vector space and let € > 0. An
e-net of B by translates of € C is a subset A of B such that for every x € B, there
erits y € A and z € C' such that © =y + €z. In other words, one has

BcA+eC=|](y+e0),
yeEA

where A+ eC :={a+ec:a€ A ,ceC} isthe Minkowski sum of the sets A and eC.
The covering number of B by €C is the smallest cardinality of such an e-net and is
denoted by N(B,eC). The function ¢ — log N(B,eC) is called the metric entropy of
B by C.

Remark 2.2.6. — If (B,d) is a metric space, an e-net of (B,d) is a covering of B
by balls of radius € for the metric d. The covering number is the smallest cardinality
of an e-net and is denoted by N(B,d,e). In our setting, the metric d will be defined
by a norm with unit ball say C. Then x + € C is the ball of radius € centered at x.

Let us start with an easy but important fact. A subset C C R¥ is said to be
symmetric or centrally symmetric, if it is symmetric with respect to the origin, that
is if C = —C. Let C C RN be a symmetric convex body, that is a symmetric convex
compact subset of RY with non-empty interior. Equivalently, C' is unit ball of a norm
on RY. Consider a subset A C C of maximal cardinality such that the points of A
are eC-apart in the sense that:

Ve #y,x,y € A, one has x —y & eC'

(recall that C' = —C). It is clear that A is an e-net of C' by eC. Moreover the balls
(z + (/2)C)aen

of radius (£/2) centered at the points of A are pairwise disjoint and their union is a

subset of (14 (¢/2)) C (this is where convexity is involved). Taking volume of this

union, we get that N(C,eC) < (1+ (2/¢))" . This proves part ii) of the following
proposition.

Proposition 2.2.7. — Lete € (0,1). Let C C RN be a symmetric convex body.

i) Let A C C be ane-net of C by translates of eC, then A C C C (1—¢)~* conv (A).
ii) There exists an e-net A of C by translates of eC' such that |A| < (1 +2/e)N.

Proof. — We prove i) by successive approximation. Since A is an e-net of C by
translates of eC, every z € C can be written as z = xo + €z1, where g € A and
21 € C. Tterating, it follows that z = xg 4+ ez +€2xo + . .., with z; € A, which implies
by convexity that C' C (1 — &)~ tconv (A). O
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This gives the next result:

Claim 2.2.8. — Covering the unit Euclidean sphere by Fuclidean balls of radius €.

One has
3

N
Ve € (0,1), N(SN‘HsBéV)g(E) :

Now, since S3(X,,) is the union of spheres of dimension m,
N
N(S2(X),eBY) < <m> N(S™ ', eB).

Using the well known inequality (Z ) < (eN/m)™, we get:

Claim 2.2.9. — Covering the set of sparse unit vectors by FEuclidean balls of ra-
diuse. Let 1 <m < N and ¢ € (0,1), then

N(Sx(Sm),eBY) < (”)m

me

The /;-minimization method. — Coming back to the exact reconstruction prob-
lem, if we want to solve in ¢ the system

At =y

where y = Ax is given and x is m-sparse, it is tempting to test all possible supports
of the unknown vector x. This is the so-called {p-method. But there are (Z ) possible
supports, too many to answer the request of a fast algorithm. A more clever approach
was proposed, namely the convex relaxation of the ¢y-method. Let x be the unknown
vector. The given data is y = Ax. For t = (t;) € RY denote by

N

[th = [t]

i=1
its £; norm. The ¢;-minimization method (also called basis pursuit) is the following
program:
(P) min |¢t|; subject to At =y.
teRN

This program may be recast as a linear programming by
N
minZsi, subject to s > 0,—s <t < s, At =y.
i=1
Definition 2.2.10. — Exact reconstruction by ¢;-minimization. We say that

a nxX N matrix A has the exact reconstruction property of order m by £1-minimization
if, for every x € 3., the problem

(P) min [t|1 subject to At = Ax has a unique solution equal to x. (2.1)
teR
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Note that the above property is not specific to the matrix A but rather a property
of its null space. In order to emphasize this point, let us introduce some notation.

For any subset I C [N] where [N] = {1,..., N}, let I° be its complement. For
any € RV, let us write z; for the vector in RV with the same coordinates as x for
indices in I and 0 for indices in I¢. We are ready for a criterion on the null space.

Proposition 2.2.11. — The null space property. Let A be n x N matrixz. The
following properties are equivalent
i) For any x € ,,,, the problem
(P) min |t|; subject to At = Ax
teRN
has a unique solution equal to x (that is A has the exact reconstruction property
of order m by {1 -minimization)
ii)
Vh € ker A, h # 0,¥I C [N],|I| < m, one has |hr|; < |hre]|1. (2.2)
Proof. — Omn one side, let h € ker A, h # 0 and I C [N],|I| <m. Put = —h;. Then
x € %,y and (2.1) implies that |z 4+ h|; > |x|1, that is |hre|1r > |hr]1-
For the reverse implication, suppose that ii) holds. Let z € X,,, and I = supp(x).
Then |I| < m and for any h € ker A such that h # 0,
|z + hly = |xr + hil1 + |hrely > |zr + hrly + hrl > |2]1,
which shows that z is the unique minimizer of the problem (P). O

Definition 2.2.12. — Let 1 < m < N. We say that an n X N matriz A satisfies
the null space property of order m if it satisfies .

This property has a nice geometric interpretation. To introduce it, we need some
more notation. Recall that conv(-) denotes the convex hull. Let (e;)i1<;<n be the
canonical basis of RY. Let /¥ be the N-dimensional space RY equipped with the ¢;
norm and BY¥ be its unit ball. Denote also

S1(Zn)={z €%, :|zi=1} and Bi(Z,)={r €%, : |z <1} =%, NnB.

We have BY = conv(%ey,...,+eyn). A (m — 1)-dimensional face of BV is of the
form conv({e;e; : i € I}) with I C [N],|I| = m and (g;) € {—1,1}!. From the
geometric point of view, S;(3,,) is the union of the (m — 1)-dimensional faces of BV.

Let A be an n X N matrix and Xq,..., Xy € R™ be its columns then

A(BN) = conv(+X1,...,+Xn).
Proposition 2.2.11] can be reformulated in the following geometric language:
Proposition 2.2.13. — The geometry of faces of A(BY). Let1 <m <n < N.
Let A be an n x N matriz with columns X1,..., Xy € R™. Then A satisfies the null
space property if and only if one has
VI C[N], 1 <|I| <m,V(e) € {-1,1},
conv({e;X; : i€ I})Nconv({0;X; : j ¢ 1,0; =+£1}) =0. (2.3)
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Proof. — Let I C [N], 1 < |[I| < m and (g) € {-1,1}{. Observe that
y € conv({0;X; : j ¢ I,0; = £1}) iff there exists ()\;);ere € [~1,1]!" such that

Z |AJ| <1 and Yy = Z )\jX]‘.

jere jere
Therefore
conv({e;X; : i € I})Nconv({0;X; : j¢1,0;,==x1})#0
iff there exist (\;)ier € [0,1]7 and (\;)jere € [=1,1]'" such that

dai=12=) |\l

iel jele
and
h = Z Ni€i€i — Z )\j@j € ker A.
i€l jele

We have h; = A\g; for i € I and h; = —\; for j ¢ I, thus |hs|1 > |hre
that if fails, the null space property is not satisfied.
Conversely, assume that fails. Thus there exist I C [N], 1 < |I| < m and
h € ker A, h # 0, such that |hs|1 > |hre|1 and since h # 0, we may assume by
homogeneity that |hr|; = 1. For every i € I, let A\; = e;h; where ¢; is the sign of h;
if h; # 0 and &; = 1 otherwise and set y = >, _; h; X;. Since h € ker A, we also have
Yy =—2jer hjX;. Clearly,y € conv({e;X; : i € I})Nconv({0;X; : j ¢ [,0; = £1})
and therefore is not satisfied. This concludes the proof. O

1. This shows

Proposition 2.2.14. — Let 1 < m < n < N. Let A be an n x N matriz with
columns X1,..., XNy € R™. Then A satisfies the null space property if and only
if one has

VI C [N], 1 <|I| <m, V() € {~1,1},
Aff({e;X; i eI})Nconv({0;X; : j¢1,0; ==%1})=10 (2.4)
where Aff({;X; : i € I}) denotes the affine hull of {e;X; : i € I'}.

Proof. — In view of Proposition [2.2.13] we are left to prove that (2.3) implies (2.4).
Assume that (2.4)) fails, let I C [N], 1 < |I| <m and (g;) € {-1,1}!. If

y e Aff({e; X; : i e I})Nconv({6,X; : j ¢ 1,60, =+£1}),

there exist (\;)ie; € RT and (\;)jere € [~1,1]7" such that Dt N =123 e
and y = ZiEI Nigi X = Zjelc )\ij. Let

Ajl

IT={iel:\>0} and I" ={iel:)\ <0}
Clearly,
y € conv({e;X; : i€ I})Nconv({6;X; : j¢1,0;==x1})
where ¢} = ¢; for i € I'T and ¢} = —¢; for i € I~. This shows that (2.3) fails. O
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Observe that a face of A(BY) = conv(£Xj,...,+Xy) is a subset of the form
conv({e;X; : i € I}) for some I C [N] and some (g;) € {—1,1}/, that satisfies

Aff({e;X; : i € I}) Nconv({0;X; : j ¢ I1,0; =+£1}) =0.

Note that the dimension of this face may be strictly less than |I| — 1 and that in
general not every subset conv({e; X; : i € I}) is a face of A(BY). The next definition
introduces very special polytopes.

Definition 2.2.15. — Let 1 < m < n. A centrally symmetric polytope P C R™ is
said to be centrally symmetric m-neighborly if every set of m of its vertices, containing
no antipodal pair, is the set of all vertices of some face of P.

Note that every centrally symmetric polytope is centrally symmetric 1-neighborly.
Neighborliness property becomes non-trivial when m > 2.

Proposition 2.2.16. — Let 1 < m < n < N. Let A be an n X N matriz with
columns Xq,..., Xy € R™. The matrix A has the null space property of order m iff
its columns +£X1,..., =Xy are the 2N vertices of A(BY) and moreover A(BY) is
centrally symmetric m-neighborly.

Proof. — Proposition and show that if A has the null space property of
order m then its columns £X7,...,+Xx are the 2N vertices of A(B}¥) and A(B})
is centrally symmetric m-neighborly.

Assume conversely that +X,...,£Xy are the 2N vertices of A(B) and that
A(BY) is centrally symmetric m-neighborly. Let m > 1, I C [N],|I| = m and
(e:) € {—1,1}!. Then for any k € I, e, X}, ¢ Aff({e;X; : i € I\ {k}}), because if not,
er Xy € conv({eX; : i € I\ {k}}) for some (¢}) € {—1,1}!, which contradicts the
hypothesis that €, X}, is a vertex of conv({e;X; : i € I\ {k}}U{exXy}). We conclude
that conv({e;X; : i € I) is a face of dimension m — 1 so that it is a simplex. This
is also valid when m = 1 since £X,...,+ Xy are all vertices. Therefore the faces
of conv({g;X; : i € I}) are the simplices conv({g;X; : i € J}) for J C I. Since a
face of a face is a face, is satisfied and Proposition allows to conclude the
proof. O

Let A:RY — R". Consider the quotient map
Q: NV — 1N /ker A.

If A has rank n, then £Y / ker A is n-dimensional. Denote by | - || the quotient norm
on /¥ /ker A defined by

= mi hli.
1Qz]| =, min |a+hls
Property (2.1) implies that @ is norm preserving on ¥,,. Since |, /2] =X |m 2] C L,
@ is an isometry on X|,, /2| equipped with the £; metric. In other words,
Yo,y € Xy QT — Qyll = |z — yl1.

As it is classical in approximation theory, we can take benefit of such an isometric
embedding to bound the entropic complexity by comparing the metric entropy of
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the source space (X|,,/2 J,éff ) with the target space, which lives in a much lower
dimension.

The following lemma is a well-known fact on packing.

Lemma 2.2.17. — There exists a family A of subsets of [N] each of cardinality
m < N/2 such that for every I,J € A, I # J,|INJ| < [m/2] and |[A| > | N JLm/2J'

8em

Proof. — We use successive enumeration of the subsets of cardinality m and exclusion
of wrong items. Without loss of generality, assume that m/2 is an integer. Pick any
subset I; of {1,..., N} of cardinality m and throw away all subsets J of {1,...,N}
of size m such that the Hamming distance |[I;AJ| < m, where A stands for the
symmetric difference. There are at most

2 (05

such subsets and since m < N/2 we have

" /m\ (N —-m m N —m mf{ N

E <2 max <2 .
k2 k m—k m/2<k<m \m — k m/2

Now, select a new subset Iy of size m from the remaining subsets. Repeating this
argument, we obtain a family A = {I1,I»,...,I,}, p = |A|, of subsets of cardinality
m which are m-separated in the Hamming metric and such that

= () ()|

Since for m < N/2 we have (%)m < (Z) < (%)m, we get that

o ] = ()«

which concludes the proof. O

Let A be the family constructed in the previous lemma. For every I € A, define
a(I) = L3, ei. Then z(I) € S1(E,,) and for every I,J € A, I # J, one has

(1) — z(J)|, = 2 (1 'I“m‘]') > 2 (1“%”) > 1.

If the matrix A has the exact reconstruction property of order 2m, then

VI, Je Al #J, Q) = Qz(N)] = 1Q(x(I) — ()] = [=(I) —2(J)h = L.

J Lm/2]

On one side |[A| > LC’ e , but on the other side, the cardinality of the set

[m/2]
(Q(x(I)))1ea cannot be too big. Indeed, it is a subset of the unit ball Q(BiY) of the
quotient space and we already saw that the maximum cardinality of a set of points
of a unit ball which are 1-apart is less than 3". It follows that

| N/32em |/ < gn
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and the next proposition is thus proved.

Proposition 2.2.18. — Let m > 1. If the matriz A has the exact reconstruction
property of order 2m by {1-minimization, then

mlog(cN/m) < Cn.

where C,c > 0 are universal constants.

Whatever the matrix A is, this proposition gives an upper bound on the size m
of sparsity such that any vectors from X,, can be exactly reconstructed by the /¢;-
minimization method.

2.3. The restricted isometry property

So far, we do not know of any “simple” condition in order to check whether a matrix
A satisfies the exact reconstruction property (2.1)). Let us start with the following
definition which plays an important role in compressed sensing.

Definition 2.3.1. — Let A be an n X N matriz. For any 0 < p < N, the restricted
isometry constant of order p of A is the smallest number 6, = 6,(A) such that

(1= dp)lef3 < [Azl3 < (1+0,)lf3

for all p-sparse vectors x € RN. Let § € (0,1). We say that the matriz A satisfies
the Restricted Isometry Property of order p with parameter 6, shortly RIP, (), if

0< 5,(A) < 4.

The relevance of the Restricted Isometry parameter is revealed in the following
result:

Theorem 2.3.2. — Let 1 < m < N/2. Let A be ann x N matriz. If
Sam (A) < V2 -1,

then A satisfies the exact reconstruction property of order m by {1-minimization.

For simplicity, we shall discuss an other parameter involving a more general con-
cept. The aim is to relax the constraint &, (A) < v/2 — 1 in Theorem and still
get an exact reconstruction property of a certain order by ¢;-minimization.

Definition 2.3.3. — Let 0 < p < n be integers and let A be an nx N matriz. Define
ap = ap(A) and B, = Bp(A) as the best constants such that

Ve eX,, oplzle <|Az|e < Bplzla.

Thus fp, = max{|Az|s : z € ¥, |z|2 = 1} and o, = min{|Ax|y : z € &, |z|]s = 1}.
Now we define the parameter v, = v,(A) by
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In other words, let I C [N] with |I| = p. Denote by Al the n x p matrix with
columns (X;);es obtained by extracting from A the columns X; with index i € I.
Then «,, is the smallest singular value of A’ among all the block matrices A? with
|I| = p, and B, is the largest. In other words, denoting by BT the transposed matrix
of a matrix B and Ay, ((A7)T AT), respectively Apqz((AT)TAT), the smallest and
largest eigenvalues of (A7)T A, one has

2 _ 2 A) = : in AI TAI
@ = (A= i, Amin (A1) AT

whereas
2 2 INT gT
By = B,(A) = IC[IJ\Ifl]E,i\)I(I:p Amaz((A7) T A7).

Of course, if A satisfies RIP,(d), one has v,(A)? < %g. The concept of RIP is
not homogenous, in the sense that A may satisfy RIP,(d) but not a multiple of A.
One can “rescale” the matrix to satisfy a Restricted Isometry Property. This does not
ensure that the new matrix, say A’ will satisfy da,, (4’) < v/2 — 1 and will not allow
to conclude to an exact reconstruction from Theorem m (compare with Corollary
in the next section). Also note that the Restricted Isometry Property for A can
be written

Vo € S5(3,)  ||Azl3—1] <6

expressing a form of concentration property of |Az|s. Such a property may not be
satisfied despite the fact that A does satisty the exact reconstruction property of order

p by ¢1-minimization (see Example [2.6.6)).

2.4. The geometry of the null space

Let 1 <m < p < N. Let h € RY and let ¢ = ¢ : [N] — [N] be a one-to-
one mapping associated to a non-increasing rearrangement of (|h;|); in others words
|yl = The@y| = -+ > |hyvy|. Denote by It = o ({1,...,m}) a subset of indices
of the largest m coordinates of (|h;]), then by I = p({m +1,...,m + p}) a subset
of indices of the next p largest coordinates of (|h;|) and for k > 2, iterate with
I = on({m+(k—1)p+1,...,m+kp}), as long as m+kp < N, in order to partition
[N] in subsets of cardinality p, except for the first one I;, which has cardinality m
and the last one, which may have cardinality not greater than p. For J C [N] and
h € RN, let hy € RY be the vector with the same coordinates as h for indices in J
and 0 elsewhere.

Claim 2.4.1. — Let h € RY. Suppose that 1 < m < p < N and N > m + p. With
the previous notation, we have
1

VEZ2 bk <

|h’Ik|1

and

1
Z |h1 ]2 < 7 |Prels.

k>3
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Proof. — Let k > 2. We have
|h1k+1|2 \/m maX{|h ‘ 1€ IkJrl}

and
max{|h2| 11 E Ik+1} < mln{|h1| 11 E Ik} < |h1k|1/|Ik|

We deduce that \/7
[ et1]
Vk > 2 |h’1k+1|2 < W ‘hlkh'

Adding up these inequalities for all k > 2, for which /|l 41]/|1x| < 1/\/P, we con-
clude. O

We are ready for the main result of this section

Theorem 2.4.2. — Let1<m <p< N and N > m+p. Let A be an n x N matrix.
Then

Vheker A, h #£0, YIC[N||I|<m, |hih < ,/% yop(A) |hrelr (2.5)

and Vh € ker A, VI C [N],|I| <m,

'7 '7
|hl2 < \/ 1054 |h1f|1 \/ 1 ,(4) |h\1 (2.6)

14195,(A)
P

In particular,
rad (ker AN BY) <

where rad (B) = sup,¢p |z|2 is the radius of B.

Proof. — Let h € ker A, h # 0 and organize the coordinates of h as in the introduction

of Section [2.4] By definition of ag, (see [2. , one has
|hry + hiyl2 < 7|A(hh + hi,)l2.
Q2p

Since h € ker A we obtain

\hr, + b2 < 7|A(h11 +hi, = h)|2 7‘14 > hp)la.
Q2p k>3
Then from the definition of 3, and ~, , using Claim [2.4.1] “ we get
ke < iy + bl < 225 gl < 2 G (27)
2P k>3 VP

This first inequality is strict because in case of equality, h;, = 0, which implies hye =0
and thus from above, h;, = 0, that is A = 0. To conclude the proof of ., note that
for any subset I C [N], |I| <m, |he[y < |hre]y and |hr|y < |hp, s
To prove (2.6)), we start from
‘h@ = ‘h - h’Il - hIz'% + |h11 + hIz'%
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Using Claim the first term satisfies

1
|h—hr, — hp,]2 < Z \hrJ2 < —= higli
k>3 b

From, |hr, + hryla < ””7\/(;) |hre]1 and putting things together, we derive that

1+413,(4) 1+413,(4)

|hl2 < |hrelr < R

O

From relation (2.5 and the null space property (Proposition [2.2.11]) we derive the
following corollary.

Corollary 2.4.3. — Let 1 <p < N/2. Let A be an n x N matriz. If vy2,(A) < /D,
then A satisfies the exact reconstruction property of order m by ¢1-minimization with

m = [p/73,(4)] -

Our main goal now is to find p such that ~yz, is bounded by some numerical constant.
This means that we need a uniform control of the smallest and largest singular values
of all block matrices of A with 2p columns. By Corollary this is a sufficient
condition for the exact reconstruction of m-sparse vectors by £;-minimization with
m ~ p. When |Ax|, satisfies good concentration properties, the restricted isometry
property is more adapted. In this situation, vo, ~ 1. When the isometry constant
d2p is sufliciently small, A satisfies the exact reconstruction of m-sparse vectors with
m = p (see Theorem [2.3.2).

Similarly, an estimate of rad (ker A N BYY) gives an estimate of the size of sparsity
of vectors which can be reconstructed by £;-minimization.
Proposition 2.4.4. — Let A be ann X N matriz. If 1 <m and
1
rad (ker AN BY) < ——
( 1 ) 2\/5
then the matriz A satisfies the exact reconstruction property of order m by f1-
minimization.
Proof. — Let h € ker A and I C [N],|I| < m. By our assumption, we have that
Vh € ker A,h #0  |hla < |hl1/2v/m.

Thus |hr|1 < v/m |hrle < v/m |hle < |h|1/2 and |h]1 < |hre|i. We conclude using

the null space property (Proposition [2.2.11)). O
To conclude the section, note that (2.6 implies that whenever an n x N matrix A

satisfies a restricted isometry property of order m > 1, then rad (ker AN BYY) = %.
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2.5. Gelfand widths
The study of the previous section leads to the notion of Gelfand widths.

Definition 2.5.1. — Let T be a bounded subset of a normed space E. Let k> 0 be
an integer. The k-th Gelfand width of T is defined as

d"(T,E) := inf sup |z g,
S zesnT

where || - ||g denotes the norm of E and the infimum is taken over all linear subspaces
S of E of codimension less than or equal to k.

A different notation is used in Banach space and Operator Theory. Let u: X — Y
be an operator between two normed spaces X and Y. The k-th Gelfand number is
defined by

ce(u) = inf{| ug || : S C X, codim S < k}
where u|s denotes the restriction of the operator u to the subspace S. This reads
equivalently as

cr(u) =inf sup [[u(z)|y,
S zeSNBx

where Bx denotes the unit ball of X and the infimum is taken over all subspaces S
of X with codimension strictly less than k. These different notations are related by

cry1(u) = d*(u(Bx),Y).

If F is a linear space (RY for instance) equipped with two norms defining two normed
spaces X and Y and if id : X — Y is the identity mapping of F' considered from the
normed spaces X to Y, then

d*(Bx,Y) = cpp1(id: X - Y).
As a particular but important instance, we have

d*(BN 05 = cpypi(id - 0 — 6Y) = Anf_ rad (S0 BM).

The study of these numbers has attracted a lot of attention during the seventies
and the eighties. An important result is the following.

Theorem 2.5.2. — There exist ¢c,C > 0 such that for any integers 1 <k < N,

1 1
cmin{l, log(Nék)—i—} < cp(id : €Y — 0) <Cmin{17 Wék)—’—}

Moreover, if P is the rotation invariant probability measure on the Grassmann mani-

fold of subspaces S of RN with codim(S) = k — 1, then

P (rad (SN BY) < Cmin {1, W}) > 1 — exp(—ck).
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Coming back to compressed sensing, let 1 < m < n and let us assume that

In other words, we assume that there is a subspace S C R of codimension less than
or equal to n such that rad (S N BY) < ﬁ Choose any n x N matrix A such that
ker A = S, then
N 1
rad (ker AN By') < NG

Proposition shows that A satisfies the exact reconstruction property of order m
by ¢1-minimization.

It follows from Theorem that there exists a matrix A satisfying the exact
reconstruction property of order

Lern/log(caN/n) |

where c¢1, o are universal constants. From Proposition [2.2.18]it is the optimal order.

Performance of sensing algorithm and Gelfand widths. — The optimal per-
formance of sensing algorithm is closely connected to Gelfand widths. Consider the
problem of reconstruction of a vector z € T C R¥ from the data y = Az € R,
where A is an n x N matrix, called the encoder and T is some given subset of RY.
Let A : R® — R be a decoder which to every x € T returns A(A, Az) = A(Azx),
an approximation to z (see Problem [2.2.2). Let E be the space RY equipped with
a norm | - ||g. To evaluate the optimal performance of a pair (A, A) with respect to
this norm, the following quantity was considered

E™(T,E)= inf sup |z — A(Ax
(T.E) = inf sup o — A(4a)]

where (A, A) describes all possible pairs of encoder-decoder with A linear. As shown
by the following well known lemma, it is equivalent to the Gelfand width d"(T, E).

Lemma 2.5.3. — Let T C RN be a symmetric subset such that T +T C 2aT for
some a > 0. Let E be the space RN equipped with a norm ||.||g. Then

Vi<n<N, d%T,E)<E"T,E)<2ad"(T,E).

Proof. — Let (A,A) be a pair of encoder-decoder. To prove the left-hand side in-
equality, observe that
d"(T,E)=1inf sup |z|r
B geker BNT
where the infimum is taken over all n x N matrices B. Since ker ANT is symmetric,
for any x € ker A, one has
2|zlle < llz =AM+ -2z —-A0)[z <2 sup |z—A(Az)] 5.
z€ker ANT
Therefore
d"(T,E) < sup |z||g <supllz— A(A2)|Eg-

zcker ANT z€T

This shows that d"(T, E) < E"(T, E).
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To prove the right-hand side inequality, let A be an n x N matrix. It is enough to
define A on A(T). Let € T and let y = Az be the data. Denote by S(y) the affine
subspace {7’ € RY : Az’ = y}. We choose some z’ € T'N S(y) and define A(y) = z'.
Since T is symmetric and T 4+ T C 2aT, one has x — 2’ € ker AN (2aT") and

|z —2'||p <2a sup |z||g-
z€ker ANT

Therefore

E"(T,E) < |z — A(Az)| =z —2'||lp <2a  sup |z]g.
z€ker ANT

Taking the infimum over A, we deduce that E"(T, E) < 2ad™(T, E).
O

This equivalence between d" (T, E) and E™(T, E) can be used to estimate Gelfand
widths by means of methods from compressed sensing. This approach gives a simple
way to prove the upper bound of Theorem The condition T'+ T C 2aT is of
course satisfied when T is convex (with a = 1). See Claim for non-convex
examples.

2.6. Gaussian random matrices satisfy a RIP

So far, we did not give yet any example of matrices satisfying the exact recon-
struction property of order m with large m. It is known that with high probability
Gaussian matrices do satisfy this property.

The subgaussian Ensemble. — We consider here a probability P on the space
M (n, N) of real nx N matrices satisfying the following concentration inequality: there
exists an absolute constant ¢y such that for every z € RN we have

P (||Azf3 — |z[3] = tlz]3) < 2¢—cotn forall 0 <t < 1. (2.8)
Definition 2.6.1. — For a real random variable Z we define the ¥o-norm by
1Z]ly, = inf{s >0: Eexp(|Z]/s)? < e}.

We say that a random vector Y € R is isotropic if it is centered and satisfies
vy eRY, E[(Y,y)* = |yf3.

A random vector Y € RN satisfies a 1po-estimate with constant o (shortly Y is
with constant o) if

vy € RN, (Y, ) |ly < alylo.

It is well-known that a real random variable Z is o (with some constant) if and
only if it satisfies a subgaussian tail estimate. In particular if Z is a real random
variable with || Z]|y, < «, then for every ¢ > 0,

P(|Z] > t) < e~ t/)*+1,
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This 1o property can also be characterized by the growth of moments. Well known

examples are Gaussian random variables and bounded centered random variables (see
Chapter (1] for details).

Let Y3,...,Y, € RY be independent isotropic random vectors which are v with
the same constant o. Let A be the matrix with Y7,...,Y,, € RY as rows. We
consider the probability PP on the space of matrices M (n, N) induced by the mapping
(Y17~-~7Yn) — A.

Let us recall Bernstein’s inequality (see Chapter [1)). For y € S™V~1 consider the
average of n independent copies of the random variable (Y7, %)2. Then for every t > 0,
n

1 2t
]P’( >t> < 2exp (—cnmin{4,2}),
p at’ «

where ¢ is an absolute constant. Note that since E(Y7,4)? = 1, one has a > 1 and

2
% , = L5 (Y;,y)?. This shows the next claim:

Claim 2.6.2. — LetYy,...,Y, € RN be independent isotropic random vectors that
are 1y with constant o. Let P be the probability induced on M(n,N). Then for every
r € RN we have

A 2 c
P H—x‘ ,m%’ > t|z|3 < 2¢ aTtn forall 0 <t <1
Vvn'ol2
where ¢ > 0 is an absolute constant.

Among the most important examples of model of random matrices satisfying (2.8])
are matrices with independent subgaussian rows, normalized in the right way.

Example 2.6.3. — Some classical examples:

- Y1,...,Y, € RN are independent copies of the Gaussian vector Y = (g1,...,gn)
where the g;’s are independent N'(0,1) Gaussian variables

—Y1,...,Y, € RN are independent copies of Y = (e1,...,en) where the ;s are
independent, symmetric +1 (Bernoulli) random variables
—Yy,...,Y, € RY are independent copies of a random vector uniformly distributed

on the Euclidean sphere of radius v/'N.

In all these cases Y1,...,Y, € RY are independent isotropic with a 1), constant c,
for a suitable o > 1. For the last case see e.g. [LT91]. For more details on Orlicz
norm and probabilistic inequalities used here see Chapter

Sub-Gaussian matrices are almost norm preserving on X,,. — An important
feature of %,,, and its subsets S2(X,,) and B2(X,,) is their peculiar structure: the last
two are the unions of the unit spheres, and unit balls, respectively, supported on
m-dimensional coordinate subspaces of RY.

We begin with the following lemma which allows to step up from a net to the whole
unit sphere.
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Lemma 2.6.4. — Let ¢ > 1 be an integer and B be a symmetric ¢ X q matriz. Let
A C 8971 be a O-net of ST by OB for some 0 € (0,1/2). Then

1B = sup [(Bx,x)[ < (1-20)""sup|(By,y)|.
zeSa—1 yeEA
Proof. — For any z,y € RY, (Bz,z) = (By,y)+(Bx,z—y)+(B(x—y),y). Theferore
[(Bz,z)| < [(By,y)| + 2|z — y|||B]|. Since the matrix B is symmetric, its norm may

be computed using its associated quadratic form, that is | B|| = sup,cgqs-1 |(Bz, z)|.
Thus, if |z —y[ < 0, then || B|| < sup,cp [(By, y)| + 20| B| and the conclusion follows.
O

We are able now to give a simple proof that subgaussian matrices satisfy the exact
reconstruction property of order m by ¢;-minimization with large m.

Theorem 2.6.5. — Let P be a probability on M (n, N) satisfying (2.8). Then there
exist positive constants c1,c2 and cz depending only on cq from (2.8), for which the
following holds: with probability at least 1 — 2 exp(—csn), A satisfies the exact recon-
struction property of order m by £1-minimization with

m— c1n
~ |log(caN/n) | "
Moreover, A satisfies RIP,,(8) for any 6 € (0,1) with m ~ c¢6°n/log(CN/§?n) where
c and C depend only on cy.

Proof. — Let y;, i =1,2,...,n, be the rows of A. Let 1 < p < N/2. For every subset
I of [N] of cardinality 2p, let A; be a (1/3)-net of the unit sphere of R! by (1/3)BZ
satisfying |A;| < 9P (see Claim [2.2.8)).
For each subset I of [N] of cardinality 2p, consider on R, the quadratic form
RS 2 2 I
= — iy — s c R
a(y) = ;(y vy =yl y
There exist symmetric ¢ X ¢ matrices By with ¢ = 2p, such that ¢;(y) = (Bry, y)-
Applying Lemma with @ = 1/3, to each symmetric matrix By and then taking
the supremum over I, we get that
1< 5 1< )
sup ‘* (i, y) —1)’ <3sup |— > ((yi,y)” — 1)),
YES2(Sap) ' T ; yeA z:zl
where A C R is the union of the A; for |I| = 2p.
Note that there is nothing random in that relation. This is why we changed the
notation of the rows from (Y;) to (y;). Thus checking how well the matrix A defined
by the rows (y;) is acting on g, is reduced to checking that on the finite set A. Now

recall that |A| < (21\;) 92P < exp (Qp log (9;}17\7
Given a probability P on M (n, N) satisfying (2.8)), and using a union bound esti-

mate, we get that

i

swp |53 (o - 1) <3

y€S2(S2p) ' T i
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holds with probability at least

1-— 2|A|e_0052" >1—2exp (Zplog <9;JV)> g—cos’n >1-— e~ 0 /2
p

whenever
9e N
2plog (e) < coe®n /2.
2p
Assuming this inequality, we get that
62p(A) S 3e

with probability larger than 1 — 2 exp(—coe?n/2).

The moreover part of the statement is obtained by solving in p the relation
2plog (9eN /2p) < coe®n/2 with 3¢ = §. The first part of the statement follows from
Theorem [2.3.2] or Corollary 2.4.3] by a convenient choice of ¢. O

The strategy used in the preceding proof was the following:

— discretization: discretization of the set Ya, by a net argument

— concentration: |Ax|3 concentrates around its mean for each individual x of the
net

— unton bound: concentration should be good enough to balance the cardinality
of the net and to conclude to uniform concentration on the net of |Az|3 around
its mean

— from the net to the whole set, that is checking RIP, is obtained by Lemma [2.6.4]

We conclude this section by an example of an n x N matrix A which is a good
compressed sensing matrix such that none of the n x N matrices with the same kernel
as A satisfy a restricted isometry property of any order > 1 with good parameter. As
we already noticed, if A has parameter ~,, one can find ¢y > 0 and rescale the matrix
so that 6, (tgA) =2 —1/72+1 € [0,1). In this example, , is large, 6,(tgA) ~ 1 and
one cannot deduce any result about exact reconstruction from Theorem [2.3.2

Example 2.6.6. — Let 1 <n < N. Let§ € (0,1). There exists an n x N matriz A
such that for any p < en/log(CN/n), one has vy2,(A)? < /(1 — §)~L. Thus, for any
m < (1 —9)n/log(CN/n), the matriz A satisfies the exact reconstruction property
of m-sparse vectors by €1-minimization. Nevertheless, for any n x n matriz U, the
restricted isometry constant of order 1 of UA satisfies, 61(UA) > § (think of § > 1/2).
Here, C,c,c,c¢” > 0 are universal constants.

The proof is left as an exercise.

2.7. RIP for other “simple” subsets: almost sparse vectors

As already mentioned, various “random projection” operators act as “almost norm
preserving” on “thin” subsets of the sphere. We analyze a simple structure of the
metric entropy of a set 7 C RY in order that, with high probability, (a multiple of)
a Gaussian or subgaussian matrix acts almost like an isometry on 7. This will apply
to a more general case than sparse vectors.



2.7. RIP FOR OTHER “SIMPLE” SUBSETS: ALMOST SPARSE VECTORS 61

Theorem 2.7.1. — Consider a probability on the space of n X N matrices satisfying
@. Let T C SN and 0 < e < 1/15. Assume the following:
i) There exists an e-net A C SNt of T satisfying |A| < exp(coe®n/2)
ii) There exists a subset A’ of eBY such that (T —T) NeBY C 2convA’ and
V] < expleon/2).
Then with probability at least 1 — 4 exp(—coe®n/2), one has that for all x € T,

1 —15¢ < |Az|3 < 1+ 15e. (2.9)
Proof. — The idea is to show that A acts on A in an almost norm preserving way.
This is the case because the degree of concentration of each variable |Az|3 around its
mean defeats the cardinality of A. Then one shows that A(conv A’) is contained in a

small ball - thanks to a similar argument.
Consider the set €2 of matrices A such that

|[Amole — 1| < ||Azol3 — 1| < for all =y € A, (2.10)

and
|Az]a <2 for all z€ A (2.11)

From our assumption (2.8), i) and ii), one has
P(Q) > 1 — 2exp(—coe®n/2) — 2exp(—con/2) > 1 — 4exp(—coe®n/2).
Let z € T and consider zg € A such that | — zg|2 <e. Then for every A € Q
|Azglz2 — [A(z — 20)|2 < |Az|2 < [Amo|2 + |A(7 — T0)]2.
Since  — x¢ € (T — T) NeBY, property ii) and (2.11)) give that

[A(x —x0)]2 <2 sup |Az|z =2 sup |Az|z < 4e. (2.12)

zE€conv A/ zeN
Combining this with (2.10) implies that 1 — 5¢ < |Az|s < 1 4 5e. The proof is
completed by squaring. O
Approximate reconstruction of almost sparse vectors. — After analyzing

the restricted isometry property for thin sets of the type of X,,, we look again at the
{1-minimization method in order to get approximate reconstruction of vectors which
are not far from the set of sparse vectors. As well as for the exact reconstruction,
approximate reconstruction depends on a null space property.

Proposition 2.7.2. — Let A be an n x N matriz and A € (0,1). Assume that
Vh € ker A, VI C [N], [I| <m,|hrl1 < Alhyelr. (2.13)
Let x € RN and let 2* be a minimizer of

(P) min [¢t|;  subject to At = Ax.
tERN

Then for any I C [N],|I| < m,

14+ A
lv — 2, <2 +

17/\|x—x11.
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Proof. — Let x* be a minimizer of (P) and set h = 2* — x € ker A. Let m > 1 and
I C [N] such that |I| < m. Observe that

|z]r > |z 4+ hlr = |z + hil + |xre + hrely > |21l — |hrl1 + [hie|i — |21e]1

and thus
|h[c|1 S |h[|1 -+ 2|I’Ic|1.

On the other hand, from the null space assumption, we get

lhrely < |hrly+2zrelt < Alhrely + 2|z re|r.
Therefore
2
hic|h < c|1-
|hre|r < 1_/\|ﬂfl 1
Since the null space assumption reads equivalently |h|; < (1 + A) |hse|1, we can con-
clude the proof. O

Note that the minimum of |z —xz;|; over all subsets I such that |I| < m, is obtained
when [ is the support of the m largest coordinates of z. The vector z; is henceforth
the best m-sparse approximation of  (in the ¢; norm). Thus if = is m-sparse we go
back to the exact reconstruction scheme.

Property (2.13), which is a strong form of the null space property, may be studied
by means of parameters such as the Gelfand widths, like in the next proposition.

Proposition 2.7.3. — Let A be ann x N matriz and 1 <m <n. Let x € RY and
let % be a minimizer of

(P) min |t|; subject to At = Awx.
teRN

Let p = rad (BY Nker A) = SUP,e pNrker 4 |Z]2. Assume that p < 1/4y/m. Then for
every I C [N],|I| < m,

lv — 2|, < 4|z -z
and

|z —af]y < L |z —zr]1.
vm

Proof. — Let h = x — x* € ker A. We have
|hrly < Vmlhrle < Vmlhla < /mplhl;.

Therefore
m

il < fL
—pym
whenever py/m < 1. We deduce that Property 1) is satisfied with A = 7 £ *p/%.
The inequality |z — 2f|; < 4|z — 2|, follows directly from Proposition and the
assumption p < 1/4y/m. The relation |h|s < plh|1 < 4p|lz — x|; concludes the proof
of the last inequality. O

|hre 1
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Let 1 <m <p<mnand N >m+ p. The last proposition can be reformulated in
terms of the constant of the restricted isometry property or in terms of the parameter

~p, since from ([2.6]),

14+92,(A
pS +72p( )7
p

but we shall not go any further ahead.

Remark 2.7.4. — To sum up, Theorem [2.].9 shows that if an n x N matriz A
satisfies a restricted isometry property of order m > 1, then

o(1
rad (ker AN BY) = Q (2.14)
vm
On the other hand, Propositions and [2.7.3 show that if an n x N matriz A
satisfies , then A satisfies the exact reconstruction property of order O(m) by
£y -minimization as well as an approximate reconstruction property.

Based on this remark, we could focus on estimates of the diameters, but the exam-
ple of Gaussian matrices shows that it may be easier to prove a restricted isometry
property than computing widths. We conclude this section by an application of
Proposition [2.7.3]

Corollary 2.7.5. — Let 0 < p <1 and consider

T:B]JD\’Too ={z=(z1,...,2n) €RY ¢ |[{i : |z5] > s}| < s7P forall s>0}
the “unit ball” of éﬁm, Let A be an n x N matriz and 1 <m <n. Let x € T and let
zt be a minimizer of

(P) min [t];  subject to At = Ax.
teRN
Let p =rad (BN Nker A) = SUP,e pNrker 4 |Z]2 and assume that p < 1/4y/m, then
@ — 2z < ((1/p) — 1)~ 'm!/27HP,

Proof. — Observe that for any x € Bgoo, one has ¥ < 1/i'/?, for every i > 1, where
()N, is a non-increasing rearrangement of (|z;|)¥.,. Let I C [N], such that |I| = m

and let 7 be one of the best m-sparse approximation of x. Note that
St < (1p—1)"tm! TP
>m

From Proposition [2.7.3] we get that if p < 1/4y/m and if 2% is a minimizer of (P),
then

1
o = afly < —=l|z —ary < ((1/p) = 1) tm!ETHP,
m
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Reducing the computation of Gelfand widths by truncation. — We begin
with a simple principle.

Definition 2.7.6. — We say that a subset T C RN is star-shaped around 0 or
shortly, star-shaped, if X\I C T for every 0 < A < 1. Let p > 0 and let T C RY be
star-shaped, we denote

T,=TnpSN"
Recall that rad (S) = sup,cg |22

Lemma 2.7.7. — Let p > 0 and let T C RN be star-shaped. Then for any linear
subspace E C RN such that ENT, =0, we have rad (ENT) < p.

Proof. — Ifrad (ENT) = p, there would be x € ENT of norm greater or equal to p.
Since T is star-shaped, so is E N T and thus pz/|z|s € ENT,; a contradiction. [

This easy lemma will be a useful tool in the next sections and in Chapter [5} The
subspace E will be the kernel of our matrix A, p a parameter that we try to estimate
as small as possible such that ker AN T, = @, that is such that Az # 0 for all z € T
with |z|s = p. This will be in particular the case when A or a multiple of A acts on
T, in an almost norm-preserving way.

With Theorem in mind, we apply this plan to subsets T like X,,.

Corollary 2.7.8. — Let P be a probability on M(n,N) satisfying @) Consider
a star-shaped subset T C RN and p > 0. Assume that %Tp c SN satisfies the

hypothesis of Theorem for some 0 < e < 1/15. Then rad (ker ANT) < p, with
probability at least 1 — 2 exp(—cn) where ¢ > 0 is an absolute constant.

Application to subsets related to ¢, unit balls. — To illustrate this method,
we consider some examples of sets T

— the unit ball of £

— the “unit ball” BY = {z e RN : 3"V [z;P <1} of Y, 0<p< 1

— the “unit ball” B = {z e RN : [{i : |a;] > s}| < s7P forall s>0} of £J/

(weak £)Y), for 0 < p < 1.

Note that for 0 < p < 1, the “unit balls” B[],V or szxoo are not really balls since they

are not convex. Note also that BZ],V c BY

b oos SO that for estimating Gelfand widths,
we can restrict to the balls Bfo\joo.

We need two lemmas. The first uses the following classical fact:

Claim 2.7.9. — Let (a;),(b;) two sequences of positive numbers such that (a;) is
non-increasing. Then the sum ) a;br(;) is mazimized over all permutations 7 of the
index set, if br(1) > br(2) > .. ..
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Lemma 2.7.10. — Let 0 <p < 1,1 <m < N andr = (1/p — 1)m'/P=1/2. Then,

for every x € RN,
m 1/2
sup  (x,z) <2 <Z xf2> ,

zerBY nBY

where (x7)N. is a non-increasing rearrangement of (|z;|)X,. Equivalently,

rBN N By C 2conv (Sy(X )) (2.15)
Moreover one has

VmBY N BY < 2conv (S9(2,)). (2.16)

Proof. — We treat only the case of Bp , 0 < p < 1. The case of BY is similar. Note
first that if z € B)Y,_, then for any i > 1, 27 < 1/i'/?, where (7)., is a non-increasing

rearrangement of (|z;|)¥,. Using Claim “ 2.7.9| we get that for any r > 0,m > 1 and
z € TBZIXOO N BY,

i>m
1/2
oy (”f? )
1/2 1
%2 1 T
) (0 () )
By the definition of r, this completes the proof. O

The second lemma shows that ml/p’l/QBé\foo N SN=1 is well approximated by
vectors on the sphere with short support.

Lemma 2.7.11. — Let 0 < p < 2 and § > 0, and set € = 2(2/p — 1)~ 1/251/p=1/2,
Let 1 <m < N. Then So(X[y,/s1) is an e-net of ml/p_l/QB;,\foo N SN=1 with respect
to the Euclidean metric.

Proof. — Let x € m'/P~ 1/2BN N SN~! and assume without loss of generality that
r1 > T9 > ... >an > 0. Deﬁne 2 by 2z} = x; for 1 <i < [m/d] and 2z, = 0 otherwise.
Then

|ZC — z/‘g — Z |‘/EZ|2 S m2/p—1 Z 1/'&2/17 < (2/p_ 1)—1 62/;0—1.
i>m/d i>m/d

Thus 1 > |2/|s > 1 — (2/p—1)"Y/26Y/P=1/2. Put 2 = 2//|2/|5. Then z € S2(Zpm/s7)
and

2= Zla=1-|]s < (2/p— 1) /2P 12,
By the triangle inequality |z — z|» < . This completes the proof. O
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The preceding lemmas will be used to show that the hypothesis of Theorem [2.7.1
are satisfied for an appropriate choice of T and p. Before that, property ii) of Theo-
rem brings us to the following definition.

Definition 2.7.12. — We say that a subset T of RN is quasi-convex with constant
a>1,4if T is star-shaped and T + T C 2aT.

Let us note the following easy fact.

Claim 2.7.18. — Let0 < p < 1, then BNDO and B;V are quasi-convexr with constant
2(1/p)-1

We come up now with the main claim:

Claim 2.7.14. — Let 0 <p <1l and T = B]]Xoo. Then (1/p)T, satisfies properties
i) and ii) of Theorem with

1/p—1/2
—c ("
Pt <1og<cN/n>>

where C, depends only on p and ¢ > 0 is an absolute constant.
If T = BY, then (1/p)T, satisfies properties i) and i) of Theorem with

o~ ()

where c1,co are positive absolute constants.

Proof. — We consider only the case of T = B , 0 < p < 1. The case of BY is
similar. Since the mechanism has already been developed in details, we will only
indicate the different steps. Fix eg = 1/20. To get i) we use Lemma with
£ = £0/2 and § obtained from the equation g¢/2 = 2(2/p — 1)"Y/26/P=1/2 Let
1 <m < N. We get that S3(X[m/s1) is an (g0/2)-net of m*/P=1/2BN_ ' gN- 1 with
respect to the Euclidean metric. Set m’ = [m/d]. By Claim “ we have

N(S(Sm), 5 BY) < (mg(ii\;z)y = (%)

Thus, by the triangle inequality, we have

N\™
N(ml/Pfl/QBéVOO N SN*I,EOBéV) < <66/ )
’ m'eg

so that
N(m'/P=12BY 0 SN g0By) < exp(con/2)

< Ge v > " exp(con/2).

whenever

m'eq

Thus under this condition on m’ (therefore on m), m'/P=1/2BN_ 1 SN=1 satisfies i).
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In order to tackle ii), recall that B, o is quasi-convex with constant 21/P=1 (Claim
2.7.13)). By symmetry, we have

N N 1 N
Bzwo B Bp7<>o c2 /po,oo

Let r = (1/p — 1)m'/P~1/2, From Lemma [2.7.10} one has
rB) . N By C 2conv Sy(Sm).

As we saw previously,

1 3eN \" 6eN\"
N(S2(Zm), =B < ——= ) =(—
558 < (i) = (O50)
and by Propositionthere exists asubset A’ C SV~ with [A’| < N(S2(%,), 1 BY)
such that S3(%,,) C 2convA’. We arrive at

20277 (rByloe = 7Bylx) Ne0By C o (rByloe N BY)

C 4egconv A’ C 2conv (ggA" U —goA').

Therefore 502*1/1”7"BN N SN=1 satisfies ii) whenever (6eN/m)™ < exp(con/2).
Finally £92 "/ prBN N SN~ satisfies i) and ii) whenever the two conditions on

m are verified, that is when emlog(CN/m) < ¢on/2 where ¢,C > 0 are absolute

constants. We compute m and r and set p = £92~/Pr to conclude. O

Now we can apply Corollary [2.7.8] to conclude

Theorem 2.7.15. — Let P be a probability satisfying @ on the space of n x N
matrices and let 0 < p < 1. There exist ¢, depending only on p, ¢’ depending on co
and an absolute constant ¢ such that the set Q of n x N matrices A satisfying

log(cN/n) ) 1/p=1/2

rad (kerAﬂBév) <rad (kerAﬂBIJXOO) < cp( -

has probability at least 1 — exp(—c'n).

In particular, if A€ Q and if 2',x € By ., are such that Ax' = Az then

1/p—1/2
o — el <) (bg(cN/n)> _
n

An analogous result holds for the ball BY .

Remark 2.7.16. — The estimate of Theorem is optimal. In other words, for
alll1 <n<N,

log(N/n) + 1)1/p1/2

d”(B;,VJéV) ~p min (1, -

See the notes and comments at the end of this chapter.
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2.8. An other complexity measure

In this last section, we introduce a new parameter £, (T) which is a gaussian com-
plexity measure of a set T C RY. We define

£.(T) =Esup <Z gi Z) , (2.17)

teT

where t = (t;)Y; € T and g1, ..., gy are independent A'(0,1) Gaussian random vari-
ables. This parameter plays an important role in empirical processes (see Chapter 1))
and in Geometry of Banach spaces.

Theorem 2.8.1. — There exist absolute constants ¢, > 0 for which the following
holds. Let 1 < n < N. Let A be a Gaussian matriz with i.1.d. entries that are
centered and variance one Gaussian random variables. Let T C RYN be a star-shaped
set. Then, with probability at least 1 — exp(—c'n),

rad (ker ANT) < cly(T)//n.

Proof. — The plan of the proof consists first in proving a restricted isometry property
for T = %T N SN=1 for some p > 0, then to argue as in Lemma In a first part

we consider an arbitrary subset T c SN=1. Tt will be specified in the last step.
Let 6 € (0,1). The restricted isometry property is proved using a discretization by
a net argument and an approximation argument.
For any 0 > 0, let A(§) C T be a O-net of T for the Euclidean metric. Let
: T — A(A) be a mapping such that for every ¢t € T, |t — mg(t)]2 < 0. Let Y be a
Gaqulan random vector with the identity as covariance matrix. Note that because
T c N1 , one has E|(Y,t)|> =1 for any t € T. By the triangle inequality, we have

At |Amo()l3|

As
ok gy :

sup A2 g1y
n

teT

+ sup
teT

< sup
seN(0)

— First step. Entropy estimate via Sudakov minoration. Let s € A(6). Let (V)
be the rows of A. Since (Y, s) is a standard Gaussian random variable, |(Y, s)|? is a
x? random variable. By the definition of section (1.1 of Chapter [1} [(Y, s)|? is ¢1 with
respect to some absolute constant. Thus Bernstem inequality frorn Theorem |1 of
Chapter [I] applies and gives for any 0 < § < 1,

n

=3 (e ~ I 5)P)

1

|As|3
n

—E[(Y 5)]? <6/2

with probability larger than 1 — 2exp(—cnd?), where ¢ > 0 is a numerical constant.
A union bound principle ensures that

A 2
sup ﬂ — E|(Y, s)|2
n

seN(0)

<6/2

holds with probability larger than 1 — 2 exp(—cnd? + log |A(6))).
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From Sudakov inequality (|1.14]) (Theorem of Chapter [I]), there exists ¢/ > 0
such that, if N
AL
/n
then log |A(0)| < ¢nd?/2. Therefore, for that choice of 6, the inequality

2
|A$|21‘<5/2

0

sup
seN(0)

holds with probability larger than 1 — 2exp(—cnd?/2).
— Second step. The approximation term. To begin with, observe that for any
s,t €T, ||As|§ — |At|§| < |A(s —t)]2 |A(s + t)]2 < |A(s — t)|2 (|As|2 + |At|2). Thus

sup ||At\§ - \A7r9(t)|§| <2 sup | Atlo sup | At|o
teT teT(0) teT

n

where T(0) = {s —t; s,t € T',|s — t|s < 6}. In order to estimate these two norms of
the matrix A, we consider a (1/2)-net of S"~!. According to Proposition there
exists such a net A with cardinality not larger than 5 and such that BY C 2 conv(N).
Therefore

sup |At|y = sup sup (At,u) < 2 sup sup(t, A" u).

teT teT lul2<1 ueN teT
Since A is a standard Gaussian matrix with i.i.d. entries, centered and with variance
one, for every u € N, ATu is a standard Gaussian vector and

Esup(t, A u) = £,(T).
teT

It follows from Theorem of Chapter [ that for any fixed u € N,
sup(t, ATu) — Esup(t, ATu)| > z> < 2exp (_c//22/02(f))
teT teT

Vz>0 IP’(

for some numerical constant ¢/, where o(T) = sup, #{ (E[(t, ATu>|2)1/2}.
Combining a union bound inequality and the estimate on the cardinality of the

net, we get

Vz>0 P supsup(ATu,t) > 0,(T)+ z0(T)v/n | < 2exp(—c'n(2* —1log5)).
ueN tef
We deduce that

sup [Aty < 2 (8* (T) + ZO’(TV)\/’E)
teT

with probability larger than 1 — 2exp (—c’n(z? —log5)). Observe that because
T c SN~ one has o(T) = 1.

This reasoning applies as well to T'(6), but notice that now o(7(6)) < 6 and because
of the symmetry of the Gaussian random variables, £, (T(8)) < 20, (T). Therefore,

sup [|At[3 — [Amg ()] < 8 (€.(T) + 2v/n) (20.(T) + 20v/n)

teT
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with probability larger than 1 — 4exp (—c"n( 22 —1log5)).

— Third step. The restricted isometry property. Set z = 1/2log5, say, and recall
that § < 1. Plugging the value of 6 from step one, we get that with probability larger
than 1 — 2exp(—cné?/2) — dexp(—c'nz?/2),

teT 1)

sup ||At]3 — |Amg(1)]3] < 8 (é*(f) + z\/a) (25*@) +ZC,€*(T)>

and

sup
teT

| At[3 5 [ 0(T) 0.(T)
e < =
- 1l < 2+c NG +z NG

for some new constant ¢’”’. It is now clear that one can choose ¢’

K*(T’) < C////(SQ\/E

such that, whenever

then ,
sup %
teT

with probability larger than 1 — 2exp(—cnd?/2) — 4exp(—c'nz?/2).
— Last step. Estimating the width. Let p > 0 be a parameter. We apply the
previous estimate with 6 = 1/2 to the subset T' = %T N SN=1 of the unit sphere.

Because § = 1/2, At # 0 whenever ‘% - 1’ < d. Therefore, with the above
probability,

~1]<a

ker AN (1TQSN_1) =0
p

whenever p satisfies the inequality

L, (1T05’N—1) < "8 /n.
p

Since £, (%T n sy ’1> < Z*E)T), the previous inequality is satisfied whenever

e*(T) < c///ld?\/ﬁ.

The conclusion follows from Lemma R.7.71

O

Remark 2.8.2. — The proof of Theorem [2.8.] generalizes to the case of a matriz
with independent sub-Gaussian rows. Only the second step has to be modified by
using the magjorizing measure theorem which precisely allows to compare deviation
inequalities of supremum of sub-Gaussian processes to their equivalent in the Gaussian
case. We will not give here the proof of this result, see Theorem[3.2.1] in Chapter[3,
where an other approach is developed.

We show now how Theorem applies to some sets 7.
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Corollary 2.8.3. — There exist absolute constants c,c’ > 0 such that the following
holds. Let 1 < n < N and let A be as in Theorem . Let A\ > 0. Let T ¢ SN-1!
and assume that T C 2conv A for some A C BY with |A| < exp(\?n). Then with
probability at least 1 — exp(—c'n),

rad (ker ANT) < e

Proof. — The main point in the proof is that if 7 C 2convA, A C BY and if we
have a reasonable control of |A|, then £,(T) can be bounded from above. The rest is
a direct application of Theorem Let c,c’ > 0 be constants from Theorem m
It is well-known (see Chapter [3|) that there exists an absolute constant ¢’ > 0 such
that for every A C BY,

Lo(conv A) = £, (A) < "\/log(|A]),

and since T' C 2 conv A,
£.(T) < 20,(conv A) < 2¢” ()\Qn)l/2 :

The conclusion follows from Theorem 2.8.11 O

2.9. Notes and comments

For further information on the origin and the genesis of compressed sensing and
on the /;-minimization method, the reader may consult the articles by D. Donoho
[Don06], E. Candes, J. Romberg and T. Tao [CRT06] and E. Candes and T. Tao
[CT06]. For further and more advanced studies on compressed sensing, see the book
[FR11].

Proposition is due to D. Donoho [Don05]. Proposition [2.2.18| and its proof
is a particular case of a more general result from [FPRU11]. See also [LINO6] where
the analogous problem for neighborliness is studied.

The definition of the Restricted Isometry Property was introduced in [CT05]
and plays an important role in compressed sensing. The relevance of the Restricted
Isometry parameter for the reconstruction property was for instance revealed in
[CT06], [CTO05], where it was shown that if

Om(A) + d2m(A) + Ism(A4) < 1

then the encoding matrix A has the exact reconstruction property of order m. This
result was improved in [Can08] to d2,,(A) < v/2—1 as stated in Theorem This
constant /2 — 1 was recently improved in [FL09]. In the same paper these authors
introduced the parameter 7, from Definition [2.3.3]

The proofs of results of Section are following lines from [CT05], [CDD09],
[FL09], [FPRU11] and [KTO07]. Relation was proved in [FLO9] with a better
numerical constant. Theorem from [GG&4]| gives the optimal behavior of the
Gelfand widths of the cross-polytope. This completes a celebrated result of B. Kashin
|[Kas77] which was proved using Kolmogorov widths (dual to the Gelfand widths) and
with a non-optimal power of the logarithm (power 3/2 instead of 1/2 later improved in
[GG84]). The upper bound of Kolmogorov widths was obtained via random matrices
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with i.i.d. Bernoulli entries, whereas [Glu83] and [GG84] used properties of random
Gaussian matrices.

The simple proof of Theorem [2.6.5] stating that subgaussian matrices satisfy the
exact reconstruction property of order m by f;-minimization with large m is taken
from [BDDWOS8| and [MPTJO08]. The strategy of this proof is very classical in
Approximation Theory, see [Kas77] and in Banach space theory where it has played
an important role in quantitative version of Dvoretsky’s theorem on almost spherical

sections, see [FLMT77] and [MS86].
Section follows the lines of [MPTJO08|. Proposition from [KTO07] is

stated in terms of Gelfand width rather than in terms of constants of isometry as in
[Can08] and [CDDQ0Y]. The principle of reducing the computation of Gelfand widths
by truncation as stated in Subsection goes back to [GIu83]. The optimality of
the estimates of Theorem [2.7.15|as stated in Remark[2.7.16]is a result of [FPRUT1].

The parameter ¢,(T") defined in Section plays an important role in Geometry of

Banach spaces (see [Pis89]). Theorem is from [PT.J86].

The restricted isometry property for the model of partial discrete Fourier matrices
will be studied in Chapter There exists many other interesting models of ran-
dom sensing matrices (see [FR11]). Random matrices with i.i.d. entries satisfying
uniformly a sub-exponential tail inequality or with i.i.d. columns with log-concave
density, the so-called log-concave Ensemble, have been studied in and in

[ALPTJ11] where it was shown that they also satisfy a RIP with m ~ n/log?(2N/n).



CHAPTER 3

INTRODUCTION TO CHAINING METHODS

The restricted isometry property has been introduced in Chapter [2] in order to
provide a simple way of showing that some matrices satisfy an exact reconstruction
property. Indeed, if A is a n x N matrix such that for every 2m-sparse vector x € RY,

(1= om)lof3 < [Az]3 < (14 0om)|2f3

where 2, < vV2 — 1 then A satisfies the exact reconstruction property of order m
by ¢1-minimization (cf. Chapter . In particular, if A is a random matrix with row
vectors n~1/2Y7, ..., n~/2Y,,, this property can be translated in terms of an empirical
processes property since

n
dom =  SUp ‘EZQ/;,@Q—I‘. (3.1)
2€85(Xam) ' T

If we show an upper bound on the supremum smaller than /2 — 1, this will
prove that A has the exact reconstruction property of order m by ¢;-minimization.
In Chapter [2] it was shown that matrices from the subgaussian Ensemble satisfy the
restricted isometry property (with high probability) thanks to a technique called the
epsilon-net argument. In this chapter, we present a technique called the chaining
method in order to obtain upper bounds on the supremum of stochastic processes.
Upper bounds on the supremum may follow from such chaining methods.

3.1. The chaining method

The chaining mechanism is a technique used to obtain upper bounds on the supre-
mum sup,cp X; of a stochastic process (X¢):er indexed by a set T. These upper
bounds are usually expressed in terms of some metric complexity measure of 7.

One key idea behind the chaining method is the trade-off between the deviation or
concentration estimates of the increments of the process (X;)ier and the complexity
of T which is endowed with a metric structure connected with (X)er.

As an introduction, we show an upper bound on the supremum sup, 7 X; in terms
of an entropy integral known as the Dudley entropy integral. This entropy integral is
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based on some metric quantities of T that were introduced in Chapter [Ifand that we
recall now.

Definition 3.1.1. — Let (T,d) be a semi-metric space, that is for every x,y and
zinT, d(z,y) = d(y,z) and d(z,y) < d(x,z) + d(z,y). For e > 0, the e-covering
number N(T,d,e) of (T,d) is the minimal number of open balls for the semi-metric d
of radius € needed to cover T. The metric entropy is the logarithm of the e-covering
number, as a function of €.

We develop the chaining argument under a subgaussian assumption on the incre-
ments of the process (X;):cr saying that for every s,t € T and u > 0,

P||Xs — X;| > ud(s,t)| < 2exp(—u?/2), (3.2)

where d is a semi-metric on T. To avoid some technical complications that are
less important from our point of view, we only consider processes indexed by
finite sets T. To handle more general sets one may study the random variable
SUP L porv finite SUPrers Xt Or the supremum sup,, -7 finite ESUPtser | X — X
which are equal to sup,cr X; and Esup, ;7 |X; — X,| respectively under suitable
separability conditions on T'.

Theorem 3.1.2. — There exist absolute constants cg,c1,co and c3 for which the
following holds. Let (T,d) be a semi-metric space and assume that (Xi)ier 15 a
stochastic process satisfying . Then, for every v = co, with probability greater
than 1 — ¢1 exp(—cov?), one has

o0
sup | X; — Xs| < 031)/ V0eg N(T,d,e) de.
s,teT 0

In particular,

E sup |X; — X < Cg/ log N(T,d,e) de.
0

s,teT
Proof. — Put n_; =rad(T,d) and for every integer i > 0 set
n; =inf {n>0: N(T,d,n) < 22i}.

Let (T})i>0 be a sequence of subsets of T' defined as follows. Take T; as a subset of
T containing only one element. Then, for every i > 0, by definition of 7; (note that
the infimum is not necessarily achieved), it is possible to take T;,1 as a subset of T
of cardinality smaller than 22" guch that

T C U (.T + T}in>,
z€T;41

where By is the unit ball associated with the semi-metric d. For every ¢t € T and
integer ¢, put m;(t) a nearest point to ¢ in 7; (that is m;(¢) is some point in T; such
that d(t, m;(t)) = minger, d(t, s)). In particular, d(t,m;(t)) < n;—1.
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Since T is finite, then for every t € T, one has

Xt — Xty = Z (XTri+1(t) - Xm,(t)>~ (3.3)

i=0
Let i € N and t € T. By the subgaussian assumption (3.2), for every u > 0, with
probability greater than 1 — 2 exp(—u?),

[ Xri () = Xeooy| S ud(mig1(t), mi(t)) < w(ni—1 +mi) < 2um;—1. (3.4)

To get this result uniformly over every link (m;11(t),m;(t)) for ¢ € T at level i, we
use an union bound (note that there are at most |T;1||T;| < < 22" such links): with
probability greater than 1 — 2|T;1||T;| exp(—u?) > 1 — 2exp (272 log2 — u?)), for
every t € T, one has
|X7ri+1(t) - Xﬂ'g(t)' < 2U77i—1-

To balance the “complexity” of the set of “links” with our deviation estimate, we
take u = v2"/2, where v > 1/8log 2. Thus, for the level 7, we obtain with probability
greater than 1 — 2exp ( —v?2'71), for all t € T,

X1 () — Xm(y] < 202724,

for every v larger than an absolute constant.
Using (3.3) and summing over 7 € N, we have with probability greater than 1 —
232 exp (— v221_1) > 1 — ¢y exp(—cov?), for every t € T,

| Xt — Xro )] < 21}22/ = 23/2y Z 2i/2m. (3.5)
i=—1

Observe that if ¢ € N and n < n; then N(T,d,n) > 22", Therefore, one has
- i
IOg(l + 221)(771 - 77i+1) < / V 1Og N(T7 d7 n)dna
Ni+1
and since log(1 + 22i) > 2%1og 2, summing over all i > —1, we get
0 ] n-1
V1og?2 Z 2/2(n; —ip1) < / V1og N(T,d,n)dn
i=—1 0
and

Z 21/2 1) Z 21/2 22(1 1)/2 (1 _ 7) Z 21/27]1

1=—1 1=—1 1=—1
This proves that
0 ) o)
> 2 <o [ Viog NI d njd (36)
i=—1 0

We conclude that, for every v > 4/8log2, with probability greater than 1 —
c1 exp(—cav?), we have

sup | Xy — Xoy)| < 041)/ Veg N(T, d,n)dn.
teT 0
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By integrating the tail estimate, we obtain

Esup [ Xy — Xryo)| = / ]P’{sup | Xt — X )| > u} du
€T 0 teT

t
< 05/ V1og N(T,d,e)de.
0
Finally, since |Ty| = 1, it follows that, for every ¢,s € T,
|Xt - Xs| < |Xt - Xﬂ'o(t)| + |Xs - Xﬂ0(5)|

and the theorem is shown. O

In the case of a stochastic process with subgaussian increments (cf. condition (3.2))),
the entropy integral

/ V91og N(T,d,e)de
0

is called the Dudley entropy integral. Note that the subgaussian assumption
is equivalent to a ¢, control on the increments: [ X, — Xy, < d(s,t),Vs,t € T.
It follows from the maximal inequality [[.1.3] and the chaining argument used in the
previous proof that the following equivalent formulation of Theorem holds:

oo
< c/ Vieg N(T,d, €)de.
2 0

A careful look at the previous proof reveals one potential source of looseness. At
each level of the chaining mechanism, we used a uniform bound (depending only on
the level) to control each link. Instead, one can use “individual” bounds for every link
rather than the worst at every level. This idea is the basis of what is now called the
generic chaining. The natural metric complexity measure coming from this method
is the ~vo-functional which is now introduced.

sup | Xy — Xy
s, teT

Definition 3.1.3. — Let (T,d) be a semi-metric space. A sequence (Ts)s>o of sub-
sets of T is said to be admissible if |Ty| =1 and 1 < |T,| < 22" for every s > 1. The
~o-functional of (T, d) is
o0
~¥2(T,d) = inf sup (Z 25/2d(t,Ts))

Ts
(Ts) teT N

where the infimum is taken over all admissible sequences (Ts)sen and d(t,Ts) =
minger, d(t,y) for everyt € T and s € N.

We note that the ~o-functional is upper bounded by the Dudley entropy integral:

Y2 (T, d) < co/ V9eg N(T,d,e)de, (3.7)
0

where ¢ is an absolute positive constant. Indeed, we construct an admissible sequence
(Ts)sen in the following way: let Ty be a subset of T' containing one element and for
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every s € N, let T511 be a subset of T' of cardinality smaller than 22" such that for
every t € T there exists « € T, satisfying d(t, z) < ns, where 7 is defined by

=inf (n>0: N(T,d,n) < 225).
Inequality (3.7)) follows from ([3.6)) and

sup(ZZg/thT ) ZQQ/qupdtT ZQQ/QnS 1

teT teT

where n_1 = rad(T, d).
Now, we apply the generic chaining mechanism to show an upper bound on the
supremum of processes whose increments satisfy the subgaussian assumption (3.2)).

Theorem 3.1.4. — There exist absolute constants cg,c1,co and c3 such that the
following holds. Let (T, d) be a semi-metric space. Let (Xi)ieT be a stochastic process
satisfying the subgaussian condition . For every v > ¢y, with probability greater
than 1 — c; exp(—cov?),

sup | X; — Xs| < csvye(T, d)
s,teT

and

E sup |X: — X;| < e372(T, d).
s,teT

Proof. — Let (Ts)sen be an admissible sequence. For every t € T and s € N denote
by 7s(t) a point in Ty such that d(t,Ts) = d(t,7s(t)). Since T is finite, we can write
for every t € T,

Xt = X €Y 1 X vy = X )] (3.8)
s=0

Let s € N. For every ¢t € T and v > 0, with probability greater than 1 —
2 exp(—2°~1v?), one has

| Xrsia(t) = Xy ()] < 02°2d (w1 (1), (1))

We extend the last inequality to every link of the chains at level s by using an union
bound (in the same way as in the proof of Theorem [3.1.2)): for every v > ¢1, with
probability greater than 1 — 2 exp(—co25v?), for every t € T', one has

|X7Ts+1(t) - st(t)| < U28/2d(7rs+1(t>77TS(t))~

An union bound on every level s € N yields: for every v > ¢;, with probability
greater than 1 — 27 ) exp(—c92°v?), for every ¢t € T,

oo
| Xt — Xro)| < UZQS/Zd ms(t), mer1(t)) < 630228/2d(t,Ts).
s=0

The claim follows since the sum in the last probability estimate is comparable to its
first term. O
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Note that, by using the maximal inequality and the previous generic chaining
argument, we get the following equivalent formulation of Theorem under the
same assumption as in Theorem we have

sup | Xy — Xy
s,teT

g CY2 (Tv d) .

2

For Gaussian processes, the upper bound in expectation obtained in Theorem [3.1.4]
is sharp up to some absolute constants. This deep result, called the Majorizing mea-
sure theorem, makes an equivalence between two different quantities measuring the
complexity of a set T C RV:

1. a metric complexity measure given by the 7, functional

oo

T, 0Y) = inf sup 25/2d,n (8, T,
Y2(T. 43) (Ts)teT;) {2\ ( )

where the infimum is taken over all admissible sequences (Ts)sen of T
2. a probabilistic complexity measure given by the expectation of the supremum
of the canonical Gaussian process indexed by T

N
£.(T) =Esup Z 9giti,

teT =
where ¢g1,...,g9n are N ii.d. standard Gaussian variables.
Theorem 3.1.5 (Majorizing measure Theorem). — There exist two absolute

positive constants co and ¢y such that for every countable subset T of RY, we have

cona(T,457) < Lu(T) < cra (T 43).

3.2. An example of a more sophisticated chaining argument

In this section, we show upper bounds on the supremum

IR 2
sup |— > f2(X;) —Ef* (X)), (3.9)
fer |4
where X1,..., X, are n i.i.d. random variables with values in a measurable space X

and F is a class of real-valued functions defined on X. Once again and for the sake
of simplicity, we consider only finite classes F'. Results can be extended beyond the
finite case under suitable separability conditions on F'.

In Chapter [2] such a bound was used to show the restricted isometry property in
Theorem 2.7.1. In this example, the class F' is a class of linear functions indexed by
a set of sparse vectors and was not, in particular, uniformly bounded.

In general, when ||F||, = supsep || fl[,_ () < o0, a bound on follows from
a symmetrization argument combined with the contraction principle. In the present
study, we do not want to use a uniform bound on F' but only that F' has a finite
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diameter in L, (,) where u is the probability distribution of the X;’s. This means
that the norm (cf. Definition [1.1.1])

1l = 17X, = i0f (e> 02 Bexp (1F(X)P/e) < e)

is uniformly bounded on F' where X is distributed according to p. We denote this
bound by « and thus we assume that

o = rad(F,42(30) = 59D /) < (3.10)
c

In terms of random variables, Assumption means that for all f € F, f(X) has
a subgaussian behaviour and its 1o norm is uniformly bounded over F'.
Under G) we can apply the classical generic chaining mechanism and obtain a
bound on . Indeed, denote by (X)ser the empirical process defined by X; =
ntY L FA(XG) — EfQ( ) for every f € F. Assume that for every f and g in F,
Efz( ) = Eg?(X). Then, the increments of the process (Xf) e are

1 n
Xf—Xg= > (X)) - g°(X0))
i=1
and we have (cf. Chapter [1)

172 = 11,y < 1+ 9l 1 = 9l < 2017 = gl (3.11)

In particular, the increment X; — X, is a sum of i.i.d. mean-zero 1; random variables.
Hence, the concentration properties of the increments of (Xy)ep follow from Theo-
rem Provided that for some fy € F, we have Xy, = 0 (for instance if F' contains
a constant function fy) or (Xy)sep is a symmetric process then running the classical
generic chaining mechanism with this increment condition yields the following: for
every u > c¢p, with probability greater than 1 — ¢; exp(—cau), one has

Cw(m(ﬂ da(w) | n(F, ¢2(M))> (312)

sup Zﬁ —EfA(X)| <

feF

vn n

for some absolute positive constants cg, c1, co and ¢z and with

'Yl(F, 1/}2(#/)) = inf sup (22 dibz(/t) fv ))

(Fs) feF

where the infimum is taken over all admissible sequences (F})sen and dy, () (f, Fs) =
minge r, can be derived from
theorem 1.2.7 of [Tal05].

In some cases, computing 1 (F,d) for some metric d may be difficult and only
weak estimates can be shown. Getting upper bounds on which does not require
the computation of v; (F,¥s2(1)) may be of importance. In particular, upper bounds
depending only on 2 (F, 92(p)) can be useful when the metrics Ly, (1) and La(p) are
equivalent on F' because of the Majorizing measure theorem (cf. Theorem . In
the next result, we show an upper bound on the supremum depending only on
the 1o(u) diameter of F and on the complexity measure o (F, ¢ (p)).
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Theorem 3.2.1. — There exists absolute constants cgy,c1,co and c3 such that the
following holds. Let F be a finite class of real-valued functions in S(Lo(p)), the unit
sphere of La(u), and denote by o the diameter rad(F,y2(u)). Then, with probability

at least 1 — ¢q exp ( — (ca/a®) min (naQ,’yg(F, wz(,u»z));

n

LS 2 - BRA(Y)

n -
=1

sup
fEF

< c3 max (a

’72(F7 1/’2(#)) VQ(F7 1/’2(#))2
Voo n '

Moreover, if F is a symmetric subset of S(La(p)) then,

Yo (F,ha () Y2 (F, a(p))?
N n .

To show Theorem we introduce the following notation. For every f € La(u),
we set

E sup
feF

LS 2 - B

n “—

< c3 max <a

200 =23 P -EPX) ad Wi = (Y 2o0) @)

i=1

For the sake of shortness, in what follows, Lo, 1 and v stand for Lo(u), ¥1(u) and
(1), for which we omit to write the probability measure p.

To obtain upper bounds on the supremum we study the deviation behaviour
of the increments of the underlying process. Namely, we need deviation results for
Z(f)— Z(g) for f,g € F. Since the “end of the chains” will be analysed by different
means, the deviation behaviour of the increments W (f — ¢) will be of importance as
well.

Lemma 3.2.2. — There exists an absolute constant C such that the following holds.
Let F C S(La(p)) and o = rad(F,1p2). For every f,g € F, we have:

1. for every u > 2,

B{W(f =) > ullf = gl,, | <2exp (= Cunu?)

2. for every u >0,
P1Z(f) - Z(9)] > uallf = gll,, | < 2exp (~ Crnmin(u,u?))

and
]I”{|Z(f)| > uaﬂ < 2exp ( — Cynmin(u, u?)).

Proof. — Let f,g € F. Since f,g € Ly,, we have ||(f — 9)2H¢1 =||f —9”121;2 and by
Theorem for every t > 1,

P25 00— 17— a2, > 11 ol ] <2exp(-eimt). (314)

n-
=1

n
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Using [|f —gllp, < Ve—-1|f— g||w2 together with Equation 1} it is easy to get
for every u > 2,

p[vwf —g) = ullf—dl,, }

SB[ - 07X~ I gl = 0~ e~ ) 17 ~ ol

i=1
< 2exp ( — CQan).

For the second statement, since Ef? = Eg?, the increments are
Z(f)—2(9) = (£2(X3) = ¢*(X4))-

1

n

S|

(2

Thanks to (3.11), Z(f)—Z(g) is a sum of mean-zero ¢, random variables and the result
follows from Theorem [1.2.7] The last statement is a consequence of Theorem [I.2.7]
since HfQle = Hf||i2 <a?forall fin F. O

Once obtained the deviation properties of the increments of the underlying pro-
cess(es) (that is (Z(f))fer and (W (f))ser), we use the generic chaining mechanism
to obtain a uniform bound on (3.9). Since we work in a special framework (sum
of squares of 15 random variables), we will perform a particular chaining argument
which allows us to avoid the v (F,12) term coming from the classical generic chaining
(. EI).

If vo(F, 1) = oo, then the upper bound of Theorem is trivial, otherwise
consider an almost optimal admissible sequence (F)sen of F' with respect to wa(u),
that is an admissible sequence (Fj)sen such that

1 )
> - 5/2 .
’72(F7'(/}2)/ 2;22(;()2 dibz(fan))

For every f € F and integer s, put 7s(f) a nearest point to f in F, with respect to
the 19 (u) distance.

The idea of the proof is for every f € F to analyze the links 7gy1(f) — ms(f) for
s € N of the chain (75(f))sen in three different regions - values of the level s in [0, $1],
[s1+ 1,50 — 1] or [sg,00) for some well chosen s; ans sg - depending on the deviation
properties of the increments of the underlying process(es) at the s stage:

1. The end of the chain: we study the link f — 7y, (f). In this part of the
chain, we work with the process (W (f — WSO(f)))feF which is subgaussian (cf.
Lemma . Thanks to this remark, we avoid the sub-exponential behaviour
of the process (Z(f))ser and thus the term 7 (F, ¢ (1)) appearing in ;

2. The middle of the chain: for these stages, we work with the process (Z (s, (f))—
Z(7ms,(f))) fer which has subgaussian increments in this range;

3. The beginning of the chain: we study the process (Z(ms, (f))fer. For this part
of the chain, the complexity of Fy, is so small that a trivial comparison of the
process with the ts-diameter of F' will be enough.
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Proposition 3.2.3 (End of the chain). — There exist absolute constant ¢y, c1, ca
and cg for which the following holds. Let F C S(La(u)) be finite and o = rad(F, 9).
For every v > co, with probability greater than 1 — c; exp(—conv?), one has

Y2 (F, 1)
sup W(f — s < 3V—F7r—,
up W(f =, (1)) < e 20
wheresozmin(520:2s>n).

Proof. — Let f be in F. Since F' is finite, we can write

F=mso () =Y mora () = ms(f),

S8=8o

and, since W is the empirical La(P,) norm (where P, is the empirical distribution
n~tY " dx,), it is sub-additive and so

W(f =7 () < D Wimapa(f) — ma(f))-

S$=S80

Now, fix a level s > sg. Using a union bound on the set of links {(ms41(f), 7s(f)) :
f € F} (note that there are at most |Fyi1||Fs| such links) and the subgaussian
property of W (i.e. Lemma , we get, for every u > 2, with probability greater
than 1 — 2|Fy11||Fs| exp(—=Cinu?), for every f € F,

W(rs1(f) = ms(f)) S wlmspr(f) = ms(f)lly, -

Then, note that for every s € N,|Fyy1]|Fs| < 92792°"" _ 92" o that a union

bound over all the levels s > sq yields for every u such that nu? is larger than some ab-
solute constant, with probability greater than 1-2 3707 | Fiy1[|Fi| exp(—Cin2°u?) >
1 — ¢1 exp(—con2%°u?), for every f € F,

W(f = () < D Wmera(f) = mo(f) < D w22 mpa () = ms(f)lly,

8$=S8p S=S80
<2u ) 272y, (f, F).
S$=S80
We conclude with v2 = 2%u? for v large enough and noting that 2°° ~ n by

definition of s¢ and with the quasi-optimality of the admissible sequence (F)s>0. O

Proposition 3.2.4 (Middle of the chain). — There exist absolute constants cy,
c1, ¢a and c3 for which the following holds. Let sy € N be such that s1 < so (where sg =
min (s > 0 : 2° > n) has been defined in Proposition . Let F C S(La(u)) and
a =rad(F, ). For every u > ¢y, with probability greater than 1 — ¢; exp(—c22%1u),

| Y2 (£ 1b2)

sup | Z(70 (f)) = Z(ms, (f))] < st
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Proof. — For every f € F, we write

Z(mso(f)) — Z(ms, (f Z Z(ms1(f)) — Z(ms(f))
Let 51 < s <sgp—1and u > 0. Thanks to the second deviation result of Lemma (3.2.2
with probability greater than 1 — 2exp (— Cynmin ((u2*/2/y/n), (u?2°/n))),

u25/2
n

Now, s < 1 thus 2%/n < 1 and so min (u2*/2/y/n, u?2%/n) > min(u,u?)(2°/n).
In partlcular ) holds with probability greater than

1Z(ms41(f)) = Z(7s (/)]

//\

—=a|lmer1(f) = ms(F)lly, - (3.15)

1 —2exp (— C12° min(u, u?))).

Now, a union bound on the set of links for every level s = sy,...,50 — 1
yields, for any u > 0, with probability greater than 1 — 2220:_511 | Foqr||Fs|exp ( —
C12° min(u,u?)), for every f € F,

so—1 25/2

|Z(ms(f) = Z(7s, ()] < Z T —=a|[msp1(f) = ms(H)lly, -

§=81

The result follows since |Fsi1||Fs| < 22" for every integer s and so for u large
enough,
so—1
2 Z |Est1||Fs| exp ( — C12° min(u, u?)) < 1 exp(—c22° ).
s$=s1

O

Proposition 3.2.5 (Beginning of the chain). — There exist cg,c1 > 0 such that
the following holds. Let w > 0 and s1 be such that 251 < (Cy/2)nmin(w, w?) (where
C1 is the constant appearing in Lemmal[5.2.3). Let F C S(L2(p)) and o = rad(F, s).
For every t > w, with probability greater than 1 — cg exp(—cinmin(t,t?)), one has

sup |2z, ()] < ot
fer

Proof. — It follows from the third deviation result of Lemma and a union bound
over Fy,, that with probability greater than 1—2|F, |exp (— Cynmin(t,t?)), one has
for every f € F,

|Z(ms, (F)] < 0t
Since |F, | < 2% < exp ((C1/2)nmin(t,t?)), the result follows. O

Proof of Theorem[3.2.1]] — Denote by (Fs)sen an almost optimal admissible se-
quence of F' with respect to the io-norm and, for every s € N and f € F, denote
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by ms(f) one of the closest point of f in Fy with respect to the ¥o(n) distance. Let
so € N be such that sgp = min (s >0:2°> n) We have, for every f € F,

w}§y2 BP0 = [2 300 = (1) w2 ~ B
i=1

= [Palf = 7o (P2 + 2P ((f = oo (D)0 () + Paoa ()2 = By ()7
SW(f = mso () +2W (f = 75 (F))W (75, () + | Z (755 ()]
SW(f =70 ()* +2W (f = 73y (/) (Z (s () + 1)V2 + | Z (s, ()]
<BW(f = mso (f))? + 2W (f = 75, (f)) + 31 Z (75, (1)) (3.16)
where we used ||7s,(f)[|;, =1 =f[/;, and the notation P, stands for the empirical

probability distribution n=! 3" | dx,.
Thanks to Proposition [3.2.3] for v a constant large enough, with probability greater
than 1 — ¢g exp(—cin), for every f € F,

F 2
W — g (1) < e 2020 (317)
Let w > 0 to be chosen later and define s; € N by
s1 = max( > 0:2° < min (2°, (C1/2)n min(w, w2))) (3.18)

where C] is the constant defined in Lemma [3 We apply Proposition [3.2.4] for u
a constant large enough and Proposition - to get, with probability greater than
1 — c3exp(—c42°t) that for every f € F,

1Z (o (N < [Z(mso () = Z(ms, (F))] + 12 (705, ()]
aWz(R o)

vn
We combine Equations ([3.16]), (3.17) and (3.19) to get, with probability greater than
1 — cg exp(—c72°t) that for every f € F,

Yo (F, )2 Y2 (F,v2) Y2 (F,1)2)

Z <
|Z(f)] < cs ” + co /n + clo&x NG

The first statement of Theorem [3.2.1] follows for

<c¢s + a?w. (3.19)

+ 30%w.

2
w = max (725%12) : 72(5;?’) ) (3.20)
For the last statement, we use Proposition to get
Esup W(f — s, (f))? = /OOIP’[sup W(f — 7 (f))? = t]dt < CHM (3.21)
feF 0 fer n
and
Esup W(f — may () < 1220502, (3.22)

fer Vn
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It follows from Propositions [3.2.4 m and |3 - 5 for s; and w defined in and ( -
that

E sup [Z(ms, (f))| < Esup |Z(ms, (f)) — Z(7s, (f)| + Esup [Z(ms, (f))]

fer feF feF
< [ B[ sup 2my (5) -~ 2 (9] 2t + [ B[sup 2, (1) 2 1]

Y2(F,2) 72(F, 1/)2)2). (3.23)

N n
The claim follows by combining Equations (3.21)), (3.22)) and (3.23)) in Equation (3.16)).
O

< cmax (a

3.3. Application to Compressed Sensing

In this section, we apply Theorem to prove that a n x N random matrix
with i.i.d. isotropic row vectors which are o with constant « satisfies RIPg,, ()
with overwhelming probability under suitable assumptions on n, N,m,a and 6. Let
A be such a matrix and denote by n='/2Y;,...,n~'/2Y, its rows vectors such that
Y1,...,Y, are distributed according to a probability measure pu.

For a functions class F' in S(La()), it follows from Theorem that with prob-

ability greater than 1 — ¢; exp ( — (e2/a?) min (noﬂ, Y2 (F, w2)2> ,

5 max (aw(R 1#2)7 Y2 (F, 1112)2).

sup
fer

2 2
an —Ef(Y)| < 7 -

where a = rad(F, ¥2(p)). In particular, for a class F' of linear functions indexed by a
subset T’ of SV~1, the 15(1) norm and the Ly(p) norm are equivalent on F' and so
with probability greater than 1 — ¢; exp ( — ¢co min (n, Yo (T, Eév)2)),

VQ(Tv gé\f) '72(T7£év)2
< ez max( NI - . (3.24)

A bound on the restricted isometry constant ds,, follows from (3.24). Indeed let
T = S3(Xopm) then with probability greater than

1—crexp ( — o min (n,'yQ(SQ(EQm),Zév)2)),

62 < C3Oé2 max <72(S2<22m)’£§v) 72(52(22m)7£év)2> .

Vvn ’ n
Now, it remains to bound 72 (S2(Z2m), £ ). Such a bound may follow from the Ma-
jorizing measure theorem (cf. Theorem [3.1.5)):

’72(52(22771)7%\[) ~ E*(SQ(ZQm))
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Since S2(Xa,,) can be written as a union of spheres with short support, it is easy to

obtain
2m ) 1/2
£(52(%2m)) = E( Y (60)?) (3.25)
i=1
where ¢1,...,gnv are N iid. standard Gaussian varlables and (gf), is a non-
decreasing rearrangement of (]g;])Y;. A bound on ) follows from the following

technical result.

Lemma 3.3.1. — There exist absolute positive constants co, c1 and co such that the
following holds. Let (g;)~_, be a family of N i.i.d. standard Gaussian variables. De-
note by (g7 )Y, a non-increasing rearrangement of (|g:|)X.,. For anyk =1,...,N/cy,

we have .
() <23 ) <o)
i=1

Proof. — Let g be a standard real-valued Gaussian variable and define ¢; > 0 such
that Eexp(g?/4) = ¢;. By convexi‘cy7 it follows that

exp(E(%Z(giV)) ZEeXp 97)?/4) < llﬂij: exp(g?/4) < 1TN

i=1

Finally,

N

1E i) 1/2 1 & oo\ 12
E(- Y 6)7) " < (B Y(9)?) " <2y/log (cuV/k).
i=1 i=1

For the lower bound, we note that for x > 0,

\/>/ exp(— 2/2d8>\/>/2xexp 2/2ds>\/>xexp( 22?).

In particular, for any ¢g > 0 and 1 <

P{IQ\? COIOg(N/k)}> 2001 (ZZ) (%)h. (3.26)

It follows from Markov inequality that

k
]E(% Z(gf)Q) i > Eg; > y/colog (N/k) ]P’{g;; > 1\/colog (N/k)}

Jerlow (V7R R[S 1l > aton () > ]

colog (N/k) ]P’[f: ;> k|

s
Il
-

where I(-) denotes the indicator function and ¢; = I(|gi| > 1/colog (N/k:)) for

i=1,...,N. Since (6;), is a family of i.i.d. Bernoulli variables with mean § =
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P [|g| > 4/colog (N/k:)} , it follows from Bernstein inequality (cf. Theorem [1.2.6)) that,
as long as k < 0N/2 and No > 10log4,

N 1 Y -
P[;@ >k] >P[N;5i—5> 7} >1/2.

Thanks to (3.26)), it is easy to check that for ¢g = 1/4, we have k < 0N/2 as long as
k < N/ exp(4n). O

It is now possible to prove the result announced at the beginning of the section.

Theorem 3.3.2. — There exist absolute positive constants cg,c1,co and c3 such
that the following holds. Let A be a m X N random matrix with rows wvectors
n=2yy, . . nY2Y,. Assume that Yi,...,Y, are i.i.d. isotropic vectors of RY,
which are 1y with constant . Let m be an integer and § € (0,1) such that

mlog (coN/m) = e1nd® /o,

Then, with probability greater than 1 — coexp(—c3nd?/at), the restricted isometry
constant day, of order 2m of A satisfies
n

1 2
dom =  sup ‘* (Y, x) 71‘ <4
z€S2(X2m) n ;

3.4. Notes and comments

Dudley entropy bound (cf. Theorem [3.1.2) can be found in [Dud67]. Other
Dudley type entropy bounds for processes (X¢)ier with Orlicz norm of the increments
satisfying, for every s, t € T,

X = X, < d(s, 1) (327)

may be obtained (see [Pis80] and [K6n80]). Under the increment condition (3.27))
and (1.1)) and for ¢! denoting the inverse function of the Orlicz function ), the
Dudley entropy integral

/OOO Y (N(T, d, €))de,

is an upper bound for HsupsieT | Xs — Xi[]],, and in particular of Esup, ;o7 [ X — X

Il
(up to an absolute constant factor).

For the partition scheme method used in the generic chaining mechanism of Theo-
rem [3.1.4] we refer to [Tal05] and [Tal01]. The generic chaining mechanism was first
introduced using majorizing measures. This tool was introduced in [Fer74, [Fer75]
and is implicit in earlier work by Preston based on an important result of Garcia,
Rodemich and Rumsey. In [Tal87], Talagrand proves that majorizing measures are
the key quantities to analyze the supremum of Gaussian processes. In particular, the
majorizing measure theorem (cf. Theorem is shown in [Tal87]. More about ma-

jorizing measures and majorizing measure theorems for other processes than Gaussian
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processes can be found in [Tal96al] and [Tal95]. Connections between the majorizing
measures and partition schemes have been shown in [Tal05] and [TalO1].
The upper bounds on the process
1S~ 2 2
sup |~ 37 f(X,) — Ef2(X)| (3.28)
developed in Section [3.2] follow the line of [MPTJ0T]. Other bounds on (3.28) can
be found in the next chapter (cf. Theorem [5.3.14).




CHAPTER 4

SINGULAR VALUES AND WISHART MATRICES

The singular values of a matrix are very natural geometrical quantities which play
an important role in pure and applied mathematics. The first part of this chapter
is a compendium on the properties of the singular values. The second part concerns
random matrices, and constitutes a quick tour in this vast subject. It starts with
properties of Gaussian random matrices, gives a proof of the universal Marchenko—
Pastur theorem regarding the counting probability measure of the singular values,
and ends with the Bai—Yin theorem statement on the extremal singular values.

For every square matrix A € M,, ,(C), we denote by A\ (A),..., A, (A) the eigen-
values of A which are the roots in C of the characteristic polynomial det(A—zI) € C[z]
where I denotes the identity matrix. Unless otherwise stated we label the eigenvalues
of A so that [A\(A4)| = --- = |An(A4)|. In all this chapter, K stands for R or C, and
we say that U € M, ,(K) is K-unitary when UU* = I, where the star super-script
denotes the conjugate-transpose operation.

4.1. The notion of singular values

This section gathers a selection of classical results from linear algebra. We begin
with the Singular Value Decomposition (SVD), a fundamental tool in matrix analysis.
It expresses a diagonalization up to unitary transformations of the space.

Theorem 4.1.1 (Singular Value Decomposition). — For every A € M,, ,(K),
there exists a couple of K—unitary matrices U (mxm) and V (nxn) and a sequence
of real numbers s1 = -+ 2= Syman = 0 such that A = UDV™ where

D =U*AV = diag(si,. .-, Sman) € Mpmn(K).
This sequence of real numbers does not depend on the particular choice of U,V .

Proof. — Let v € K" be such that [v|y = 1 and |Av|y = max,,—1 |Az|2 = [[A,_, =
s. If s =0 then A = 0 and the result is trivial. If s > 0 then let us define u = Av/s.
One can find a K-unitary m x m matrix U with first column vector equal to u, and
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a K-unitary n x n matrix V with first column vector equal to v. It follows that

« s w*

rav=(3 ) =
for some w € M,,_11(K) and B € My,_1 ,-1(K). If ¢ is the first row of A; then
|A1t*]3 > (s% + |w|3)? and therefore ||A1H§H2 > 8%+ wli > HA||§H2. On the other
hand, since A and A; are unitary equivalent, we have ||A;||y_,, = || Al|5_,5. Therefore
w = 0, and the desired decomposition follows by an induction on m A n.

If one sees the diagonal matrix D = diag(s1(A4)2,..., sman(A4)?) as an element of
Mop.m(K) or M, ,,(K) by appending as much zeros as needed, we have

U*AA*U =D and V*A*AV =D.
The positive semidefinite Hermitian matrices AA* € M, ,,(K) and A*A € M,, ,,(K)
share the same sequence of eigenvalues, up to the multiplicity of the eigenvalue 0, and
for every k € {1,...,m An},
sk(A) = M (VAAY) = /AL(AA*) = VAR (A*A) = A\ (VA*A) = 5,(AY).

This shows the uniqueness of s1,...,Sman. The columns of U and V' are the eigen-
vectors of the positive semidefinite Hermitian matrices AA* and A*A. O

Singular values. — The numbers si(A) = si for k € {1,...,m An} in Theorem
are called the singular values of A. It is often convenient to use the convention
sk(A) = 0if k> m An. For any A € M,, ,(K), the matrices A, A, AT, A*, UA, AV
share the same sequences of singular values, for any K—unitary matrices U, V.

Normal matrices. — Recall that a square matrix A € M,, ,,(K) is normal when
AA* = A*A. This is equivalent to say that there exists a K—unitary matrix U such
that U* AU is diagonal, and the diagonal elements are indeed the eigenvalues of A. In
this chapter, the word “normal” is used solely in this way and never as a synonym for
“Gaussian”. Every Hermitian or unitary matrix is normal, while a non identically zero
nilpotent matrix is never normal. If A € M,, ,,(K) is normal then s;(A) = |Ax(4)] and
sp(A™) = sk(A)" for every k € {1,...,n} and for any r > 1. Moreover if A has unitary
diagonalization U* AU then its SVD is U*AV with V = UP and P = diag(p1,...,¢on)
where ¢ = A\p/|\g| (here 0/0 = 1) is the phase of Ay for every k € {1,...,n}.

Polar decomposition. — If A € M,, ,,(K) has SVD D = U*AV, then the Hermi-
tian matrix H = V. DV* and the unitary matrix W = UV™ form the polar decomposi-
tion A = WH of A. Conversely, one may deduce the SVD of a square matrix A from
its polar decomposition A = W H by using a unitary diagonalization of H.

Linear Hermitization. — The eigenvalues of the (m 4+ n) x (m 4+ n) Hermitian

matrix
0o A*
Hy = (A 0 ) (4.1)

are £51(A),...,£Sman(A),0,...,0 where 0,...,0 stands for a sequence of 0’s of
length m+n—2(mAn) = (mVn)—(mAn). This turns out to be useful because the
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mapping A — H 4 is linear in A, in contrast with the mapping A — vV AA*. One may
deduce the singular values of A from the eigenvalues of H, and H? = A*A @ AA*.
If m=nand A4, ; € {0,1} for all 4, j, then A is the adjacency matrix of an oriented
graph, and H is the adjacency matrix of a companion nonoriented bipartite graph.

Left and right eigenvectors. — Ifu; L -+ L u,, e K" and vy L --- L v, € K"
are the columns of U,V then for every k € {1,...,m An},
Avg = sp(A)ur, and  A*ug = sp(A)vg (4.2)

while Avi, =0 and A*ug = 0 for £ > m An. The SVD gives an intuitive geometrical
interpretation of A and A* as a dual correspondence/dilation between two orthonor-
mal bases known as the left and right eigenvectors of A and A*. Additionally, A has
exactly r = rank(A) nonzero singular values s1(A4),...,s.(A) and

A:Zsk(A)ukv}; and {
k=1

We have also s,(A) = |Avg|, = |[A*ui|, for every k € {1,...,m An}.

kernel(A) = span{v,y1,...,0n},
range(A) = span{uy,...,u,}.

Condition number. — The condition number of an invertible A € M,, ,(K) is
s1(4)

1H2~>2 Sn(A)

The condition number quantifies the numerical sensitivity of linear systems involving
A. For instance, if 2 € K" is the solution of the linear equation Az = b then x = A~1b.
If b is known up to precision § € K™ then z is known up to precision A~'§. Therefore,
the ratio of relative errors for the determination of z is given by

A1, /AT ], AT, Jbl,
R(b,0) = = .
(69) 181,/101, o, 1A,

K(A) = [|Allp, || A7

Consequently, we obtain
— -1 —
b%%};ﬁo R(ba 5) - ||A H2_>2 ||A||2—>2 - K(A)
Geometrically, k(A) measures the “spherical defect” of the ellipsoid in Figure

Computation of the SVD. — To compute the SVD of A € M,, ,,(K) one can
diagonalize AA* or diagonalize the Hermitian matrix H defined in . Unfortu-
nately, this approach can lead to a loss of precision numerically. In practice, and up
to machine precision, the SVD is better computed by using for instance a variant of
the QR algorithm after unitary bidiagonalization.

Let us explain how works the unitary bidiagonalization of a matrix A € M., ,,(K)
with m < n. If rq is the first row of A, the Gram—Schmidt (or Householder) algorithm
provides a m x n K-unitary matrix V; which maps r] to a multiple of e;. Since V;
is unitary the matrix AV}* has first row equal to |ri|2e;. Now one can construct
similarly a m x m K—unitary matrix U; with first row and column equal to e; which
maps the first column of AV)* to an element of span(ey,ez). This gives to Uy AV}
a nice structure and suggests a recursion on the dimension m. Indeed by induction
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one may construct bloc diagonal m x m K—unitary matrices Uy, ...,U,,_2 and bloc
diagonal n x n K—unitary matrices V1,...,V,,_1 such that if U = U,,_o---U; and
V=V V> _, then the matrix

B=UAV (4.3)

is real m x n lower triangular bidiagonal i.e. B; ; = 0 for every i and every j & {i,i+1}.
If A is Hermitian then taking U = V provides a Hermitian tridiagonal matrix B =
U AU* having the same spectrum as A.

4.2. Basic properties

It is very well known that the eigenvalues of a Hermitian matrix can be expressed
in terms of the entries via minimax variational formulas. The following result is the
counterpart for the singular values. It can be deduced from its Hermitian cousin.

Theorem 4.2.1 (Courant—Fischer minimax variational formulas)
For every A € My, o(K) and every k € {1,...,m An},

sp(A) = max min |Az|, = min max |Az|,
VEQn,k- xeV Vegn,n,;wl zeV
z|,=1 z|,=1

where Gy, 1, is the set of all subspaces of K™ of dimension k. In particular, we have

s51(A) = max |Az and s A)= max min |Ax|,.
1(4) = max |Azl, man(A) = max min |Az,
|2, =1 aly=1
We have also the following alternative formulas, for every k € {1,...,m An},

sip(A) = max min Az, y).
(4) VEGn k (x’y)GVXW< &
WeEGm,k |z|,=|yly=1

Remark 4.2.2 (Smallest singular value). — The smallest singular value is al-
ways a mingmum. Indeed, if m > n then Gp man = Gnn = {K"} and thus

Sman(A4) = g;ﬂelﬁg, |Az|,,

|z|,=1
while if m < n then using the latter for AT we get
Sman(A) = Sman(AT) = min ‘ATmyz.
zeK™

|z|,=1

As an exercise, one can check that if A € M,, ,(R) then the variational formulas
for K = C, if one sees A as an element of M,, ,(C), coincide actually with the
formulas for K = R. Geometrically, the matrix A maps the Euclidean unit ball to an
ellipsoid, and the singular values of A are exactly the half lengths of the m An largest
principal axes of this ellipsoid, see Figure|ll The remaining axes have zero length. In
particular, for A € M,, ,,(K), the variational formulas for the extremal singular values
s1(A) and s, (A) correspond to the half length of the longest and shortest axes.
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FIGURE 1. Largest and smallest singular values of A € Ms 2(R).

From the Courant—Fischer variational formulas, the largest singular value is the
operator norm of A for the Euclidean norm |-|,, namely

s1(A) = [[Ally-,5 -

The map A — s1(A) is Lipschitz and convex. In the same spirit, if U, V are the couple
of K—unitary matrices from an SVD of A, then for any &k € {1,...,rank(4)},

k—1
si(A) :Beﬁlﬂ(m A= Bl o= A~ Akly,, where Ay = Z si(A)uv
rank(B)=k—1 i=1

with u;,v; as in (4.2). Let A € M,, ,(K) be a square matrix. If A is invertible then
the singular values of A~! are the inverses of the singular values of A, in other words

Ve {l,...,n}, sp(A™Y) =5, p1(A)7"

Moreover, a square matrix A € M,, ,(K) is invertible iff s,,(4) > 0, and in this case

—1
2—2°

sp(A) =s51(AH) 71 = HA_1||

Contrary to the map A — s1(A), the map A — s, (A) is Lipschitz but is not convex
when n > 2. Regarding the Lipschitz nature of the singular values, the Courant—
Fischer variational formulas provide the following more general result.

Theorem 4.2.3 (Interlacing by perturbations). — If A, B € M,, ,(K) then
foreveryi,je{l,....mAn} withi+j <1+ (mAn),
Si+j—1(A) < si(B) + 5;(A - B).
In particular, taking j =r+1 and 1 < i < (mAn)—r gives, for every 1 <k < mAn,
Sktr(A) < sk(B) < sp—r(4)

where r = rank(A — B) and with s;(A) =00 if i <1 and s;(A) =0 if i > m An.

Theorem |4.2.3|implies (take j = 1) that the map A — s(A) = (s1(A), ..., Sman(A))
is actually 1-Lipschitz from (M, 5 (K), [|[lo_,5) to ([0,00)™ " |-| ) since

max [si(4) = sx(B) < |4 Bll,_,,.

1<k<mAn

From the Courant—Fischer variational formulas we obtain also the following result.
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Theorem 4.2.4 (Interlacing by deletion). — Under the convention that s;(C) =
0 for any C € M, 4(K) and any i > pAq. Let A € My, ,(K) and let B be obtained
from A by deleting k rows and/or columns. Then for everyi € {1,...,m An},

si(A) = si(B) = sivi(A)

Form Theorem if B € M,,_j »(K) is obtained from A € M,, ,,(K) (m < n)
by deleting k € {1,...,m — 1} rows then [s;,—k(B),s1(B)] C [sm(A),s1(A)]. Row
deletions produce a compression of the singular values interval. Another way to
express this phenomenon consists in saying that if we add a row to B then the largest
singular value increases while the smallest singular value is diminished.

Trace norm. — The trace norm ||-||zg on My, ,,(K) is defined by

|AIGg = Tr(AA") = Te(A*A) = 3> A 12 = s1(A)* + - + sman(A)2.

i=1 j=1

This norm is also known as the Frobenius norm, the Schur norm, or the Hilbert—
Schmidt norm (which explains our notation). For every A € M,, ,,(K) we have

[A4ll2s2 < 1 Allgs < v/rank(4) [[All,

where equalities are achieved respectively when rank(A) = 1 and when A = A €
M (K) with A € K (here I stands for the m x n matrix I, ; = ¢, ; for any 1, j).
The advantage of ||-||zg over [|-||,_,, lies in its convenient expression in terms of the
matrix entries. Actually, the trace norm is Hilbertian for the Hermitian form

(A, B) — (A, B) = Tr(AB").

We have seen that a matrix A € M,, ,,(K) has exactly r» = rank(A4) non zero singular
values. If k € {0,1,...,7} and if A is obtained from the SVD of A by forcing s; = 0
for all ¢ > k then we have the Eckart and Young observation:

i A— B2 = A AP = sp0g(A)2 4o+ s (A2 (4.4
e I s = |l ks = sk+1(A)” + -+ s.(4) (4.4)
rank(B)=k

The following result shows that A — s(A) is 1-Lipschitz for |-/, and |-|,.

Theorem 4.2.5 (Hoffman—Wielandt inequality). — If A, B € M, ,,(K) then

mAn
> (sk(A) = s(B))* < | A - Bl -
k=1
Proof. — Let us consider the case where A and B are d X d Hermitian. We have

C =UAU" = diag(\(4),...,2qa(A)) and D = VBV* = diag(A\ (B), ..., Aa(B))
for some d X d unitary matrices U and V. By unitary invariance, we have

2 * * 2 * * 2 2
|A = Bllgg = |[U'CU = V"DVl = |CUV* = UV"Dl|yg = [[CW = WD||g
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where W = UV*. This gives, denoting P = (|W; ;|*)1<i,j<ds
d
2
14— Blis = > (CW)i; = (WD)i) Z Pij(Ni(4) = X (B))*.
3,j=1 4,j=1

The expression above is linear in P. Moreover, since W is unitary, the matrix P has
all its entries in [0,1] and each of its rows and columns sums up to 1 (we say that P
is doubly stochastic). If Py is the set of all d x d doubly stochastic matrices then

d
IA=Blfs > inf ®(Q) where ®(Q)= Y Qi;(A:(A) = A;(B))*.
QEP, ig=1
But @ is linear and Py is convex and compact, and thus the infimum above is achieved
for some extremal point @ of P;. Now the Birkhoff-von Neumann theorem states that
the extremal points of Py are exactly the permutation matrices. Recall that P € Py
is a permutation matrix when for a permutation 7 belonging to the symmetric group
Sqof {1,...,d}, we have P; j = 6,(;); for every 4,5 € {1,...,d}. This gives

d
— Bli*e > mi . — Ay 2,
4= Bllus > xafn > _(4(4) = A (B)

Finally, the desired inequality for arbitrary matrices A, B € M,, ,(K) follows from
the Hermitian case above used for their Hermitization H4 and Hpg (see (4.1])). O

Remark 4.2.6 (Fréchet—Wasserstein distance). — The Fréchet—Wasserstein
Ws coupling distance between two probability measures m1,m2 on R with finite second
moment is defined by Wa(n1,m2) = inf \/E(| X1 — X2|?) where the infimum runs over
the set of couples of random variables (X1, X3) on R X R with X1 ~n1 and Xq ~ 1.

Let us consider the finite discrete case where 11 = % S ba, and my = % S O,
where (a;)1<i<m and (b;)1<i<m are non-increasing sequences in [0,00). If (X1, Xo)
is a couple of random variables in [0,00)? with X1 ~ m and Xo ~ 12, then, denoting
Ci; =P(Xy =a;,Xa=0b;) for everyi,j € {1,...,m},

E(IX1 - Xa|?) = > Cijlai—b))*

1<i,j<m

The marginal constraints on the couple (X1, X2) are actually equivalent to state that
the matriz (mCj ;), ., j<m U doubly stochastic. Consequently, as in the proof of The-
orem[{.2.5, by using the Birkhoff-von Neumann theorem, we get

m

1 1 —
2 _ b2 — H . _
Wa(n1,72) —mcl,rg)m1<§'<Cl,g(az bj)” = o nin 1( i=br(i))? = - § :

ILIKM 1= 1=1

Unitary invariant norms. — For every k € {1,...,m A n} and any real number
p>1, themap A € My, ,(K) = (51(A)P 4 -+ 5, (A)P)'/? is a left and right unitary

invariant norm on M,, ,(K). We recover the operator norm ||A]|,_,, for & = 1 and
the trace norm [|A|g for (k,p) = (m A n,2). The special case (k,p) = (m An,1)
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gives the Ky Fan norms, while the special case k = m A n gives the Schatten norms,
a concept already considered in the first chapter.

4.3. Relationships between eigenvalues and singular values

We know that if A € M,, ,(K) is normal (i.e. AA* = A*A) then s,(A) = |\, (A4)]
for every k € {1,...,n}. Beyond normal matrices, for every A € M,, ,(K) with row
vectors Ry, ..., R,, we have, by viewing |det(A)| as the volume of a parallelepiped,

n

|det(A)] = [T IM(A)] = ] sx(4) = [[ dist(Rk,span{R1,...,Re_1})  (4.5)
k=1 k=1

= k=1

(basis x height etc.). The following result, due to Weyl, is less global and more subtle.

Theorem 4.3.1 (Weyl inequalities). — If A € M,, ,(K), then

k n n
Vee{l,....n}, J[INEAI<]]s:(4) and J]si(A) <[ IN(A)  (46)
=1 i=k

= i=1 i=k

Equalities are achieved in (4.6) for k = n and k = 1 respectively thanks to (4.5)).

Proof. — Let us prove first that if A € M,, ,(C) then for every unitary matrices
Ve My m(C) and W e M,, ,,(C) and for every k < m A n, denoting Vi, = Vi 1:k
and Wi, = Wiy, 1.1 the matrices formed by the first & columns of V' and W respectively,

Idet (Ve AW3)| < s1(A) -+ s (A). (4.7)

Indeed, since (VAW )1.4,1.6 = Vi AWy, we get from Theorem and unitary in-
variance that s; (V¥ AWy,) < s;(VFAW) = s;(A) for every i € {1,...,k}, and therefore

|det (VX AW)| = s1 (Vi AWy) -+ - s (VP AWE) < s1(A) -+ - sk (A),

which gives . We turn now to the proof of . The right hand side inequalities
follow actually from the left hand side inequalities, for instance by taking the inverse
if A is invertible, and using the density of invertible matrices and the continuity of
the eigenvalues and the singular values if not (both are continuous since they are the
roots of a polynomial with polynomial coefficients in the matrix entries). Let us prove
the left hand side inequalities in . By the Schur unitary decomposition, there
exists a C-unitary matrix U € M,, ,(C) such that the matrix T' = U*AU is upper
triangular with diagonal A1(A),..., A, (A4). For every k € {1,...,n}, we have

Ty = (U AU )11 = Uy AU
Thus Uy AU, is upper triangular with diagonal A1(A4), ..., A\x(A). From (4.7) we get
[A1(A) - A (A)] = |det(Thk1:1)| = |det(Uj AUR)| < s1(A) - - s, (A).
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In matrix analysis and convex analysis, it is customary to say that Weyl’s inequali-
ties express a logarithmic magjorization between the sequences |A,(A)|,..., | 1(A)] and
sn(A),...,s1(A). Such a logarithmic majorization has a number of consequences. In
particular, it implies that for every real valued function ¢ such that t — ¢(e!) is
increasing and convex on [s,(A), s1(A)], we have

k

k
ke {L..onk S el < 3 elsi(A). (48)
=1

i=1
In particular, we obtain from (4.8)) that

DA <Y (A = Te(AAT) = Y |47 = || Allgs- (4.9)

k=1 k

The following result is a sort of converse to Weyl inequalities (4.6)).

n
=1 i,j=1

Theorem 4.3.2 (Horn inverse problem). — If A € C" and s € [0,00)" satisfy
M| = = M| and sy = -+ = s, and the Weyl relationships (4.6) then there exists
A € My, o (C) such that \i(A) = \; and s;(A) = s; for every i € {1,...,n}.

From (4.6) we get s, (A) < [An(4)] < [A(A)] < s1(A) for any A € M,, ,(K). In
particular, we have the following spectral radius / operator norm comparison:
p(A) = [\ (A) < s1(A) = [[Allp, -

In this spirit, the following result allows to estimate the spectral radius p(A4) with
the operator norm of the powers of A. The proof relies on the fact that thanks to
the finite dimension, all norms are equivalent, and in particular equivalent to a sub-
multiplicative norm. The result remains valid on Banach algebras, for which the norm
is sub-multiplicative by definition (the proof is less elementary than for matrices).

Theorem 4.3.3 (Gelfand spectral radius formula). — For any norm ||| on
the finite dimensional vector space M, ,(C) and for every matriz A € M, ,(C),

p(A4) = ()| = Tim 4%,

Proof. — Recall that the ¢2 (C) operator norm defined for every A € M,, ,,(C) by

n
[l = max [|Ae]lc = max > |4l
Izl =1 j=1
is sub-multiplicative, as every operator norm, ie. ||AB| . < |4l | Bl for every
A,B € M,, ,(C). From now on, we fix A € M,, ,(C). Let {1,..., ¢, be the distinct
eigenvalues of A, with multiplicities ny,...,n,. We have n;+---4+n,, = n. The Jordan
decomposition states that there exists an invertible matrix P € M,, ,(C) such that
J=PAP '=J, & --&J,

is bloc diagonal, upper triangular, and bidiagonal, with for all m € {1,...,r}, J,, =
bl + N € My, », (C) where I is the m x m identity matrix and where N is the
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m X m nilpotent matrix given by N; ; = ;41 ; for every 4,5 € {1,...,n,,}. Let us
prove now the following couple of statements:
(i) p(A) < 1if and only if limy,_, o, A¥ =0,
(ii) if p(A) > 1 then limy_, o HAkH = 00.
Proof of (i). If limj,_,o, A* = 0 then for any eigenvalue A of A with eigenvector x,
lim Az = lim A¥z = 0.
k—o0 k—o0
Since = # 0, we get limy_.oo \¥ = 0, giving p(A) < 1. Conversely, if p(A) < 1 then
the eigenvalues of A have module < 1, and computing J* gives then limy_,,, A¥ = 0.
Proof of (ii). If p(A) > 1 then A has an eigenvalue A with [A| > 1, and thus
limy s o0 [(J¥)ii] = limg 00 |A|* = 0o for some i € {1,...,n}. This gives
lim ||J*]| = oc.
k—o0 el
Now since J*¥ = PA*P~1 and since ||| is sub-multiplicative, we get
lim HAkH = 0.
k—o0 el
Finally, since all norms are equivalent we obtain

lim ||AkH = o0.

k—o0
Proof of main result. For any € > 0, if A, = (p(A) + &)t A and since p(4.) < 1,
we get by (i) that limg_,., A¥ = 0. In particular, ||A§H < 1 for & large enough. In
other words, ||A"|| < (e + p(A))* for k large enough. Next, if A_. = (p(4) —¢)7'4,
then p(A_.) > 1, and (ii) gives limy— ||A*|| = 0o, and thus |A*|| > (p(A) —&)* for
k large enough. Since € > 0 is arbitrary, we get limg_,o0 /|| A%]| = p(A). O

The eigenvalues of non normal matrices are far more sensitive to perturbations
than the singular values, and this is captured by the notion of pseudo-spectrum:

pseudospec, (A4) = U {M(B),..., \(B)}.
IB=All,_,<e

If A is normal then pseudospec,(A) is an e-neighborhood of the spectrum of A.

4.4. Relation with rows distances

The following couple of results relate the singular values of matrices to distances
between rows (or columns). For square random matrices, they provide a convenient
control on the operator norm and trace norm of the inverse respectively. Such bounds
are particularly helpful for random matrices.

Theorem 4.4.1 (Rows and operator norm). — If A € M,, ,(K) with m < n
has row vectors Ry, ..., Ry, then, denoting R_; = span{R; : j # i}, we have

m~/? min diste(R;, R—;) < Sman(A4) < Lm<n disto(R;, R_;).

1<i<m 1<is<m
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Proof. — Note that Ry,..., R, are the columns of B = AT € M,, ,,(K) and that A
and B have the same singular values. For every x € K™ and every i € {1,...,m},
the triangle inequality and the identity Bx = x1 Ry + - -+ + =, Ry, give

|Bz|y > dista(Bz, R—;) = min |[Bz —y|, = min |z;R; — y|, = |a;|dist2(R;, R—;).
yeER_; yeER_;

If |z, = 1 then necessarily |z;| > m~1/2 for some i € {1,...,m}, and therefore
Spam(B) = min |Bz|, > m~'/? min disto(R;, R—;).
z|y=1 1<i<m
Conversely, for any i € {1,...,m}, there exists a vector y € K™ with y; = 1 such that

dista(Rss R-0) = iR -+ ol = 1Byly > bl min, 1Bl > s ()
in

where we used the fact that \y|§ =2+ +lyal? = wl? =1 O

Theorem 4.4.2 (Rows and trace norm). — If A € M,, ,(K) with m < n has
rows Ri,..., Ry, and if rank(A) = m then, denoting R_; = span{R; : j # i},

m

28;2(14) = ZdiStQ(R“R,Z‘)_Q.

i=1 i=1

Proof. — The orthogonal projection of R} on R_; is B*(BB*)"! BR} where B is the
(m — 1) X n matrix obtained from A by removing the row R;. In particular, we have

|R;[2 — dista(Ri, R—;)® = | B*(BB*) ' BR{|2 = (BR;)*(BB*) 'BR;}

by the Pythagoras theorem. On the other hand, the Schur bloc inversion formula
states that if M is a m X m matrix then for every partition {1,...,m} =TUI°,

(M_l)[J = (M[,] — M]’Ic(MIcylc)_lMIcyl)_l.
Now we take M = AA* and I = {i}, and we note that (AA*); ; = R; R}, which gives
((AA*)™ )i = (R;R; — (BR;)*(BB*)"'BR;)™" = disto(R;, R_;) >

The desired formula follows by taking the sum over i € {1,...,m}. O

4.5. Gaussian random matrices

This section gathers some facts concerning random matrices with i.i.d. Gaussian
entries. The standard Gaussian law on K is A(0,1) if K = R and N(0,11,) if
K = C = R2. If Z is a standard Gaussian random variable on K then

Var(Z) = E(|Z - EZ)?) = E(|Z)*) = 1.
Let (G 5)i,j>1 be i.i.d. standard Gaussian random variables on K. For any m,n > 1,

G = (Gij)

1<i<m, 1<j<n
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is a random m x n matrix with density in M,, ,(K) = K™ proportional to

G+ exp —§ ZZ Gij? | = exp (—5%(6?6?*)) = exp <—§ ||G§s)
i=1 j=1

where

5= 1 ifK=R,
|2 ifK=C.
The law of G is unitary invariant in the sense that UGV 2 G for every deterministic
K-—unitary matrices U (m x m) and V (n x n). We say that the random m X n matrix
G belongs to the Ginibre Ensemble, real if 8 = 1 and complex if § = 2.

Remark 4.5.1 (Complex Ginibre and GUE). — If m = n and 8 = 2 then
Hy = 3G+ G*) and Hy = ﬁ(G — G*) are independent and in the Gaussian
Unitary Ensemble (GUE). Conversely, if Hy and Hs are independent m x m random

matrices in the GUE then Hy ++/—1 Hy has the law of G with m =n and § = 2.

Theorem 4.5.2 (Wishart). — Let S, be the cone of m x m Hermitian positive
definite matrices. If m < n then the law of the random Hermitian matriz W = GG*
is a Wishart distribution with Lebesgue density proportional to

W = det(W)P(=m+D/2=1 oxpy <§Tr(W)) 1t (W).

Idea of the proof. — The Gram—Schmidt algorithm for the rows of G furnishes a nxm
matrix V such that T = GV is m x m lower triangular with a real positive diagonal.
Note that V' can be completed into a n x n K—unitary matrix. We have

W =GVV*G* =TT, det(W)=det(T)* = [[T2), and Tr(W)= > |T;;*

k=1 ij=1

The desired result follows from the formulas for the Jacobian of the change of variables
G~ (T,V) and T — TT* and the integration of the independent variable V. O

From the statistical point of view, the Wishart distribution can be understood as a
sort of multivariate x? distribution. Note that the determinant det(1¥/8(n—m+1)/2-1)
disappears when n = m+ (2—-8)/8 lee. m=nif =2orn=m+1if 8 =1).
From the physical point of view, the “potential” — which is minus the logarithm of
the density — is purely spectral and is given up to an additive constant by

= - 1) -2
W STENW)) where E(N) = DA - Bln=m+1)=2, .
~ 2 2
Theorem 4.5.3 (Bidiagonalization). — If m < n then there exists two random

K-unitary matrices U (m x m) and V (n x n) such that B = \/BUGV € M, ,(K)
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18 lower triangular and bidiagonal with independent real entries of law

Xpn 0 0 0 0
XB(m—1) XB(n—1) 0 0 0
0 XB(m—2) XBn—2) O 0
0 0 ’ ’ 0
0 0 0 - 0 X8 Xgtn-(m-1)) O 0

Recall that if Xi,..., X, are independent and identically distributed with law
N(0,1) then || X[[3 = X2+ -+ X? ~ x? and | X||, = /XZ+--- + X2 ~ x¢. The
densities of X% and ¢ are proportional to ¢t — t¢/2=1e=*/2 and t H—1le=t"/2,

Idea of the proof. — The desired result follows from (4.3) and basic properties of
Gaussian laws (Cochran’s theorem on the orthogonal Gaussian projections). O

Here is an application of Theorem [£.5.3]: since B and G have same singular values,
one may use B for their simulation, reducing the dimension from nm to 2m — 1.

Theorem 4.5.4 (Laguerre Ensembles). — If m < n then the random vector
(57(G), -+, 57,(G) = (M(GG™),..., A (GGY))

admits a density on {\ € [0,00)™ : Ay = -+ = A\, } proportional to

A s exp (‘f Em: Az-) ﬁAf("‘m“W‘l T =27

i=1 i=1 1<i<j<m
The correlation is captured by the Vandermonde determinant and expresses an

electrostatic logarithmic repulsive potential, given up to an additive constant by

m

)\»—>§ ;Ai_(B(n_m+1)—2)210g(/\i—)\j)

1<i<jsm

On the other hand, we recognize in the expression of the density the Laguerre weight
t — t%e!. We say that GG* belongs to the B-Laguerre ensemble or Laguerre Or-
thogonal Ensemble (LOE) for § = 1 and Laguerre Unitary Ensemble (LUE) for 5 = 2.

Proof. — Let us consider the m x m tridiagonal real symmetric matrix

Qm bmfl
bm—l Am—1 bm—2

T =
b2 a9 b1
bl aq
We denote by A1,...,An € R its eigenvalues. Let vq,...,v,, be an orthonormal

system of eigenvectors. If V' is the m x m orthogonal matrix with columns v, ..., v,
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then T = Vdiag(\1, ..., \n)V T. For every k € {1,...,m}, the equation Tvj, = Apvp
writes, for every i € {1,...,m}, with the convention by = by, = vk,0 = Vk,m+1 = 0,
brm—it1Vk,i—1 + Gm—it1Vk,i + bm—iVk it1 = AUk, i-

It follows from these recursive equations that the matrix V is entirely determined by
its first row r = (r1,...,7m) = (V11,--.,Um,1) and A1,...,A,. From now on, we
assume that A\; # A; for every ¢ # j and that r; > 0,...,r, > 0, which makes V
unique. Our first goal is to compute the Jacobian of the change of variable

(a,0) = (A,7).
Note that 7% + - + 72, = 1. For every A & {\1,... /\m} we have

(T = A1) 11—ZA i

On the other hand, for every m x m matrix A with det(A4) # 0, we have

1 - det(Am_l)
(A" )= “det(4)

where Ay, stands for the k x k right bottom sub-matrix Ay = (Ai ;) m—kt+1<i,j<m. If
Ak1s -5 Mgk are the eigenvalues of T}, then we obtain, with A =T — AI,

I A1 = A)
YYD VY

Recall that Aj,..., A\, are all distinct. By denoting Py(\) = Hle()\ — Ak,i) the

characteristic polynomial of T}, we get, for every i € {1,...,m},
Prn1(Ai) _ >
Pr (M) .

Since Py, (Ai) = [[1¢jzicm(Xi — Aj) we obtain
Hrg: 12 [Pr—1(N))
" Ihciciemi = 2)?

Let us rewrite the numerator of the right hand side. By expanding the first row in
the determinant det(A — T') = P,,(\), we get, with P_; =0 and Py = 1,

Pr(A) = (A = @) P 1(N) = b2, P_a(N).
Additionally, we obtain

m—1
H|Pm mlz|*b2(m 1)1_[|Pm2 mli)‘
i=1

Now the observation

m—1 m—1m—2 m—2

H ‘Pm 2 m 1,4 |— H H |)\m 2, — m—l,i| = H |Pm—1()\m—2,j)|
j=1

=1 j=1
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leads by induction to the identity

m—1 m—1
|P7R<)‘mfl7i)‘ = H b?'
i=1 i=1
Finally, we have shown that
m—1 2
. b:
[ o=t (4.10)
1<i<j<m [LZ, i

To compute the Jacobian of the change of variable (a,b) — (A, r), we start from

m
712

(T =MD =) 5 _Z'Mi

i=1

with [A| < 1/max(Ai, ..., Ay) (this gives [|AT||,_,, < 1). By expanding both sides in
power series of A and identifying the coefficients, we get the system of equations

m
(T*), 1 = erxf where k€ {0,1,...,2m —1}.

i=1

Since (Tk)l,l = <Tke1,el> and since T is tridiagonal, we see that this system of
equations is triangular with respect to the variables a,,, b;y;—1, Gm—1,bm—2,.... The
first equation is 1 = 72 +---+72, and gives —r,,dr,, = r1dry+ - +7y_1dry,_1. This
identity and the remaining triangular equations give, after some tedious calculus,

rm Tl e \ TS b2

which gives, using (4.10)),

2
1 (rz—l bi m 2
dadp — + - 1Li=1 ( Iy 73 ) IT v —x)tdadr.

1<i<j<m

| Y
dadb = i—l_[’;il d\dr. (4.11)
Tm [limy i

Let us consider now the m x n lower triangular bidiagonal real matrix (m < n)

Tn
Ynm—-1 Tn-1
B =
Yr  Tp—(m-1)
The matrix T = BB is m x m symmetric tridiagonal and for i € {1,...,m — 1},
Ay = xi, a; = y? + xi,(m,i), b; = YiTp—(m—i)+1- (4~12)

Let us assume that B has real non negative entries. We get, after some calculus,

m—2 -1
dxdy = <2mxn_(m_1) H x%ﬂ) dadb. (4.13)
i=0
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From Theorem we have, with a normalizing constant ¢, .3,

m—1 m—1
dchmngn:r(n R 1Hyﬁl 1exp<§zzi—igzy¢2>dzdy,
i=0 i=0 i=1

Let us consider T as a function of A and r. We first note that

anﬁz% Tr(BBT) = ZA

Since the law of B is unitary (orthogonall) invariant, we get that A and r are inde-
pendent and with probability one the components of A are all distinct. Let ¢ be the
density of 7 (can be made explicit). Using (4.1114.1214.13]), we obtain

m—1 _B(n—i)—2 m—1 Bi
dB:cmm,BHi:O GO D U T VS (ZA) r) dAdr.

Tm HZl T
But using (4.1014.12)) we have
1 1 i 1
H INi — \j| = Hlnllbl [T yiw n—(m—i)+1 _ HZO Toy ! 221 Y
g - m - m - m
1<i<j<m ’ [LZim [LZ i |

and therefore

1B8(n—m+1)—1
—1 o 2
(H;’Zo xn7i>

dB:Cm,n,,B r Hm r
m1l;=1Ti

1T |)\i/\j|ﬁexp<§§ ) ) d\dr.

1<i<js<m

Now it remains to use the identity []/", Y22 = det(B)? = det(T) = [T, i to get
only (A, r) variables, and to eliminate the r variable by separation and integration. [

Remark 4.5.5 (Universality of Gaussian models). — Gaussian models of ran-
dom matrices have the advantage to allow explicit computations. However, in some
applications such as in compressed sensing, Gaussian models can be less relevant than
discrete models such as Bernoulli/Rademacher models. It turns out that most large
dimensional properties are the same, such as in the Marchenko—Pastur theorem.

4.6. The Marchenko—Pastur theorem

The Marchenko—Pastur theorem concerns the asymptotics of the counting proba-
bility measure of the singular values of large random rectangular matrices, with i.i.d.
entries, when the aspect ratio (number of rows over number of columns) of the matrix
converges to a finite positive real number.

Theorem 4.6.1 (Marchenko—Pastur). — Let (M; ;)i j>1 be an infinite table of
i.4.d. random variables on K with unit variance and arbztmry mean. Let

m

1 1 m
Vmn = Ezfssk(ﬁzw) “m Z‘S,\k(\/W)
k=1

k=1
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be the counting probability measure of the singular values of the m x n random matrix

= ()
—M=—==M,, .
vn Vi ) i cicmi<icn
Suppose that m = m,, depends on n in such a way that

lim % = p e (0,00).

n—oo N

Then with probability one, for any bounded continuous function f :[0,00) = R,

/fdum,n n_>—+>oo /fdl/p

where v, is the Marchenko-Pastur law with shape parameter p given by
1 1
<1 - p> do + o (b —22)(2? — a) 1 /e (x)dx. (4.14)
+
where a = (1 —/p)? and b= (1+ /p)? (atom at point 0 if and only if p > 1).

Theorem [£.6.1] is a sort of strong law of large numbers: it states the almost sure

convergence of the sequence (v, to a deterministic probability measure v,,.
M/n>1 P

Weak convergence. — Recall that for probability measures, the weak convergence
with respect to bounded continuous functions is equivalent to the pointwise conver-
gence of cumulative distribution functions at every continuity point of the limit. This
convergence, known as the narrow convergence, corresponds also to the convergence in
law of random variables. Consequently, the Marchenko—Pastur Theorem [4.6.1| states
that if m depends on n with lim,,_,,, m/n = p € (0,00) then with probability one,
for every z € R (z # 0 if p > 1) denoting I = (—o0, ],

lim vy, (1) = v,(I).

n—oo

Atom at 0. — The atom at 0 in v, when p > 1 can be understood by the fact that
sp(M) =0 for any k > m An. If m > n then v,({0}) > (m —n)/m.

Quarter circle law. — When p = 1 then M is asymptotically square, a = 0, b = 4,
and v, is the so-called quarter circle law

1
;\/ 4 — 2219 g (v)da.

Actually, the normalization factor makes it an ellipse instead of a circle.
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Alternate formulation. — Recall that si(ﬁM) = A (L MM*) for every k €
{1,...,m}. The image of vy, ,, by the map x — 22 is the probability measure

1 m
Hmn = — Z 5Ak(lMM*)'
m n
k=1
Similarly, the image p, of v, by the map = — 2?2 is given by

(1 - /1)> +(50 + ! (b—2)(x —a) 1y (x)ds (4.15)

p2Tx

where a = (1 — /p)? and b = (14 ,/p)* as in Theorem As an immediate con-
sequence, the Marchenko—Pastur theorem [£.6.1] can be usefully rephrased as follows:

Theorem 4.6.2 (Marchenko—Pastur). — Let (M; ;)i j>1 be an infinite table of
i.4.d. random variables on K with unit variance and arbitrary mean. Let

1 m
Hmn = m Z 6>\,€(%MM*)
k=1

be the counting probability measure of the eigenvalues of the m x m random matrix

%MM* where M = (Mid)lgigm,lgjgn' Suppose that m = m,, depends on n with

lim =pe (0,00)

n—oo M

then with probability one, for any bounded continuous function f :[0,00) — R,

/f dpim,n n_>—+>oo /f dpip
where , is the Marchenko—Pastur law defined by (4.15).

Remark 4.6.3 (First moment and tightness). — By the strong law of large
numbers, we have, with probability one,
1 & 1
d m,n = 2 M
Jdinal@) = 23" st(=)
k=1
1 1
= Tr(MM*>
m n
1 2
oM P — 1L
nm - n,m—-+oo
1<i<m

1<ysn

This shows the almost sure convergence of the first moment in the Marchenko—Pastur
theorem. Moreover, by Markov’s inequality, for any r > 0, we have

ponn(071°) < 1 [ dpin o)

This shows that almost surely the sequence (fim, n),~; 5 tight.
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FIGURE 2. Absolutely continuous parts of the Marchenko-Pastur laws v,

(4.14) and p, (4.15) for different values of the shape parameter p. These
graphics were produced with the wxMaxima free software package.
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Remark 4.6.4 (Covariance matrices). — Suppose that M has centered entries.
The column vectors Cq,...,Cy of M are independent and identically distributed ran-
dom wvectors of R™ with mean 0 and covariance I,,, and %MM* is the empirical
covariance matriz of this sequence of vectors seen as a sample of N'(0,1,,). We have

1 1 —
MM ==Y CLCy*.

Also, if m is fixed then by the strong law of large numbers, with probability one,
lim,, 00 %MM* = E(C1Cy*) = I,. This is outside the regime of the Marchenko—
Pastur theorem, for which m depends on n in such a way that lim,,_,. m/n € (0,00).

4.7. Proof of the Marchenko—Pastur theorem

This section is devoted to a proof of Theorem [£.6.1] We will actually provide a
proof of the equivalent version formulated in Theorem [£.6.2] by using the method of

moments. Let us define the truncated matrix M = (Mi;), ¢, 1<j<n Where
Mij = Mij1{m; ;<0

with C' > 0. Let us denote the empirical spectral distribution of M and M by

m m

1
M= Oy ad =3 0, 5

i=1 i=1

From Remark [£:2.6] and the Hoffman-Wielandt inequality of Theorem [£:2.5] we get

W3 (1, m2) = ;g (S’C(\/IEM> - 8’“<\/15M>>2
1|1 1 ’

< —||-—=M-—
m ||v/n N

1 m n
2
— > D Mg 150y

i=1j=1

M

By the strong law of large numbers, we get, with probability one,

lim W3 (n1,m2) < E(Mia[*1{a, 50y

m,n—oo

Since M ; has finite second moment, the right hand side can be made arbitrary small
by taking C sufficiently large. Now it is well known that the convergence for the
W, distance implies the weak convergence with respect to continuous and bounded
functions. Therefore, one may assume that the entries of M have bounded support
(note that by scaling, one may take entries of arbitrary variance, for instance 1).
The next step consists in a reduction to the centered case. Let us define the m xn
centered matrix M = M — E(M), and this time the probability measures 71,72 by

1 «— 1 —
M= fmn = ;5s§(ﬁm and = — ;5sg(ﬁﬁ)'
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Let F1,F» : R — [0 1] be their cumulative distribution functions defined by

P i S mes @D <vim) o S <me s () < Vi

m m
Since rank(M — M) = rank(E(M)) < 1, we get by Theorem that

sup|Fy(2) — Fy(z)| < K@= M) 1

reR m m
We recognize on the left hand side the Kolmogorov—Smirnov distance between 7,
and 72. Recall that the convergence for this distance implies the weak convergence.
Consequently, one may further assume that M has mean 0. Recall that if p is a
random probability measure then Ey is the non random probability measure defined
by (Eu)(A) = E(u(A)) for every measurable set A. Lemma below reduces the
problem to the weak convergence of Efip, » to p, (via the first Borel-Cantelli lemma
and the countable test functions f = 1(_ , with z rational). Next, Lemmas
and [£7-4] below reduce in turn the problem to the convergence of the moments of
Efim,n to the ones of y, computed in Lemma [£.7.5 below.

Summarizing, it remains to show that if M has i.i.d. entries of mean 0, variance 1,

and support [—C, C], and if lim,_,o m/n = p € (0,00), then, for every r > 1,

r—1
. r\ [r—1
Ji B [ i = Zk+1(k>( c) (419

The result is immediate for the first moment (r = 1) since

1 m
E/xdum,n =—EY M(MM)
k=1

mn

1
= —ETr(MM")
TL
= Z (1M 7J|
1<z<m
1<j<n

This shows actually that Ejip, », and p, have even the same first moment for all values
of m and n. The convergence of the second moment (r = 2) is far more subtle:

1 m
E / &2 dftn = EY A (MM*)

mn?

1
= —ETe(MM*MM")
mn
1

=2 Z E(M; j My j My M ;).

1<i,k<m

1<j,l<n
If an element of {(ij), (kj), (kl), (il)} appears one time and exactly one in the prod-
uct M; jMy, ; My, M;,; then by the assumptions of independence and mean 0 we get

E(Mi,jﬁk’ij’lMi’l) = 0. The case when the four elements are the same appears
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with mn possibilities and is thus asymptotically negligible. It remains only to con-
sider the cases where two different elements appear twice. The case (ij) = (kj) and
(kl) = (il) gives i = k and contributes E(|M; ;|?|M;|*) = 1 with m(n? — n) possibil-
ities (here j # [ since the case j = | was already considered). The case (ij) = (ki)
and (kj) = (il) gives i = k (and j = [) and was thus already considered. The case
(ij) = (il) and (kj) = (ki) gives j = | and contributes E(|M; ;|| My ;|*) = 1 with
n(m? —m) possibilities (here i # k since the case i = k was already considered). We
used here the assumptions of independence, mean 0, and variance 1. At the end, the
second moment of Ept,y, , tends to lim, oo (m(n? —n) +n(m? —m))/(mn?) =1+p
which is the second moment of p,. We have actually in hand a method reducing the
proof of to combinatorial arguments. Namely, for all » > 1, we write

1 - *\ T 1 ERVA
/xT b () = WZAk(MM )" = —Te(MM")")
k=1

which gives

1 _ _ _
T —_ . e e . . . .
E/x dll'm7n(x) ~ mn’ E E(Mi17j1Mi27j1Mi27j2M13,Jz MZTJTMHJT)'
1<iy,..ir M
1<1 s ensdr <
Draw i1,...,%, on a horizontal line representing N and ji,...,Jj, on another parallel

horizontal line below the previous one representing another copy of N. Draw r down
edges from is to js and r up edges from js to 541, with the convention i,,; = i1, for
all s =1,...,r. This produces an oriented “MP” graph with possibly multiple edges
between two nodes (certain vertices or edges of this graph may have a degree larger
that one due to the possible coincidence of certain values of is or of j,). We have

1
IE/J:T A n(x) = ZEMG
G

n'm

where ) runs over the set of MP graphs and where Mg is the product of M, or
M,Lb over the edges ab of G. We say that two MP graphs are equivalent when they
are identical up to permutation of {1,...,m} and {1,...,n}. Each equivalent class
contains a unique canonical graph such that iy = j; = 1 and 45 < max{iy,...,is_1}+1
and js < max{ji,...,js—11 + 1 for all s. A canonical graph possesses « + 1 distinct
i-vertices and [ distinct j-vertices with 0 < a <r—1and 1 < 8 < r. We say that
such a canonical graph is T'(«, ), and we distinguish three types :

— Ty (e, B) : T(a, ) graphs for which each down edge coincides with one and only

one up edge. We have necessarily a + 5 = r and we abridge T («, ) into T} ()
— Ty(a, B) : T(a, B) graphs with at least one edge of multiplicity exactly 1
— T5(a, B) : T(a, B) graphs which are neither T} («, 8) nor Ta(a, )

We admit the following combinatorial facts :

(C1) the cardinal of the equivalent class of each T'(«, 5) canonical graph is
mm—1)---(m—a)nn—1)---(n— B+ 1).
(C2) each T5(a, B) canonical graph has at most r distinct vertices (i.e. a« + 8 < r).
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(C3) the number of T3 («, 3) canonical graphs is

ail@(rél)

The quantity E(Mg) depends only on the equivalent class of G. We denote by
E(Mr(q,p)) the common value to all T'(c, 3) canonical graphs. We get, using (C1),

1 1

S Ma=—— 3 mm—1)(m—aa(n—1)-+ (0 = f+ DE(Mr(e,p)
G T(a,B)

where the sum runs over the set of all canonical graphs. The contribution of T3 graphs

is zero thanks to the assumption of independence and mean 0. The contribution of

T3 graphs is asymptotically negligible since there are few of them. Namely, by the

bounded support assumption we have |Mr,a,5)| < C?", moreover the number of

T3(a, B) canonical graphs is bounded by a constant ¢, and then, from (C2), we get

1
- Z m(m—1)---(m—a)n(n—1)---(n — B+ 1)E(Mp(q,s))
T3(,3)
< 7? C*Prmtinh = O(n_l).
n'm

Therefore we know now that only 77 graphs contributes asymptotically. Let us con-
sider a T1 (o, 8) = Ti() canonical graph (8 = r — «). Since Mpo,5) = Mrp(q) is a
product of squared modules of distinct entries of M, which are independent, of mean
0, and variance 1, we have E(Mp(,)) = 1. Consequently, using (C3) we obtain

1

n"m

Z m(m—1)---(m—a)n(n—1)---(n =7+ a+ 1)E(Mp@q,r—a))
T (@)

_:‘g‘l}@(;)(r;l)”}mm(m1)"'(ma)n(n1)...(nr+a+1)
S OCIE- DT -5

Therefore, denoting p,, = m/n, we have

r—1

E/xr dpin(z) = 3 a"’fl (;) (T - 1) + o).

a=0

This achieves the proof of (4.16)), and thus of the Marchenko-Pastur Theorem

Concentration for empirical spectral distributions. — This section is devoted
to the proof of Lemma below. This lemma provides a concentration inequality
which complements the results of the first chapter. The variation of f : R — R is

V()= sup > |f(@rs1) — flar)] € [0,+00],

(zr)kez keZ
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where the supremum runs over all non decreasing sequences (xy)gez. If f is differen-
tiable with f” € L*(R) then V(f) = ||f[|;. If f = 1(_co,s) for s € R then V(f) = 1.

Lemma 4.7.1 (Concentration). — Let M be a mXxn complex random matriz with
independent rows and pyr = % Yo, Or,(mm=y- Then for every bounded measurable

function f: R — R and every r > 0,
>r) <2 _mrt
2T | X z2€X — .
P\ av(pp

P(‘/fduM—E/fduM

Proof. — Let A and B be two m x n complex matrices and let G4 : R — [0,1] and
Gp : R —[0,1] be the cumulative distributions functions of the probability measures

1 — 1 &
pa=—> dg and pp=—> dam)
k=1 k=1

defined for every t € R by

Sk<m: < Sk<m: <
Gaty = WSESm W SV g gy - HLShsmesd® <V
By Theorem we get
rank(A — B)

Galt) — Gp(t) < —2 2
igﬂgl A(t) — Gp(t)] -

Now if f : R — R is differentiable with f’ € L!(R) then by integration by parts,

[taus~ [1ans] = | [ 100Ga0) - Gunar < =2 17y an

Since the left hand side depends on at most 2m points, we get, by approximation, for
every measurable function f: R — R,

[rana— [aus

From now on, f : R — R is a fixed measurable function with V(f) < 1. For every

< rank(A — B) V.

m

row vectors x1, ..., Ty, in C", we denote by A(x1,..., %) the m x n matrix with row
vectors 1, ..., T, and we define F : (C")™ — R by
F(‘Tla cee 7xm) = ‘/fd,u'A(zl,.A.,J;m)'

For any i € {1,...,m} and any row vectors 1, ..., Zm,z, of C*, we have

rank(A(T1, ..oy Tio1, Tiy Tig 1y -+ oy Tm) — AT, T, T D1, Ty)) < 1
and thus

V()
‘F(iL’l, ey L1, Xy L1y - - - ,l’m) — F(Zl, . ,l‘i_l,l';,l'i_,_l, . ,Cﬂm)‘ g T

Let us define X = F(Ry,...,R;) where Ry,...,R,, are the rows of M. Let
(Ry,...,R),) be an independent copy of (Ry,...,Ry,). If Fj is the o-field generated
by Ri,..., Ry then for every 1 < k < n we have, with Fy = {&,Q},

E(X | Fr—1) =E(F(Ry,...,Rg,...,Rp) | Fx—1) = E(F(Ry,..., R}, ..., Rn) | Fr).
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Now the desired result follows from the Azuma—Hoeffding Lemma |4.7.2] since
de = E(X | Fi) — E(X | Fr-1)
=E(F(Ry,...,Rk,...,R,) — F(Ry,...,R}.,...,R.) | Fr)
gives osc(d) < 2||di| o <2V (f)/m for every 1 <k < n. O

The following lemma on concentration of measure is close in spirit to Theorem
The condition on the oscillation (support diameter) rather than on the variance
(second moment) is typical of Hoeffding type statements.

Lemma 4.7.2 (Azuma—Hoeffding). — If X € LY(Q, F,P) then for every r >0

2r2
P(X - E(X)[>7) < Zexp ( osc(d)2 +--- + Osc(dn)Q)

where osc(dy) = sup(dy) — inf(dy) and where d, = E(X | Fr) — E(X | Fr—1) for an
arbitrary filtration {0,Q} =Fy C F, C--- C Fp=F.
Proof. — By convexity, for all t > 0 and a < x < b,
rT—a 4 b—xz 4,
b—a® * b—a
Let U be a random variable with E(U) = 0 and a < U < b. Denoting p = —a/(b—a)
and ¢(s) = —ps + log(1 — p + pe®) for any s > 0, we get
b ta a tb _ _p(t(b—a))
b—a’ b—a° ~°© '
Now ¢(0) = ¢'(0) = 0 and ¢” < 1/4, so p(s) < s?/8, and therefore

etz g

E(e) <

E(e'V) < ol (b—a)?
Used with U = dj, = E(X | Fi) — E(X | Fx—1) conditional on Fj_1, this gives
E(e! | Fr_1) < e%"s‘:(d’“)z.
By writing the Doob martingale telescopic sum X — E(X) =d,, + --- + di1, we get
E(e!X—E(X))) = E(tdn-1+-+d)E(etdn | £, 1)) < -+ < e%(osc(d1)2+~~+osc(dn)2).
Now the desired result follows from Markov’s inequality and an optimization of t. [

Moments and weak convergence. — This section is devoted to the proof of
Lemmas and below. Let P be the set of probability measures 1 on R such
that R[X] C L'(u). For every u € P and n > 0, the n-th moment of u is defined
by [2™du(x). The knowledge of the sequence of moments of 4 is equivalent to the
knowledge of [P du for every P € R[X]. We say that p1, s € P are equivalent when

/Pdulz/Pduz

for all P € R[X], in other words p; and po have the same moments. We say that
w € P is characterized by its moments when its equivalent class is a singleton. Lemma
below provides a simpler sufficient condition, which is strong enough to imply
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that every compactly supported probability measure, such as the Marchenko—Pastur
law 115, is characterized by its moments. Note that by the Weierstrass theorem on the
density of polynomials, we already know that every compactly supported probability
measure is characterized by its moments among the class of compactly supported
probability measures.

Lemma 4.7.3 (Moments and analyticity). — Let u € P, ¢(t) = [e™du(z)
and kn, = [x" dp(z). The following three statements are equivalent :

(i) ¢ is analytic in a neighborhood of the origin
(ii) ¢ is analytic on R

1
(iii) lim, (ﬁﬁgn) < 0.
If these statement hold true then p is characterized by its moments. This is the case
for instance if u is compactly supported.

Proof. — For all n we have [|z|"du < oo and thus ¢ is n times differentiable on R.
Moreover, go(”) is continuous on R and for all ¢t € R,

M) = [ (iz)" et T).
o / (i) du(z)

In particular, <p(”)(0) = i"Kk,, and the Taylor series of ¢ at the origin is determined
by (Kn)n>1. The convergence radius r of the power series ) a,z" associated to a se-

—_ 1
quence of complex numbers (ay, ), >0 is given by Hadamard’s formula r~1 =1lim, |a,|".
Taking a,, = "k, /n! gives that (i) and (iii) are equivalent. Next, we have

; ; it (itz)"~t |tx|™
18T ite 1— L _____ g
‘ (e 1l (n—1)! n!
for all n € N, s,t € R. In particular, it follows that for all n € N and all s,t € R,
t , t2’n,71 @ 1 t2’n
1) — - O SN ¢ < Kon——,
s 1) = plo) = 1 0) =+ = )| <

and thus (iii) implies (ii). Since (ii) implies property (i) we get that (i)-(ii)-(iii) are
equivalent. If these properties hold then by the preceding arguments, there exists
r > 0 such that the series expansion of ¢ at any x € R has radius > r, and thus, ¢
is characterized by its sequence of derivatives at point 0. If u is compactly supported

then sup,, |I€n|% < oo and thus (iii) holds. O

Lemma 4.7.4 (Moments convergence). — Let p € P be characterized by its mo-
ments. If (,un)n>1 is a sequence in P such that for every polynomial P € R[X],

lim [ Pdu, = /Pdu

n—oo

then for every bounded continuous function f: R — R,

lim [ fdu, = /f dp.
n—oo
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Proof. — By assumption, for any P € R[X], we have Cp = sup,,5, [Pdu, < oo,
and therefore, by Markov’s inequality, for any real R > 0,

Cxe

R2

This shows that (,,)n>1 is tight. Thanks to Prohorov’s theorem, it suffices then to
show that if a subsequence (fin, )r>1 converges with respect to bounded continuous

functions toward a probability measure v as k — oo then v = u. Let us fix P € R[X]
and a real number R > 0. Let g : R — [0, 1] be continuous and such that

1 _rr S ¢r < 1R 1R11

We have the decomposition

[P, = [orPaun, + [(1= or)P du.

Since (fn,, )k>1 converges weakly to v we have

lim /LpRPd,unk = /apRPdu.
k—o0
Moreover, by the Cauchy-Schwarz and Markov inequalities we have

2 C'x2Cp2

’/(1 — or)P dpiy, 2

<t ((-RRP) [ PP, <
On the other hand, we know that klim Pdu,, = /P dp and thus
—00

lim [prPdv= /P du.
R—o00

Using this for P? provides via monotone convergence that P € L?(v) C L*(v) and by
dominated convergence that [Pdy = [Pdu. Since P is arbitrary and p is charac-
terized by its moments, we obtain u = v. O

Lemma 4.7.5 (Moments of the M.-P. law p,). — The sequence of moments of
the Marchenko—Pastur distribution p, defined by (4.15)) is given for all v > 1 by

[ anata k+1(><rgl)'

In particular, p, has mean 1 and variance p.

Proof. — Since a +b = 2(1 + p) and ab = (1 — p)? we have

\/(b—x)(x—a):\/(azb)Q—ab—( a—i—b) =4p—(x — (1+p))?

The change of variable y = (z — (1 + p))//p gives

/fcrdup(ﬂc) 2;/(\fy+1+p "Wa—y2dy.
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The even moments of the semicircle law are the Catalan numbers :

1 [ 1 [ 1 [2k
—/ y?F /4 —y2dy =0 and %/ yzk\/4—y2dy:(k>.
-2

27T —92 1+k

By using binomial expansions and the Vandermonde convolution identity,

L(r—1)/2]
-1\ [2k 1
rd _ k(1 r—1-2k (T
L(r—1)/2]
k r—1—2k (r—1)!
= 1
2 pr+p) =120k (k £ 1)!

[(r=1)/2) r—1-2k

_ Z pk+s (T - 1)'
Elk+ 1Dl r—1—2k —s)!s!

_rf , (r—l)!
=7 RO+ DI — 1=t~ Rt — )l

0
min(t,r—1—t)

> (WG
()
SO0

Other proof of the Marchenko—Pastur theorem. — An alternate proof of the
Marchenko—Pastur theorem is based on the Cauchy—Stieltjes transform. Recall
that the Cauchy—Stieltjes transform of a probability measure p on R is

du(x).
For instance, the Cauchy—Stieltjes transform of the Marchenko-Pastur law i, is

Cl=p—2+/(z-1-p?2—4p
N 2pz '

O

ZE(C+:{z€C:Im(z)>O}»—>Su(z):/

r—Zz

SNP (Z)

The knowledge of S, fully characterizes p, and the pointwise convergence along a
sequence of probability measures implies the weak convergence of the sequence. For
any m x m Hermitian matrix H with spectral distribution pug = % Z?:l Ox,(H), the
Cauchy—Stieltjes transform S,,,, is the normalized trace of the resolvent of H since

Sy () = - Te((H — 21) 7).
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This makes the Cauchy—Stieltjes transform an analogue of the Fourier transform, well
suited for spectral distributions of matrices. Note that |S,(z)| < 1/Jm(z). To prove
the Marchenko-Pastur theorem one takes H = %M M* and note that ES,,,, = Sk,
Next the Schur bloc inversion allows to deduce a recursive equation for ES,,,, leading
to the fixed point equation S = 1/(1 — z — p — pzS) at the limit m,n — oo. This
quadratic equation in S admits two solutions including the Cauchy—Stieltjes transform
S, of the Marchenko-Pastur law p,,.

The behavior of ug when H is random can be captured by looking at E f fdug
with a test function f running over a sufficiently large family F. The method of
moments corresponds to the family F = {z — 2" : r € N} whereas the Cauchy—
Stieltjes transform method corresponds to the family F = {z +— 1/(z —2) : z € C1}.
Each of these allows to prove Theorem [£.6.2] with advantages and drawbacks.

4.8. The Bai—Yin theorem

The convergence stated by the Marchenko—Pastur theorem 4.6.1] is too weak to
provide the convergence of the smallest and largest singular values. More precisely,
one can only deduce from Theorem that with probability one,

. 1 — 1
nhjriosnAm(ﬁM)gﬁ—lﬁ and nl;ngosl<ﬁM>>¢5—l+\/ﬁ.

Of course if p = 1 then a = 0 and we obtain lim, s Spam (ﬁM) = 0. The Bai and

Yin theorem below provides a complete answer for any value of p when the entries
have mean zero and finite fourth moment.

Theorem 4.8.1 (Bai—Yin). — Let (M, ;)i ;>1 be an infinite table of i.i.d. random
variables on K with mean 0, variance 1 and finite fourth moment : E(|Mj 1]*) < oc.
As in the Marchenko-Pastur theorem [[.6.1], let M be the m x n random matriz

M = (M; ;)

1<i<m,1<j<n”
Suppose that m = m,, depends on n in such a way that
lim % = p € (0,00).
n—oo M
Then with probability one
. 1 . 1
nhﬁn;o SmAn <\/ﬁM> =+va and nl;rréo S1 (\/ﬁM) =Vb.
Regarding the assumptions, it can be shown that if M is not centered or does not
have finite fourth moment then lim,,_, s1(M/+/n) is infinite.
When m < n the Bai—Yin theorem can be roughly rephrased as follows

The proof of the Bai—Yin theorem is tedious and is outside the scope of this book.
In the Gaussian case, the result may be deduced from Theorem [£.5.3] It is worthwhile
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to mention that in the Gaussian case, we have the following result due to Gordon:
Vi = v/ < E(sman(M)) < E(s1(M)) < Vi + Vim.

Remark 4.8.2 (Jargon). — The Marchenko—Pastur theorem concerns the
global behavior of the spectrum using the counting probability measure: we say bulk
of the spectrum. The Bai-Yin Theorem[{.8-1] concerns the boundary of the spectrum:
we say edge of the spectrum. When p =1 then the left limit /a =0 acts like a hard
wall forcing single sided fluctuations, and we speak about a hard edge. In contrast,
we have a soft edge at Vb for any p and at \/a for p # 1 in the sense that the
spectrum can fluctuate around the limit at both sides. The asymptotic fluctuation
at the edge depends on the nature of the edge: soft edges give rise to Tracy—Widom
laws, while hard edges give rise to (deformed) exponential laws (depending on K).

4.9. Notes and comments

A proof of the Courant—Fischer variational formulas for the singular values (The-
orem can be found for instance in [HHJ94. theorem 3.1.2] and in |[GVL96|
theorem 8.6.1]. A proof of the interlacing inequalities (Theorem can be found
in [HJ94| theorem 3.3.16] which also provides the multiplicative analogue statement.
A proof of the interlacing inequalities (Theorem can be found in [GVL96|
theorem 8.6.3] or in [HJ94l theorem 3.1.4]. The formula is due to Eckart and
Young [EY39]. Theorem is due to Weyl [Wey49]. The derivation of
using majorization techniques is also due to Weyl, see for instance [HJ94| theo-
rem 3.3.13]. The proof of the Horn inverse theorem (Theorem can be found
in the short paper [Hor54]. It is worthwhile to mention the book [CGO05] on in-
verse eigenvalue problems. Theorem is due to Hoffman and Wielandt [HW53].
Theorem is due to Gelfand [Gel41]. Beyond Gelfand’s result, it was shown
by Yamamoto that limy . s;(AF)Y/*F = |\z(A)| for every A € M,, ,,(K) and every
i € {1,...,n}, see [HJ94, theorem 3.3.1] for a proof. There are plenty of nice theo-
rems on the singular values and on the eigenvalues of deterministic matrices. We refer
to [HJ90, HJ94, Bha97, [Zha02, BS10|. For the numerical aspects such as the
algorithms for the computation of the SVD, we refer to [GVL96]. Theorems m
and connecting the rows distances of a matrix with the norm of its inverse are
due to Rudelson and Vershynin [RV08a] (operator norm) and Tao and Vu [TV10]
(trace norm). The pseudo-spectra are studied by Trefethen and Embree in [TEOQ5].

The SVD is typically used for dimension reduction and for regularization. For
instance, the SVD allows to construct the so-called Moore-Penrose pseudoinverse
[Mo020, [Pen56] of a matrix by replacing the non null singular values by their
inverse while leaving in place the null singular values. Generalized inverses of integral
operators were introduced earlier by Fredholm in [Fre03]. Such generalized inverse of
matrices provide for instance least squares solutions to degenerate systems of linear
equations. A diagonal shift in the SVD is used in the so-called Tikhonov regularization
[Tik43l, [Tar05|] or ridge regression for solving over determined systems of linear
equations. The SVD is at the heart of the so-called principal component analysis
(PCA) technique in applied statistics for multivariate data analysis [Jol02]. The



4.9. NOTES AND COMMENTS 119

partial least squares (PLS) regression technique is also connected to PCA/SVD. In
the last decade, the PCA was used together with the so-called kernel methods in
learning theory. Generalizations of the SVD are used for the regularization of ill
posed inverse problems [BB9§].

The study of the singular values of random matrices takes its roots in the works
of Wishart [Wis28| on the empirical covariance matrices of Gaussian samples, and
in the works of von Neumann and Goldstine in numerical analysis [vING47]. The
singular values of Gaussian random matrices were extensively studied and we refer
to [Jam60, Mui82, [Ede89, [DS01), [ERO05, [HTO03, [Forl0]. A proof of Theorems
and can be found in [Forl0l propositions 3.2.7 and introduction of sec-
tion 3.10]. Theorem is due to Silverstein [Sil85], see also the more recent and
general work of Dumitriu and Edelman [DEO02]. The analogous result for Gaussian
Hermitian matrices (GUE) consists in a unitary tridiagonalization and goes back to
Trotter [Tro84]. The proof of Theorem is taken from Forrester [For10, propo-
sition 3.10.1]. For simplicity, we have skipped the link with Laguerre orthogonal
polynomials, which may be used to represent the determinant in the singular values
distribution, and which play a key role in the asymptotic analysis of the spectral edge.

The Marchenko—Pastur theorem (Theorem or Theorem goes back to
Marchenko and Pastur [MP67]. The modern universal version with minimal mo-
ments assumptions was obtained after a sequence of works including [Gir75] and can
be found in [PS11, BS10]. Most of the proof given in this chapter is taken from
[BS10, Chapter 3]. The argument using the Fréchet—Wasserstein distance is taken
from [BC12]. We have learned Lemma from Bordenave in 2009, who discov-
ered later that it can also be found in |[GLO9]. The Azuma-Hoeffding inequality
of lemma is taken from McDiarmid [McD89]. Beyond lemma m it is well
known that y € P is characterized by its moments (x,),,; if and only if the charac-
teristic function of u is quasi-analytic i.e. characterized by its sequence of derivatives
at the origin, and the celebrated Carleman criterion states that this is the case if
Yon KV;nl/(zn) = 00, see [Fel71] (the odd moments do not appear here: they are con-
trolled by the even moments for instance via Holder’s inequality). An extension of
the Marchenko—Pastur theorem to random matrices with independent row vectors or
column vectors is given in [MPO06] and [PP09]. In the Gaussian case, and follow-
ing Pastur [Pas99], the Marchenko—Pastur theorem can be proved using Gaussian
integration by parts together with the method of moments or the Cauchy—Stieltjes
transform. Still in the Gaussian case, there exists additionally an approach due to
Haagerup and Thorbjgrnsen [HT03], based on Laguerre orthogonal polynomials, and
further developed in [Led04] from a Markovian viewpoint.

The Bai—Yin theorem (Theorem was obtained after a series of works by Bai
and Yin [BY93], see also [BS10]. The non-asymptotic analysis of the singular values
of random matrices is the subject of a recent survey by Vershynin [Ver12].






CHAPTER 5

EMPIRICAL METHODS AND SELECTION OF
CHARACTERS

The purpose of this chapter is to present the connections between two different
topics. The first one concerns the recent subject about reconstruction of signals with
small supports from a small amount of linear measurements, called also compressed
sensing and was presented in Chapter 2] A big amount of work was recently made
to develop some strategy to construct an encoder (to compress a signal) and an as-
sociate decoder (to reconstruct exactly or approximately the original signal). Several
deterministic methods are known but recently, some random methods allowed the
reconstruction of signal with much larger size of support. A lot of ideas are common
with a subject of harmonic analysis, going back to the construction of A(p) sets which
are not A(q) for ¢ > p. This is the second topic that we would like to address, the
problem of selection of characters. The most powerful method was to use a random
selection via the method of selectors. We will discuss about the problem of selecting
a large part of a bounded orthonormal system such that on the vector span of this
family, the Ly and the L, norms are as close as possible. Solving this type of problems
leads to questions about the Fuclidean radius of the intersection of the kernel of a
matrix with the unit ball of a normed space. That is exactly the subject of study of
Gelfand width and Kashin splitting theorem. In all this theory, empirical processes
are essential tools. Numerous results of this theory are at the heart of the proofs and
we will present some of them.

Notations. — We briefly indicate some notations that will be used in this section.
For any p > 1 and t = (t1,...,tx) € RV, we define its £,-norm by

N 1/p
tlp = (Z |ti|p>
i=1

and its L,-norm by

1 N 1/p
el = (N_z;w) .
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For p € (0,1), the definition is still valid but it is not a norm. For p = oo, |t|ec =
[t]oo = max{|t;| : i =1,...,N}. We denote by B)Y the unit ball of the £,-norm in
RY. The radius of a set T C R" is

rad T = sup |t|s.
teT
More generally, if p is a probability measure on a measurable space €2, for any
p > 0 and any measurable function f, we denote its L,-norm and its Lo-norm by

1/p
||fp=</ If”du> and | flloe = sup /.

The sup | f| should be everywhere understand as the essential supremum of the func-
tion |f|. The unit ball of L,(x) is denoted by B, and the unit sphere by S,. If
T C Lo(p) then its radius with respect to Lo(p) is defined by

Rad T = sup ||t||2.
teT

Observe that if 4 is the counting probability measure on RV, B, = N 1 pBZJ)V and for

a subset T C Ly(u), VN Rad T = rad T.

The letters ¢,C are used for numerical constants which do not depend on any
parameter (dimension, size of sparsity, ...). Since the dependence on these parameters
is important in this study, we will always indicate it as precisely as we can. Sometimes,
the value of these numerical constants can change from line to line.

5.1. Selection of characters and the reconstruction property.

Exact and approximate reconstruction.— We start by recalling briefly from
Chapter [2] the ¢;-minimization method to reconstruct any unknown sparse signal
from a small number of linear measurements. Let u € RY (or C) be an unknown
signal. We receive ®u where ® is an n x N matrix with row vectors Y7,...,Y, € RY
(or CV) which means that

Y
o = and Sy = ((Yi,u>)1§i§n
Y,

and we assume that n < N — 1. This linear system to reconstruct « is ill-posed.
However, the main information is that v has a small support in the canonical basis
chosen at the beginning, that is [supp u| < m. We also say that u is m-sparse and we
denote by X, the set of m-sparse vectors. Our aim is to find conditions on ®, m, n
and N such that the following property is satisfied: for every u € ¥,,, the solution of
the problem

in {|t| : Pu = bt 5.1
min {[¢], : Pu } (5.1)
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is unique and equal to u. From Proposition [2.2.11) we know that this property is
equivalent to

Vh € ker @, h # 0,91 C [N],[I| <m, Y [hil <Y |hal.

iel igl

It is also called the null space property. Let C,, be the cone

Con = {h € RY 3T C [N] with |[I| < m,|hre|s < |hr|1}
The null space property is equivalent to ker ® N C,, = {0}. Taking the intersection
with the Euclidean sphere SV ~1, we can say that

“for every signal u € X,,,, the solution of (5.1)) is unique and equal to u”
if and only if
ker®NC,, NSN-1 = (.

Observe that if t € C,,, N SN ~1 then

N
th =D Il =Y [t + D> Il <2)_[t:| <2v/m
i=1

i€l igl i€l
since |I| < m and |t|o = 1. This implies that
Cn NSVt Cc2y/mBN nsN-1
from which we conclude that if
ker ® N 2y/mBN NSVt =

then “for every u € 3,,, the solution of ([5.1) is unique and equal to v”. We can now
restate Proposition as follows.

Proposition 5.1.1. — Denote by radT the radius of a set T with respect to the
Euclidean distance: rad T = sup,cp |t|2. If

1
d(ker® N BY) < p with p < —— 5.2
rad (ke ( BY) < p with p < 5 (5.2)
then “for every u € X,,, the solution of the basis pursuit algorithm (5.1)) is unique
and equal to u”.

It has also been noticed in Chapter [2] Proposition [2.7.3] that it is very stable and
allows approximate reconstruction of vectors close to sparse signals. Indeed by
Proposition m if u* is a solution of the minimization problem (5.1)

Inin {It]1 : Pu = Pt}

and if for some integer m such that 1 <m < N, we have

1
rad (ker® NBY) < p < ——

2ym

then for any set I C {1,..., N} of cardinality less than m

2
|U/’j —u|2 S p‘uﬁ — u|1 S % |’l,LIc|1.
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In particular: if rad (ker ® N BYY) < 1/4y/m then for any subset I of cardinality less
than m,
|uﬁ—u\1 |u1c|1

dym = m

ie. if for all s > 0, |{i, |u;| > s}| < s7P then

|urj —ulp <

Moreover if u € BN

P,00
|uf — uly 1
|uf — uly < < .
Wm T (11 pymi
A problem coming from Harmonic Analysis. — Let u be a probability measure

and let (¢1,...,1¥nN) be an orthonormal system of Lo(), bounded in Ly, (1) i.e. such
that for every i < N, ||¢i]loc < 1. Typically, we consider a system of characters in
Lo(p). It is clear that for any subset I C [IV]

Z a;; Z a;;

i€l i€l

v(ai)iej 5 < < |I|

Z a;Y;

iel

1 2 1

Dvoretzky theorem, as proved by Milman and improved by Gordon, asserts that for
any € € (0,1), there exists a subspace E C span{t,...,%¥y} of dimension dim F =
n = ce2N on which the L; and Ly norms are comparable:

N
V(ai)f.v:l ,if = Zaiwi € E, then(1—¢)r|z|, < |zl £ X +¢e)r ||z,

i=1
where r depends on the dimension N and can be bounded from above and below by
some numerical constants (independent of the dimension N). Observe that F is a
general subspace and the fact that * € F does not say anything about the number of
non zero coordinates. Moreover the constant ¢ which appears in the dependence of
dim F is very small hence this formulation of Dvoretzy’s theorem does not provide a
subspace of say half dimension such that the L norm and the Ly norm are comparable
up to constant factors. This question was solved by Kashin. He proved in fact a very
strong result which is called now a Kashin decomposition: there exists a subspace F
of dimension [N/2] such that V (ai)ﬁvzl,

N
if 2= ahi € B then ||z, < [2ll, < C lla]],
i=1
N
and if y = ) agy; € B then [ly], < yll, < C [lylly
i=1
where C' is a numerical constant. Again the subspaces F and E+ have not any
particular structure, like being coordinate subspaces.

In the setting of Harmonic Analysis, the questions are more related with coordinate
subspaces because the requirement is to find a subset I C {1,..., N} such that the L,
and Lo norms are well comparable on span {1;};cr. Reproving a result of Bourgain,
Talagrand showed that there exists a small constant dg such that for any bounded
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orthonormal system {11, ...,1¥n}, there exists a subset I of cardinality greater than
6oN such that

< C+/log N (loglog N)

2

V(ai)ier, (5.3)

Z a;;

el

Z a;;

iel

1

This is a Dvoretzky type theorem. We will present in Section [5.5] an extension of this
result to a Kashin type setting.

An important observation relates this study with Proposition Let ¥ be the
operator defined on span {t1,...,¢¥n} C La(p) by W(f) = ((f,%:))igr. Because of
the orthogonality condition between the v;’s, the linear span of {¢;,7 € I'} is nothing
else than the kernel of ¥ and inequality is equivalent to

Rad (ker ¥ N By) < Cy/log N (loglog N)

where Rad is the Euclidean radius with respect to the norm on Lo(p) and B is the
unit ball of Li(u). The question is reduced to finding the relations among the size
of I, the dimension N and p; such that Rad (ker U N B;) < p;. This is analogous
to condition in Proposition Just notice that in this situation, we have a
change of normalization because we work in the probability space Lo(p) instead of
o,

The strategy. — We will focus on the condition about the radius of the section of
the unit ball of £V (or B;) with the kernel of some matrices. As noticed in Chapter
the RIP condition implies a control of this radius. Moreover, condition was
deeply studied in the so called Local Theory of Banach Spaces during the seventies
and the eighties and is connected with the study of Gelfand widths. These notions
were presented in Chapter [2] and we recall that the strategy consists in studying the
width of a truncated set T, = T'N pSN~1. Indeed by Proposition d satisfies
condition if p is such that ker ® N7, = (). This observation is summarized in the
following proposition.

Proposition 5.1.2. — Let T be a star body with respect to the origin (i.e. T is a
compact subset T of RN such that for any x € T, the segment [0, ] is contained in
T). Let @ be an n X N matriz with row vectors Yi,...,Y,. Then

. . 2

if yeTrlwr;ngl ;(Yi,w >0, onehas rad(ker®NT) < p.
Proof. — If z € TN pSN~! then |®z|2 > 0 s0 z ¢ ker®. Since T is star shaped,
if y € T and |y|o > p then z = py/|ylo € TN pSV~1 so 2z and y do not belong to
ker . O

Remark 5.1.3. — By a simple compactness argument, the converse of this state-
ment holds true. We can also replace the Euclidean norm |®z|a by any other norm
|®z|| since the hypothesis is just made to ensure that ker® N T N pSN—1 = ().
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The vectors Y7,...,Y, will be chosen at random and we will find the good con-
ditions such that, in average, the key inequality of Proposition holds true. An
important case is when the Y;’s are independent copies of a standard random Gaus-
sian vector in RM. It is a way to prove Theorem with ® being this standard
random Gaussian matrix. However, in the context of Compressed Sensing or Har-
monic Analysis, we are looking for more structured matrices, like Fourier or Walsh
matrices.

5.2. A way to construct a random data compression matrix

The setting is the following. We start with a square N x N orthogonal matrix and
we would like to select n rows of this matrix such that the n x N matrix ® that we
obtain is a good encoder for every m-sparse vectors. In view of Proposition [5.1.1] we
want to find conditions on n, N and m insuring that

1
rad (ker ® N BY) < ——.

( 1 ) 2\/m
The main examples are the discrete Fourier matrix with

1
e = \/—N Wk 1<k 0<N wherew = exp(—2ir/N),

and the Walsh matrix defined by induction: W7 = 1 and for any p > 2,

W L W W
P AN Wl Wy )
21

The matrix W), is an orthogonal matrix of size N = 2P with entries TN In each

case, the column vectors form an orthonormal basis of 3, with ¢ -norm bounded by
1/v/N. We will consider more generally a system of vectors ¢1,..., ¢y such that

(H) (¢1,...,6n) is an orthogonal system of £,
Vi < N, |¢iloo < 1/V/N and |¢;]2 = K where K is a fixed number.

The empirical method. — The first definition of randomness is empirical. Let Y
be the random vector defined by Y = ¢; with probability 1/N, 1 < i < N, and let
Y1,...,Y, be independent copies of Y. We define the random matrix ® by

Y

P = :
Y,
We have the following properties:

N
1 K? K?%n

E(Y,y)? = v Z<¢i;y>2 = W|Z/|§ and E|®y|3 = TM%- (5.4)

=1
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In view of Proposition [5.1.2] we would like to find p such that

n

E inf Y;, y)? > 0.

yeTNpSN—1 ;< ! y>
However it is difficult to study the infimum of an empirical process. We shall prefer
to study

n

K2np?
> (Yiy)? —
(Yi,y) N

i=1

E sup
yeTNpSN -1

that is the supremum of the deviation of the empirical process to its mean (because
of (5.4)). We will focus on the following problem.

Problem 5.2.1. — Find the conditions on p such that

n

> Vi) -
=1

K% np?
N

< 2K2n,02.

E sup S35 N

yeTNpSN-1

Indeed if this inequality is satisfied, there exists a choice of vectors (¥;)1<i<n such
that

- K2 np? 2 K?np?
VyeTnpsN-! Y;, y)? — <z
yeTnp ,i;( 2 Y) N 1S3 N
from which we deduce that
- 1 K2np?
YyeT N—1§ Y, y)2> = )

i=1

Therefore, by Proposition we conclude that rad (ker® NT) < p. Doing this
with 7' = BV, we will conclude by Proposition that if

m< —

= a2
then the matrix ® is a good encoder, that is for every u € ¥,,, the solution of the
basis pursuit algorithm (5.1]) is unique and equal to w.

Remark 5.2.2. — The number 2/3 can be replaced by any real r € (0,1).

The method of selectors. — The second definition of randomness uses the notion
of selectors. Let 6 € (0,1) and let §; be i.i.d. random variables taking the values 1
with probability § and 0 with probability 1 — 4.

We start from an orthogonal matrix with rows ¢1,...,¢n and we select randomly
some rows to construct a matrix ® with row vectors ¢; if §; = 1. The random variables
01,...,0n are called selectors and the number of rows of ®, equal to [{i : ; = 1}|,
will be highly concentrated around 6 N. Problem [5.2.1| can be stated in the following
way:
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Problem 5.2.3. — Find the conditions on p such that

N
B swp [N 6i6ny) - 0K < K7

yeTNpSN-1 175

The same argument as before shows that if this inequality holds for T = B}, there
exists a choice of selectors such that rad (ker® N BY¥) < p and we can conclude as
before that the matrix ® is a good encoder.

These two definitions of randomness are not very different. The empirical method
refers to sampling with replacement while the method of selectors refers to sampling
without replacement.

Before stating the main results, we need some tools from the theory of empirical
processes to solve Problems and Another question is to prove that the
random matrix ® is a good decoder with high probability. We will also present some
concentration inequalities of the supremum of empirical processes around their mean,
that will enable us to get better deviation inequality than the Markov bound.

5.3. Empirical processes

Classical tools. — A lot is known about the supremum of empirical processes and
the connection with Rademacher averages. We refer to chapter 4 of [LT91] for a
detailed description. We recall the important comparison theorem for Rademacher
average.

Theorem 5.3.1. — Let F : RT — RT be an increasing convez function, let h; : R —
R be functions such that |hi(s) — h;(t)| < |s —¢| and h;(0) =0, 1 < i <n. Then for

any separable bounded set T C R™,
1
EF | —sup < EF | sup .
2 ter teT
The proof of this theorem is however beyond the scope of this chapter. We concen-
trate now on the study of the average of the supremum of some empirical processes.

Consider n independent random vectors Y7,...,Y, taking values in a measurable
space ) and F be a class of measurable functions on 2. Define

n

n
Z Eiti

i=1

gihi(ts)
1

=

n

> (f(v) —Ef(Y))

i=1

Z = sup
feF

The situation will be different from Chapter [1| because the control on the v, norm
of f(Y;) is not relevant in our situation. In this case, a classical strategy consists to
“symmetrize” the variable and to introduce Rademacher averages.

Theorem 5.3.2. — Consider n independent random vectors Yi,...,Y, taking val-
ues in a measurable space 2, F be a class of measurable functions and €1, ...,&, be
independent Rademacher random variables, independent of the Y;’s. Denote by E. the
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expectation with respect to these Rademacher random variables. Then the following
inequalities hold:

n

> (f(YV) —Ef(Y7))

=1

Z&f(y

=1

E sup < 2EE. sup ), (5.5)

fer

Esupz |7 (Y:)| < sup ZEL}” )| + 4EE. sup ZSZ (5.6)
fer fer i=1
Moreover
EE. -sup| ) Zsz Ef(Y3)) SQTE;‘QE ;(f(iﬁ)—Ef(Yi))|- (5.7)

Proof. — Let Y{,...,Y, be independent copies of Y1,...,Y,. We replace Ef(Y;)
by E'f(Y/) where E’ denotes the expectation with respect to the random vectors

Y/,..., Y. then by Jensen inequality,

n

Esup |y (f(Yi) —Ef(Y3)

feF i1

< EE’ sup
fer iz

The random variables (f(Y;)—f(Y/))1<i<n are independent and now symmetric, hence
(f(Y:) — f(Y/))1<i<n has the same law as (g;(f(Yi) — f(Y))))1<i<n Where e1,...,¢&,
are independent Rademacher random variables. We deduce that

n

> (F(¥i) = Ef(Y))| < EE'E. sup

i—1 fer

E sup
feF

ZE’L z _f(sz/))‘

i=1

We conclude the proof of (5.5) by using the triangle inequality.

Inequality (5.6)) is a consequence of (5.5) when applying it to |f| instead of f, using
the triangle inequality and Theorem [5.3.1] (in the case F'(z) = x and h;(z) = |z|) to

deduce that

Z€z|f

i=1

E. sup
feF

< 2E; sup
feF

Zfif(y)

For the proof of , we can assume without loss of generality that Ef(Y;) = 0.
We compute the expectation conditionally with respect to the Rademacher random
variables. Let I = I(e) = {i,e; = 1} then

EE. sup ZEZ )| < E.E sup Zf Zf(Y)
fer iz iel i¢l
< E.E sup Zf —l—EEsup Zf
i€l z%[
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However, since for every ¢ < n, Ef(Y;) = 0 we deduce from Jensen inequality that for
any I C {1,...,n}

E sup Zf Esup Zf +2Ef < E sup Zf(Yi)
Fer lier ‘el i¢l fer iz
which ends the proof of (5.7)). O

Another simple fact is the following comparison between the supremum of
Rademacher processes and the supremum of the same Gaussian processes.

Proposition 5.3.83. — Leteq,...,e, be independent Rademacher random variables
and g1, ..,9n be independent Gaussian N(0,1) random variables Then for any set
TCcR”
n
E sup \/7E sup g

Proof. — Indeed, (g1,...,9gn) has the same law as (51|gl|, .. y€n|gn|) and by Jensen

inequality,
T n
=,/ =Esup git;

E.E, sup
teT

n
Z€i|gi|t¢
i=1

> E. sup
teT

n
By eilgilts
=1

O

To conclude, we state without proof an important result about the concentration
of the supremum of empirical processes around its mean. This is why we will focus
on the estimation of the expectation of the supremum of such empirical process.

Theorem 5.3.4. — Considern independent random vectors Y1, ..., Y, and G a class
of measurable functions. Let
n

Z = sup

90| M = suplgllc, V = Esup > gl

gEQZ 1

Then for any t > 0, we have

tM
< ——1 1+ — .
P(|Z-EZ| >1t) Cexp< Vi 0g< + V))

Sometimes, we need a more simple quantity than V' in this concentration inequality.

Proposition 5.3.5. — Consider n independent random vectors Y1,...,Y, and F a
class of measurable functions. Let

Zf (Y)

= sup
feF

, u=sup || flleo, and
feF

v = sup Varf(Y;) + 32uE sup
fEFZ

Zf ~Ef(Yi)|-
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Then for any t > 0, we have
t t
P(|Z-EZ| >t) < Cexp (—c log (1 + u)) .
u v

Proof. — 1t is a typical use of the symmetrization principle. Let G be the set of
functions defined by g(Y) = f(Y) — Ef(Y) where f € F. Using Theorem the
conclusion will follow when estimating

M =sup||g|lec and V = Esung(Yi)Q.
geSG 9€6

It is clear that M < 2u and by the triangle inequality we get

+oup Y (v
9€95

> g(¥i)? — Eg(Yi)

i=1
Using inequality (5.5]), we deduce that

Esup » g(¥i)® < Esup
9€9 geG

n
Zfit?

i=1

> eig(vi)®

i=1

> 9(V;)* —Eg(V;)?
i=1

where T is the random set {t = (¢t1,...,tn) = (9(Y1),...,9(Yn)) : g € G}. Since
T C [~2u,2u]™, the function h(z) = x? is 4u-Lipschitz on T. By Theorem [5.3.1] we
get

< 2EE; sup
9g€eg

= 2EE, sup
teT

E sup
geg

n

< 8uE. sup
teT

E. sup
teT

n
Z Eiti .

i= i=1

Since for 1 <i < n, Eg(Y;) = 0, we deduce from (5.7)) that

> eig(vi)? > 9(vi)

=1 i=1

€it12
1

EE, sup
geg

< 16uEsup
geg

This allows to conclude that

n

V <32uEsup > f(Yi) —Ef(Yi)| + sup Y _ Varf(Y;).
ferli= €Fi=1
This ends the proof of the proposition. O
The expectation of the supremum of some empirical processes. — We go

back to Problem with a definition of randomness given by the empirical method.
The situation is similar if we had worked with the method of selectors. For a star
body 7' C R, we define the class F of functions in the following way:

Therefore

Z =sup | > _(f*(V) EfQ(E))| = sup

feF i—1 yeTNpSN—-1 i—
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Applying the symmetrization procedure to Z (cf (5.5))) and comparing Rademacher
and Gaussian processes, we conclude that

n

2
Y 2 np
> (Y, y) N

i=1

n

ZEi<Yvivy>2

i=1

i=1

< 2EE. sup
yeTNpSN -1

E sup
yeTNpSN—-1

< V27EE, sup

yeTNpSN-1

We will first get a bound for the Rademacher average (or the Gaussian one) and
then we will take the expectation with respect to the Y;’s. Before working with these
difficult processes, we present a result of Rudelson where the supremum is taken on
the unit sphere SV—1.

Theorem 5.3.6. — For any fized vectors 1, ..., x, in RV,

Z 5i<xia y>2

i=1

E. sup
yeSNfl

" 1/2
2
< C'y/logn 1r£iagxnlwilz sup (Z@z»w ) :

yeSN—1 \ ;4

Proof. — Let S : RN — RY be a self-adjoint operator and ();)1<;<n be its eigenval-
ues written in decreasing order. By definition of the Sév norms for ¢ > 1,

N 1/q
Sll22 = ISl = max (] and [|S]sy = (Zw) .

i=1

Assume that the operator S has rank less than n then for i > n+ 1, \; = 0 and we
deduce by Holder inequality that

1Slsy < lISlsy < n'/9)S|lsy <el|Sllsy for g >logn.

By the non-commutative Khinchine inequality of Lust-Piquard and Pisier, we know
that for any operator 11,...,T,,

n n 1/2 n 1/2
E. Z ;. T, < C /g max (Z Ti*Ti> , (Z TT)
i=1 SN i=1 SN i=1 SN
For the proof of the Proposition, we define for every ¢ = 1, ..., n the self-adjoint rank

1 operators
y = (ziy)
in such a way that

n

251’<xi7y>2

=1

n

Z 61'Tl'

=1

sup
yESN71

= sup
ZJESN71

<Z 5iﬂy7 y>
i=1

2—2
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Therefore, T}T; = T;T} = |z;|31; and S = (>, T;‘Ti)l/2 has rank less than n,
hence for g = logn,

n 1/2 n 1/2
(Z T:TZ> <e (Z J,‘ngl) <e max |gjl|2
=1

SN =1 SN

1/2

ZT

Combining these estimates with the non-commutative Khinchine inequality, we con-
clude that for ¢ = logn

n 1/2
< cvioa| (Ymer)
5% = Stban
" 1/2
< Cey/logn max |24 |2 yes;.lly_l <;<xi’y>2> .
O
Remark 5.3.7. — Since the non-commutative Khinchine inequality holds true for

independent Gaussian standard random variables, this result is also valid for Gaussian
random variables.

The proof that we presented here is based on an expression related to some operator
norms and our original question can not be expressed with these tools. The original
proof of Rudelson used the majorizing measure theory. The forthcoming Theorem
is an improvement of this result and it is necessary to give some definitions
from the theory of Banach spaces.

Definition 5.3.8. — A Banach space B is of type 2 if there exists a constant ¢ > 0
such that for every n and every zi,...,z, € B,

n 1/2
2
. (z ol ) |
=1

The smallest constant ¢ > 0 satisfying this statement is called the type 2 constant of
B and is denoted by To(B).

1/2

Classical examples of infinite dimensional Banach spaces of type 2 are Hilbert
spaces and L, space for 2 < ¢ < +oo. Be aware that Theorem [I.2.1] in Chapter []]
does not mean that Ly, has type 2. In fact, it is not the case.

Definition 5.3.9. — A Banach space B has modulus of convezity of power type 2
with constant A if

2
r—y

2
T+y _
wayen [T a2 |53 (Il + lyl?).

1
2
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The modulus of convezity of a Banach space B is defined for e € (0,2] by
(53(6) = inf {1 —

It is obvious that if B has modulus of convexity of power type 2 with constant A
then dp(g) > £2/2A% and it is well known that the reverse holds true (with a constant
different from 2). Moreover, for 1 < p < 2, Clarkson inequality tells that for any

fra|” <

f9 € Ly,
1
< 5 (I£I5 + llgll3)-
‘ 2 |, p 2
This proves that for any p € (1,2], L, has modulus of convexity of power type 2 with
A=cyp—1.

Definition 5.3.10. — A Banach space B has modulus of smoothness of power type
2 with constant p if

rry
2

el = lyll =1 and o — g < }

2 2

pp—1)||f-g
) 2

2
+ 2

2

Tty -y

2 2
The modulus of smoothness of a Banach space B is defined for every T > 0 by

1
Va,y € B, > B (||31”||2 + ||yH2) .

T+TY|+ || —TY
pi(r) = sup { IR =Ty g =1

It is clear that if B has modulus of smoothness of power type 2 with constant u
then for every 7 € (0,1), pp(7) < 272u% and it is well known that the reverse holds
true (with a constant different from 2).

More generally, a Banach space B is said to be uniformly convex if for every ¢ > 0,
0p(e) > 0 and uniformly smooth if lim,_,¢ pp(7)/7 = 0. We have the following simple
relation between these notions.

Proposition 5.3.11. — For every Banach space B, B* being its dual, we have

(i)  For every T > 0, pp«(7) = sup{re/2 — dp(e),0 < e < 2}.

(it) B is uniformly convex if and only if B* is uniformly smooth.

(#it)  For any Banach space B, if B has modulus of convezity of power type 2 with
constant A then B* has modulus of smoothness of power type 2 with constant cA and
T2 (B*) S cA.

Proof. — The proof of (i) is straightforward, using the definition of duality. We have
for 7 > 0,

2pp (1) = sup{|[z* + 7y || + [lz* — ry*|| = 2 [lz"]| = [[y*[| = 1}

= sup{z*(2) + 7y*(2) + 2*(y) — 7y*(y) — 2 [[*]| = |ly*|| = ||lz]| = [lyll = 1}
=sup{z*(z +y) +7y"(x —y) =2 |lz*]| = y*| = [|=]| = [lyl| = 1}
=sup{llz +y| +7llz =yl =2 [[2] =yl = 1}

=sup{llz +yll +7e—2: [z = |yl =L lz —y[ <e,e€(0,2]}

= sup{re — 20p(c) : € € (0,2]}.
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The proof of (ii) follows directly from (). We will just prove (i¢7). If B has modulus
of convexity of power type 2 with constant A then dz(g) > £2/2)A2. By (i) we deduce
that pp« (1) > 720%/4. It implies that for any z*, y* € B*,
2

+ (e\)?

*

where ¢ > 0. We deduce that for u*, v* € B*,

* 2

x*er* 7y*

1
> 5 (=1 + ly*1)

1
Eellew” +v*[[F = 5 (Il + v |2 + [ = o+ o*[2) < oI + ()|l

We conclude by induction that for any integer n and any vectors zj,...,z} € B*,

ié?w? < (eM)? (i IIZBIIIf)
i=1 i=1

which proves that T5(B*) < cA. O

2
E.
*

It is now possible to state without proof one main estimate of the average of the
supremum of empirical processes.

Theorem 5.3.12. — If B is a Banach space with modulus of convexity of power type
2 with constant A then for any integer n and z7i, ...z} € B*,

n n 1/2
B, sup |3 gi(al, )% < X ylogn max [zl suwp (S (e7,)?
Iz <1 |3=7 1sign lzl<1 \i=3
where g1, ..., gn are independent N'(0,1) Gaussian random variables and C is a nu-

merical constant.

The proof of Theorem [5.3.12]is slightly complicated. It involves a specific construc-
tion of majorizing measures and deep results about the duality of covering numbers
(it is where the notion of type is used). We will not present it.

Corollary 5.3.13. — Let B be a Banach space with modulus of convezity of power
type 2 with constant \. Let Yi,...,Y, taking values in B* be independent random
vectors and denote

n

1/2
PPN 112 2 _ 2
K(n,Y) = 2\/;6')\ Vlogn (IE max ||YZ|*) and o° = sup ZE(K,y)

Iyll<1 =

where C is the numerical constant of Theorem|5.3.12. Then we have

E sup |> (Vi,y)> —E(Y;,9)?| < K(n,Y)* + K(n,Y)o.
lyll<1 ;=4
Proof. — Let
Vo =E sup (<Yi,y>2 - E<Yz‘,y>2) .
lvl<1 i
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We start with a symmetrization argument. By (5.5) and Proposition we have

2 n
<2\f EE, sup |Y ¢:(Vi,y)?
™ < 2

i=1
In view of Theorem [5.3.12] observe that the crucial quantity in the estimate is

Z €q Q/M y>2
i=1

Vo <2 EE. sup

llyll<1

SUD||4||<1 (Z?=1<Yi, x)Q)l ’ Indeed, by the triangle inequality,

n

> (Vi y)* —E(Y;,0)?)

i=1

+ sup ZE<K5y>2 = ‘/2+O—Q-

lyll<15;=

n
B sup 3 (¥i0)? <E sup
llell<15255 lyll<1

Therefore, applying Theorem [5.3.12] and Cauchy Schwarz inequality, we get

1/2
2 n
Va €24/ 2O lognE max [[Yill. sup <Z<n,x>2>

llzll<1 \;=1

n 1/2
[2 A5 2 V2 2
<2 ;C)\ Viogn (ElréliaSXRHYi*) E sup E (Y3, )

lzll<1=1

< K(n,Y)(Va+0o2)"%.
We get
Vi —K((n,Y)*Va — K(n,Y)?0? <0
from which it is easy to conclude that
Vo <KnY)(K(n,Y)+ o).
O

Using simpler ideas than for the proof of Theorem we can present a general
result where the assumption that B has a good modulus of convexity is not needed.

Theorem 5.3.14. — Let B be a Banach space and Yy,...,Y, be independent ran-
dom vectors taking values in B*. Let F be a set of functionals on B* with 0 € F.
Denote by dso,r, the random pseudo-metric on F defined for every f, f in F by

We have

n

Esup | (f(¥;)? - Ef(Y;)?)

A =t

< max(cxU,,U?)

where for a numerical constant C,

n 1/2
Uy = C (Br2(F,doon))? and oF = (sup ZEf(KV) :
ferF i—1

We refer to Chapter 3] for the definition of v2(F, dso,n) (see Definition [3.1.3) and
to the same Chapter to learn how to bound the 7, functional. A simple example will
be given in the proof of Theorem [5.4.1
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Proof. — As in the proof of Corollary [5.3.13] we need first to get a bound of

> gt (¥i)?
i=1

Let (Xf)fser be the Gaussian process defined conditionally with respect to the Y;’s,
Xy =" 19.f(Y;)? and indexed by f € F. The pseudo-metric d associated to this
process is given for f, f € F by

E, sup

n

d(f. T = Bol Xy — X712 = 3 (F(¥)? = F(¥)?)?

i=1

Thus we have

fer

1/2
d(f, f) <2 sup (Zf ) doo,n(fa?)-

By definition of the 5 functionals, it follows that for every vectors Yy,...,Y, € B*,

1/2
Zgl < C sup (Zf ) 72(-Fa doo,n)

feF
where C is a umversal constant. We repeat the proof of Corollary [5.3.13} Let

n

> (f(v)? —Ef(v:)?)|.

i=1

E, sup

Vo = Esup
fer

By a symmetrization argument and Cauchy-Schwarz inequality,

1/2
2
V2§2\/>EE bup Zgl ?| < C (Eya(F,doon (Ebupi )
fer

fe}—z 1
< C (Ena(F, doo )’ )”2 (Va +02)"2,

where the last inequality follows from the triangle inequality:

E sup fY)2 <V + 0%,
fEfZ ¥

This shows that V5 satisfies an inequality of degree 2. It is easy to conclude that

Vs < max(o7U,, U2), where U, = C (Eya(F, doon)?)"” .
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5.4. Reconstruction property

We are now able to state one main theorem concerning the reconstruction prop-
erty of a random matrix obtained by taking empirical copies of the rows of a fixed
orthogonal matrix (or by selecting randomly its rows).

Theorem 5.4.1. — Let ¢y,...,6n be an orthogonal system in €5 such that for some
real number K

) 1

VZ S N, |¢z|2 = K and |¢z|oo S ﬁ

LetY be the random vector defined by Y = ¢; with probability 1/N and Yi,...,Y, be
independent copies of Y. If

n

<O K? —————
= log N (logn)3

then with probability greater than
1 — Cyexp(—C3K?n/m)
Y1
the matriz ® = 18 a good reconstruction matriz for sparse signals of size m,

Y,
that is for every u € %,,, the basis pursuit algorithm 1' mi% {It]1 : Pu = Pt}, has
teR

a unique solution equal to u.

Remark 5.4.2. — (i) By definition of m, the probability of this event is always
greater than 1 — Cy exp (—Cg log N(log n)3)

(#4) The same result holds when using the method of selectors.

(#i1) As we already mentioned, this theorem covers the case of a lot of classical systems
like the Fourier system and the Walsh system.

(iv) The result is also valid if the orthogonal system ¢1,..., 0N satisfies the weaker
condition that for all i < N, K1 < |¢;|2 < Ka. In this new statement, K is replaced

Proof. — Observe that E(Y,y)? = K?|y|3/N. We define the class of functions F in
the following way:

F={f,:RY =R, defiined by f,(Y) = (Y,y) : ye BN npSV-'}.

Therefore

n

= su i 2 i 2
Z—feg ;(f(Y) Ef(Yi)7)

- K2%np?
Yviv i .
;( y) N

= sup
yEBNNpSN -1

With the notation of Theorem [5.3.14] we have

K?%np?
N

oF = sup Y E(Yiy)’=

yGB{VﬂpSNfl i=1
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Moreover, since B N pSN-1 c BN,
VQ(B{V N pSNila doo,n) < 72(B{V,doo,n)~

It is well known that the 2 functional is bounded by the Dudley integral (see (3.7))
in Chapter [3):

+oo
Yo(BY ,doo) < C / \/log N(BY . e,dw ) de.
0
Moreover, for 1 < i < n, |Yi|eo < 1/\/N and
2
sup doon(y,¥) = sup max [(Yi,y —7)| <2 max [V|o < —=.
y,FEBN y,geBN 1<i<n 1<i<n VN

Hence, the integral is only computed from 0 to 2/ VN and by the change of variable
t = VN, we deduce that

log N(BYN ,e,d ndsz—/ lo N<BN,,d n) dt.
/0 \/ g ( 1 007) \/N 0 g 1 \/N 0,
From Theorem since for every i < n, |Yi|oo < 1/V/N, we have

% v/logny/log N ,

t
log N (B{V,,doo,n) <
\/ VN Cy/nlog (14—3)

We split the integral into two parts. We have

1/vn 1
/ nlog(1+3)dt—/ log<1+3\/ﬁ>du
0 \ t o\ U
! 3
§/ logn + log () du < C +/logn
0 u
2

1
/ —dt < C'logn,
1vmt

and since

we conclude that

(logn)3 log N
— N
Combining this estimate and with Theorem we get that for some C > 1,

(logn)log N n [(logn)3log N
< )
EZ < Cmax ( N , pK -

We choose p such that

1
(logn)®log N < p K \/n(logn)3log N < @KQan

Y2(BY N pSN T oo n) < 2(BY  doon) < C (5.9)
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which means that p satisfies

(logn)3log N
—

Kp>3C (5.10)

For this choice of p, we conclude that

n

> (Viy)? - Kony?

< LK
=1 N

-3 N

EZ=E sup

yeBNNpSN-1

We use Proposition to get a deviation inequality for the random variable Z.
With the notations of Proposition [5.3.5] we have

1
= )2 < 2 < =
u yeB;tmlfstllgfg§v<¢z,y> < max |dils <
and
v= swp > E((Yiy)?-E¥,)?%)" + 32uEZ
yeBNNpSN-1 4
- CK?*np?> _ CK?np?
< s SRV b <

yEB{VﬂpSNfl i=1

since for every y € B, E(Y,y)* < E(Y,y)?/N. We conclude using Proposition [5.3.5]

2 2
and taking t = %KA’;” , that

2K2 2
IP’(ZZ 3 ]:;p ) < Cexp(—cK?%n p?).

With probability greater than 1 — C exp(—c K2 n p?), we get
- K2np?
)2
> (Yi) N
i=1
from which it is easy to deduce by Proposition that

rad (ker@ﬂB{V) < p.

2 K2np?
< —
-3 N

sup
yeBNNpSN-1

We choose m = 1/4p? and conclude by Proposition that with probability greater
than 1 — C exp(—cK?n/m), the matrix ® is a good reconstruction matrix for sparse
signals of size m, that is for every u € ¥,,, the basis pursuit algorithm has
a unique solution equal to u. The condition on m in Theorem [5.4.1| comes from
(5.10]). O

Remark 5.4.3. — By Proposition[2.7.3, it is clear that the matriz ® shares also the
property of approxzimate reconstruction. It is enough to set m = 1/16p?. Therefore,
if u is any unknown signal and x a solution of

in {[t|;, Pu = Bt},
min {[t]:, Pu = Bt}
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then for any subset I of cardinality less than m,

|£C—U|1 |u1c|1

dym = m

|z —ul2 <

5.5. Random selection of characters within a coordinate subspace

In this part, we consider the problem presented in section We briefly recall
the notations. Let (£2, 1) be a probability space and (1, ...,%y) be an orthogonal
system of Lo(p) bounded in Ly, i.e. such that for every i < N, ||[¢hi]lcc < 1 and
li]l2 = K for a fixed number K. A typical example is a system of characters in
Ls(p) like the Fourier or the Walsh system. For a measurable function f and for
p > 0, we denote its L, norm and its L., norm by

1/p
||fp=</ prdu> and | flloe = sup /.

As before, sup | f| means the essential supremum of | f|. In RY or CV, we may define u

as the counting probability measure so that the L,-norm of a vector z = (z1,...,Zn)
is defined by
1 N 1/p
ol = (N > w) .
=1
In this case, Y and LY coincide and we observe that if (¢1,...,%y) is a bounded

orthogonal system in LY then (¢/1/v/N,...,¥n/v/N) is an orthogonal system of £
such that for every i < N, |);/V/N|so < 1/v/N. Therefore the setting is exactly the
same as in the previous part up to a normalization factor of v/N.

Of course the notation of the radius of a set T" is now adapted to the La(p) Euclidean
structure. The radius of a set T is defined by

RadT = sup ||t]|2.
teT

For any ¢ > 0, we denote by B, the unit ball of L,(p) and by Sy its unit sphere. Our
problem is to find a very large subset I of {1,..., N} such that

Z a;; Z a;;

i€l i€l

V(ai)ier, <p

2

1

with the smallest possible p. As we already said, Talagrand showed that there exists a
small constant §y such that for any bounded orthonormal system {41, ...,9¥n}, there
exists a subset I of cardinality greater than doN such that p < C'y/log N (loglog N).
The proof involves the construction of specific majorizing measures. Moreover, it was
known from Bourgain that the /log N is necessary in the estimate. We will now
explain why the strategy that we developed in the previous part is adapted to this
type of question. We will extend the result of Talagrand to a Kashin type setting,
that is for example to find I of cardinality greater than N/2.
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We start with a simple Proposition concerning some properties of a matrix that
we will later define randomly as in Theorem

Proposition 5.5.1. — Let u be a probability measure and let (¢1,...,¢¥nN) be an or-
thogonal system of La(p) such that for every i < N, ||¢;|l2 = K for a fivzed number K.
Let Y1,...,Y, be a family of vectors taking values in the set of vectors {11,...,UN}.
Yi
Let U be the matriz ¥ = . Then
Y,
(i) ker ¥ = span {{¢1,...,¥n} \{Yi}’o1} = span {4 }icr where I C {1,...,N} has
cardinality greater than N —n.
(i) (ker W)+ = span {titigr-
(i11) For a star body T, if

- nK?p? 1nK?p?
S ;m,y)Q B (5.11)
then Rad (ker ¥ NT) < p.
(iv) If n < 3N/4 and if is satisfied then we also have
Rad ((ker ¥)* NT) < p
Proof. — Since {t1,...,%n} is an orthogonal system, parts (i) and (ii) are obvious.

For the proof of (iii), we first remark that if (5.11)) holds, we get from the lower bound
that for all y € T'N pSo,

n

2 nK?p?
E Y, y)? > - ——
Yo 23—x

i=1

and we deduce as in Proposition that Rad (ker ¥ NT) < p.
For the proof of (iv), we deduce from the upper bound of ([5.11)) that for all y € T'NpSs,

n

N n
Sy = W n)? - S (Vi n? = K23 - S (Vi p)?

i€l i=1 i=1 i=1
4 K2 2 4
> K2 2_§an = K?%)p? (1—3:{)>081ncen<3]\7/4.

This inequality means that for the matrix ¥ defined by with raws {ts,i € I}, for
every y € T'N pSs, we have

inf || Uyl2 > 0.
ot [Wyll2

We conclude as in Proposition that Rad (ker N T) < p and it is obvious that
ker U = (ker ¥)L. O
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The case of LY. — We now present a result concerning the problem of selection
of characters in LY. It is not the most general one but we would like to emphasize
the similarity between its proof and the proof of Theorem [5.4.1

Theorem 5.5.2. — Let (Y1,...,9nN) be an orthogonal system of LY bounded in LY,
i.e. such that for every i < N, ||t)illoo < 1 and ||¢hi]l2 = K for a fized number K.
For any 2 <n < N —1, there exists a subset I C [N] of cardinality greater than N —n
such that for all (a;)cr,

> aith

icl

N
< %\/ ;\/logN(logn)?’/2

2

> ai

icl

1

Proof. — Let Y be the random vector defined by Y = ¢; with probability 1/N and
let Y7,...,Y, be independent copies of Y. Observe that E(Y,y)? = K2||y||3/N and
define

> (Vi) -
i=1
Following the proof of Theorem m (the normalization is different from a factor
V/N), we obtain that if p satisfies

nK2p2
N .

Z = sup
yeEB1NpS2

N (log )? log N
Kp> )Y osn)’log N
n
then
1 nK?p? n K2p?
P(z>- < - .
(—3N>—06Xp<c N)

Therefore there exists a choice of Y1, ..., Y, (in fact it is with probability greater than

1—Cexp(—c %2’?)) such that

Z<)/1a y>2 -
i=1

and if [ is defined by {¢; }ier = {¢1, ..., ¥n}\{Y1,...,Y,} then by Propositionm
(#4i) and (i), we conclude that Rad (span {¢;}ier N B1) < p and |I| > N — n. This
means that for every (a;)er,

nK2p2
N

1 nK?p?
< Z
-3 N

sup
yEB1NpS2

> ai;

iel

<p Zaﬂ/}i

iel

2 1

O

Remark 5.5.3. — Theorem [5.].1] follows easily from Theorem[5.5.2 Indeed, if we
write the inequality with the classical ¢ and ¢5 norms, we get that

> ai > i

i€l i€l

C [log N
Si

K n
2

(logn)®/?

1
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which means that rad (ker ¥ N BYV) < % e N (1ogn)3/2. To conclude, use Proposi-

n
tion [51.1]

The general case of Ly(u). — We can now state a general result about the selection
of characters. It is an extension of (5.3) to the existence of a subset of arbitrary size,
with a slightly worse dependence in loglog N.

Theorem 5.5.4. — Let pu be a probability measure and let (11,...,%N) be an or-
thonormal system of Lo(p) bounded in Lo () i.e.  such that for every i < N,

[¥illc < 1.
For any n < N — 1, there exists a subset I C [N] of cardinality greater than N — n

such that for all (a;)ier,

> ait

icl

< Cy (log)™?

> ait

icl

2 1

where v = ,/%\/logn.

Remark 5.5.5. — (i) If n is proportional to N then ~ (log~)>/? is of the order of
VIog N (loglog N)>/2. However, if n is chosen to be a power of N then v (log~)®/?

is of the order \/% log n(log N)‘r’/2 which is a worse dependence than in Theorem
252

(ii) Exactly as in Theorem we could assume that (11, ...,%N) is an orthogonal
system of Lo such that for every i < N, |[ib;]la = K and ||¢i]lcc < 1 for a fized real
number K.

The second main result is an extension of to a Kashin type decomposition.
Since the method of proof is probabilistic, we are able to find a subset of cardinality
close to N/2 such that on both I and {1,..., N} \ I, the L; and L norms are well
comparable.

Theorem 5.5.6. — With the assumptions of Theorem[5.5.4), if N is an even natural
integer, there exists a subset I C [N] with % — /N < [7] < % + VN such that for
all (a;){L,

‘Z a;;i|l < C+/log N (loglog ]\7)5/2 Zaﬂ/h
el 2 el 1
and
|Zaﬂ/}i < C\/log N (loglog N)*/? ||}~ at);
i¢l 2 i¢l 1

For the proof of both theorems, in order to use Theorem [5.3.12] and its Corollary
[6-3:13] we replace the unit ball By by a ball which has a good modulus of convexity
that is for example B, for 1 < p < 2. We start recalling a classical trick which is
often used to compare L, norms of a measurable function (for example in the theory
of thin sets in Harmonic Analysis).
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Lemma 5.5.7. — Let f be a measurable function on a probability space (2, u). For
1<p<?2,

if Il < Alfll, then |Ifll2 < AT||f]1.

Proof. — This is just an application of Holder inequality. Let 6 € (0,1) such that
1/p=(1—-0)+0/2 that is § = 2(1 — 1/p). By Holder,

11l < A IA15-
Therefore if ||f|l2 < A/ f|l, we deduce that || f]j2 < ATT IFAIE O

Proposition 5.5.8. — Under the assumptions of Theorem the following
holds.

1) For any p € (1,2) and any 2 <n < N — 1 there exists a subset I C {1,...,N}
with |I| > N — n such that for every (a;) € CV,

C
b < b
> aii|| < oz VI/nlogn >_aiti
el 2 el P
2) Moreover, if N is an even natural integer, there exists a subset I C {1,...,N}

with N/2 — /N < |I| < N/2 4 ¢V/'N such that for every a = (a;) € CV,

C
Zaiwi Sm\/]v/nvlog” Zai%
el 2 el P
and
C
| ;aisﬁi vaN/nvlogn ;ai%
i 2 H p

Proof of Theorem and Theorem[5.5.6, — We combine the first part of Proposi-
tion with Lemma Indeed, let v = \/N/n /logn and choose p = 1+1/ log 7.
Using Proposition there is a subset I of cardinality greater than IV —n for which

> ai; > ai;

i€l i€l

V(ai)ier, <Cpv

2

p

where C, = C/(p — 1)*/2. By the choice of p and Lemma

> ai; > ai;

el i€l

<y O/ 2P) 2= 1)/ () < Oy (log)*?

Z a;;

el

2 1 1

The same argument works for the Theorem [5.5.6] using the second part of Propo-

sition [5.5.8] O

It remains to prove Proposition [5.5.8
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Proof. — Let Y be the random vector defined by Y = ; with probability 1/N
and let Y7,...,Y, be independent copies of Y. Observe that for any y € La(u),
E(Y,y)? = |ly|3/N. Let E = span{¢1,...,%n} and for p > 0 let E, be the vector
space F endowed with the norm defined by

_ 1/2
Iyl = lyll; + P~ llyll3
y 5 -

We restrict our study to the vector space E and it is clear that

(B, N pB2) C B, C V2(B, N pBs) (5.12)
where B, is the unit ball of E,. Moreover, by Clarkson inequality, for any f,g € Ly,
2

+
p

2
<
P

(15 + llgll3)-

f+yg 1
2 2

pp—1) || f—g
8 2

It is easy to deduce that F, has modulus of convexity of power type 2 with constant
A such that A=2 = p(p — 1)/8.
Define the random variable

- 2
Z = sup Z(YuW N
1=1

yEBRNpSa

We deduce from (5.12)) that

n

> (Viy)® —EYi,y)?

=1

EZ <E sup

y€BEg,

From (5.12)), we have

o® = sup nlyl3/N < 2np*/N
y€BEg,

and for every i <N, [[¢illz; < V2[|[¢billoc < V2. By Corollary |5.3.13, we get

. 1
> (Yiy)? —E(Yi,1)°| < Cmax (Alologn,pX” . z(irgn) .

i=1

N1 1 np?
if p>Ory 8" then Ez< 2
n 3 N

and using Proposition [5.1.2] we get

E sup
y€Bg,

We conclude that

Rad (ker U N B,) < p
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Y
where U = : . We choose p = C\34/ W and deduce from Proposition |5.5.1

Y
(#i¢) and (i) that for I defined by {u;}icr = {t1,...,¥n} \ {¥1,...,Ys}, we have

Z a;i Z a; i
i€l i€l
This ends the proof of the first part.

For the second part, we add the following observation. By a combinatorial argu-
ment, it is not difficult to prove that if n = [6N] with § = log2 < 3/4, then with
probability greater than 3/4,

N/2—eVN < |I|=N—|{Y1,...,Y,}] < N/2+ VN,
for some absolute constant ¢ > 0. Hence n < 3N/4 and we can also use part (iv) of
Proposition which proves that

Rad (ker W N B,) < p and Rad((ker ¥)* N B,) < p.

Since ker U = span {1; };c; and (ker ¥)+ = span {ti}igr, this ends the proof of the
Proposition. O

v(ai)iGD < 14

2 p

5.6. Notes and comments

For the study of the supremum of an empirical process and the connection with
Rademacher averages, we already referred to chapter 4 of [LT91]. Theorem is
due to Talagrand and can be found in theorem 4.12 in [LT91]. Theorem is often
called a “symmetrization principle”. This strategy was already used by Kahane in
[Kah68]| for studying random series on Banach spaces. It was pushed forward by
Giné and Zinn in [GZ84] for studying limit theorem for empirical processes. The
concentration inequality, Theorem is due to Talagrand [Tal96b]. Several im-
provements and simplifications are known, in particular in the case of independent
identically distributed random variables. We refer to [Rio02, Bou03, Kle02, KR05]
for more precise results. Proposition @ is taken from [Mas00].

Theorem is due to Rudelson [Rud99]. The proof that we presented was sug-
gested by Pisier to Rudelson. It used a refined version of non-commutative Khinchine
inequality that can be found in [LP86, [LPP91l, [Pis98]. Explicit constants for the
non-commutative Khinchine inequality are derived in [Buc01]. There is presently a
more modern way of proving Theorem [5.3.6] using non-commutative Bernstein in-
equalities [Tro12]. However, all the known proofs are based on an expression related
to operator norms and we have seen that in other situations, we need an estimate of
the supremum of some empirical processes which can not be expressed in terms of
operator norms. The original proof of Rudelson [Rud96] uses the majorizing measure
theory. Some improvements of this result are proved in [GRO7] and in [GMPTJO08].
The proof of Theorem can be found in [GMPTJO08| and it is based on the
same type of construction of majorizing measures as in [GRO7] and on deep results
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about the duality of covering numbers [BPSTJ89]. The notions of type and cotype
of a Banach space are important in this study and we refer the interested reader to
[Mau03]. The notions of modulus of convexity and smoothness of a Banach space
are classical and we refer the interested reader to [LT79) [Pis75].

Theorem comes from [GMPTJ07]. It was used to study the problem of
selection of characters like Theorem[5.5.2} As we have seen, the proof is very similar to
the proof of Theorem[5.4.1]and this result is due to Rudelson and Vershynin [RVO08b].
They improved a result due to Candes and Tao [CTO5|] and their strategy was to
study the RIP condition instead of the size of the radius of sections of B{Y. Moreover,
the probabilistic estimate is slightly better than in and was shown to us
by Holger Rauhut [Raul0]. We refer to [Raul0, [FR10] for a deeper presentation
of the problem of compressed sensing and for some other points of view. We refer
also to [K'TO7] where connections between the Compressed Sensing problem and the
problem of estimating the Kolmogorov widhts are discussed and to [KTO07)
for the study of approximate reconstruction.

For the classical study of local theory of Banach spaces, see [MS86] and [Pis89].
Euclidean sections or projections of a convex body are studied in detail in [FLMT7]
and the Kashin decomposition can be found in [Kas77|. About the question of
selection of characters, see the paper of Bourgain where it is proved for
p > 2 the existence of A(p) sets which are not A(r) for r > p. This problem was
related to the theory of majorizing measure in [Tal95]. The existence of a subset
of a bounded orthonormal system satisfying inequality 5.3[) is proved by Talagrand

in [Tal98|]. Theorems and are taken from [GMPTJO08| where it is also

shown that the factor y/log N is necessary in the estimate.




NOTATIONS

The sets of numbers are Q, R, C
For all z € RN and p > 0,
2y = (2?4 fox |7 and [zl = max o
B;)V:{J:ERN s z]p, <13
Scalar product (z,y) and z L y means (z,y) =0
A* = AT is the conjugate transpose of the matrix A
$1(A) = -+ = s,(A) are the singular values of the n x N matrix A where n < N
|All,_,o is the operator norm of A (2 — ¢?)
| Allyg is the Hilbert-Schmidt norm of A
e1,...,en is the canonical basis of R™

2 stands for the equality in distribution

% stands for the convergence in distribution

2 stands for weak convergence of measures

M n(K) are the m x n matrices with entries in K, and M,,(K) = M,, ,,(K)
I is the identity matrix

z Ay =min(z,y) and z Vy = max(z,y)
[N]={1,...,N}

E° is the complement of a subset F

|S| cardinal of the set S

disto(z, F) = infycp |z — yl,

supp « is the subset of non-zero coordinates of x

The vector z is said to be m-sparse if [supp x| < m.
Ym = Um(RY) is the subset of m-sparse vectors of RV
Sp(Em) ={z € RN : |z[, = 1, [supp z| < m}

By(Zpn) = {z € RN : [a], <1, |suppz| < m}

BN o={aeRY : |[{i:|z;]>s} <sPforal s>0}
conv(E) is the convex hull of E

Aff(E) is the affine hull of E
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~ vad(F, ) = sup{Je]| : = € F}
— For arandom variable Z and any « > 1, || Z]|y, = inf {s >0 : Eexp (|Z|/s)" < e}

N
— 0 (T) =Esup,cr > iy giti
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