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Prelude: classical setting [Bobkov—-Ledoux, '97]

If 1o satisfies the Poincaré inequality, i.e. V f: R" — R,
1 2
Var,(f) < XE” |V fl|<,

then V f: R” — R with |Vf| < ¢ < V2,

E, fe' —In(E,e")E, e" = Ent,(ef) < C(c,\)E, |VF|2e .

Implies two-level concentration: ~ f: (R")V — R,

N
MOIVif? < o? 2t
i=1 = ]P)“@)N( f—E,enf > t) < exp(—Cl—2 A )
as B
max |Vif| < 3
1<i<N
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Prelude: classical setting [Bobkov—-Ledoux, '97]

If 1o satisfies the Poincaré inequality, i.e. V f: R" — R,
1 2
Var,(f) < XE” |V fl|<,

then V f: R” — R with |Vf| < c < V2A,

E, fe' —In(E,e")E, e" = Ent,(ef) < C(c,\)E, |VF|2e .

Implies two-level concentration: ~ f: (R")V — R,

N
S IVifP <a? 2t
i=1 = ]P’“®N(]f—E“®Nf| 2t)§2exp(—C1?/\E>
max |V;f| <
1<i<N

Example: n =1, f(x) = fy(x) = (xx + - - - + xn)/VN.
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1
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(4 satisfies the convex Poincaré inequality, i.e. V convex f: R" — R,

1
Var,(f) < 1 Ex |VF2

Goal: V convex or concave f: R"” — R with |Vf| < ¢,
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Convex setting

Standing assumption:

4 satisfies the convex Poincaré inequality, i.e. V convex f: R” — R,

1
Var,(f) < T E, |VF2.

Goal: V convex or concave f: R” — R with |Vf| < ¢,
E;l, fef — |n(EN ef)]EN ef - Ent#(ef) < CE# ’vf|2ef'

@ Implies two-level concentration:

t2 ot
Byen(|f — Eyenf| > t) < 2exp(~C1 5 A 5)
o n=1: Feldheim—Marsiglietti-Nayar-Wang '15+,
Gozlan—Roberto-Samson—-Shu—Tetali '15+.
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Convex setting

Standing assumption:

4 satisfies the convex Poincaré inequality, i.e. V convex f: R” — R,
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Goal: V convex or concave f: R" — R with |Vf| < ¢,
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@ Implies two-level concentration:
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Convex setting

Standing assumption:

4 satisfies the convex Poincaré inequality, i.e. V convex f: R” — R,

2
E,(f — Med, f)* < S EulVAP.

Goal: V convex or concave f: R" — R with |Vf| < ¢,
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V convex or concave f: R" — R with |Vf| < ¢ < V2\/e,

Ent,(ef) < CE, |Vf|?e,

where C = C(\, ¢, n).
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V convex or concave f: R" — R with |Vf| < ¢ < v2\/e,
Ent,(ef) < CE, |Vf|?e,
where C = C(\, ¢, n).

Proof. W.l.o.g. Med,, f = 0; F(t):=E, f2et for t € [0, 1].

1
Ent,(e') <E,fef —ef +1= / tF(t)dt < % max{F(0), F(1)}.
0

F(1) =E, f%e" SE,|Vf|2e. F(0) =E, 2 SE,|Vf|?e’
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f convex or concave, Med, f =0,
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Vil <ec.

f convex or concave, Med, f =0,

F(1) =E, f%ef SE,|Vf|e. F(0) =E, > SE,|Vf|2e .

Proof. X ~ ;K := expectation wrt density |[V£(X)[2/E|Vf(X)|2.

E|VF(X)[2e X = E|VF(X)]2- Ee fX) > E|VF(X)2- o EIF(X)|



f convex or concave, Med,, f =0, |Vf| < c.

F(1) =E, f?’ SE,|Vf]%e’. F(0) =E, > SE, [VFPe’,

Proof. X ~ u; K := expectation wrt density |V £(X)|2/E|Vf(X)[2.
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f convex or concave, Med,, f =0, |Vf| < c.

F(1) =E, f%ef SE,|Vf|e. F(0) =E, > SE,|Vf|2e .

Proof. X ~ u; K := expectation wrt density |V £(X)|2/E|Vf(X)[2.
E|VF(X)Pe X0 = E[VF(X))2 - Be I > B|VF(X)P - e =X

— E|VA(X)]2 < X IE[TF(X)2ef ™)

EIVF(X)PIF(X)| < cEIVFX)IF(X)] < e /E[VF(X)[2\/EF(X)2
< c\/2/AE[VF(X)P?




Vf| < ¢ =small

f convex er—coneave, Med, f =0,

F(1) =E,f%e" SE,|VfPe'. F(0) =E, 2 <E,|Vf|2e .




Vf| < ¢ =small

f convex er—coneave, Med, f =0,

F(1) =E,f%e" SE,|VfPe'. F(0) =E, 2 <E,|Vf|2e .

Proof. X ~ u;

/2 for x > —2
®(f) is convex with median 0, for ®(x) = € orx=Ts
—2/e for x < —2.

?

Ef(X)2e ) <EO(F(X))2 =122 < b2 :=E|VF(X)2e X



F(1) =E,f%e" SE,|VfPe'. F(0) =E, 2 <E,|Vf|2e .

Proof. X ~ u;
xeX/2  for x > —2,

®(f) is convex with median 0, for ®(x) =
—2/e for x < —2.

?

Ef(X)2e ) <EO(F(X))2 =122 < b2 :=E|VF(X)2e X

2
< SEIVAX)P(L+(X)/2)% X1 1(x)> 2

>4

<. < §(b+ca/2)2.



If f: R" — R is convex and 1-Lipschitz, then, for t > 0,

P(f(X) > Med f(X) + t) < 2exp(—C(N)t).
Do we also have

P(F(X) < Med £(X) — t) < 2exp(— C(\)t) ?

Difficulty: for f convex, ef, ff, ... are convex,
but e=f, P, ... are not always convex/concave.



M such that P(|X — EX| < M) > 3/4. If f: R" — R is convex, then

Vo,
)

P(F(X) < Med f(X) — t) < 8exp(—mt

for t > 32ME|V£(X).




M such that P(|X — EX| < M) > 3/4. If f: R" — R is convex, then

Vo,
)

P(F(X) < Med f(X) — t) < 8exp(—mt

for t > 32ME|V£(X).

E|X —EX|?> = S, E|X; — EXj|?> < n/A, so M =2/n/X is OK.



Lower tail — can you do better?

Lemma
M such that P(|X — EX| < M) > 3/4. If f: R” — R is convex, then

P(f(X) < Med f(X) — t) < 8eXp(_16elE|V%t)

for t > 32ME|VF(X)|.

E|X —EX|]? = X0 EIX; —EX;|> < n/\, so M =2,/n/Xis OK.
Proof. W.l.o.g. Med f(X) = 0.

P(f(X) > 0) > 1/2 f(x0) > 0
P(IX — EX| < M) > 3/4 — Jx04 |0 —EX| <M
P(IVF(X)| < 8E|VF(X)|) > 7/8 IVF(x0)| < 8E|VF(X)
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Ixg: f(x0) >0, |xo—EX| <M, |Vf(x)| <8E|VF(X)|



Ixg: f(x0) >0, |xo—EX| <M, |Vf(x)| <8E|VF(X)|

f(x) := f(x0) + (VF(x0), x — x0), x €R"
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Ixg: f(x0) >0, |xo—EX| <M, |Vf(x)| <8E|VF(X)]

f(x) := f(x0) + (VF(x0), x — x0), x €R"
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< P(|1X = x| > t/(8E[VF(X)]))



Ixg: f(x0) >0, |xo—EX| <M, |Vf(x)| <8E|VF(X)|

f(x) := f(x0) + (VF(x0), x — x0), x €R"

P(F(X) < —t) < P((VF(x0), X — x0) < —1)

< P(1X = x| > t/(BE[VF(X))))

IP’(|X — EX| > t/(8E|VF(X)|) — M).



Ixg: f(x0) >0, |xo—EX| <M, |Vf(x)| <8E|VF(X)|

f(x) := f(x0) + (VF(x0), x — x0), x €R"

P(F(X) < —t) < P((VF(x0), X — x0) < —1)

P(1X - xo| > t/(8E|VF(X))))

ININ

IP’(|X — EX| > t/(8E|VF(X)|) — M).

But P(|X — EX| < M) > 3/4 and

P(X —EX| > M+1t) < 8exp(—@t), t>0,



Lower tail — ctd

Ixo:  f(x0) >0, |xo—EX| <M, |Vf(x)| <8E|VF(X)|

?(X) = f(x0) + (VFf(x0),x — x0), x €R"

P(f(X) < —t) <P((Vf(x0), X — x0) < —t)
< P(|X — x| > t/(8E|VF(X)]))

IN

P(IX — EX| > t/(8E[VF(X)[) - M).

But P(|X — EX| < M) >3/4 and

V22X
P(IX —EX| > M+1t) <8exp(—~—-t), t>0,
e

so for t/(16E|Vf|) > 2M,
P(f(X) < —t) <P(IX —EX| > M+ t/(16E|VF(X)|)) < ....
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Assumption: u ~ X satisfies convex Poincaré.

V convex or concave f: R" — R with |Vf| < ¢ < vV2\/e,

Ent,(ef) < CE, |Vf %€,

where C = C(\, ¢, n).

If f: R" — R is convex and 1-Lipschitz, do we have

P(F(X) < Med F(X) — ) < 2exp(—C(\)t) ?




