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Purpose of the talk :

© State a "weak asymptotic freeness theorem” for random matrices
invariant in law by conjugation by permutation matrices and two
criterion to compare with classical "asymptotic freeness”.

@ Application to adjacency of random graphs.
© Idea of the proofs.
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A weak notion of asymptotic
freeness
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The (mean) empirical spectral distribution (e.s.d.) of Ay :

1
£AN = E[N 26)\[]7
where A1,..., Ay are the eigenvalues of Ap.

Thanks to free probability, one can study the possible limiting e.s.d. of
Hermitian matrices of the form

Hy = P(Ay, ..., AL)

where

Q@ P is a fixed *-polynomial (non commutative polynomial in the
matrices and their adjoint)

@ Ai,..., AL are independent random matrices whose eigenvectors are
"sufficiently” uniformly distributed.
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Definition
A family or random matrices Ay = (A;)jecy is unitarily invariant whenever

Ay £ (UA;U*)jey for any unitary matrix U.

Example : G.U.E. matrices, unitary matrices distributed according to the
Haar measure.

Definition
The *-distribution of a family Ay is the map ®a, : P — E[ﬁTrP(AN)] J

If Hy = P(Al, ... ,AL), then

Lo (Q) = E%TrQ(P(Al, L AL) = 0a, (Q(P))

So point wise convergence of ®p, implies convergence in moments of any
Hy = P(A1,...,AL).
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Theorem (Voiculescu (91), Collins and Sniady (04))

A(,\}), . ,ASVL) independent families of random matrices such that

@ each family (except possibly one) is unitarily invariant,

@ each family converges in *-distribution,

© -+ technical condition, say AY) = UAY U* with AY) deterministic.
Then the collection of all families converges in *-distribution :

®(P) := lim E[%TrP(A(,\}),...,Ang))} exists

a N—oo

e e 1 L
and depends only on the limiting *-distributions of ASV), ey As\,).

The families are said to be asymptotically free. Explicit formula for ®(P)
and algorithmes are known for approximations of the limiting e.s.d. of any
Hy = P(AY, ... Al
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Definition
A family or random matrices An = (A;)jey is permutation invariant

whenever Ay £ (UA;U*)jecy for any permutation matrix U.

Example : Adjacency matrices of random graphs whose distribution is
invariant by relabeling of vertices, Wigner matrices, diagonal matrices with
i.i.d. entries.

To understand the limiting distribution of independent permutation
families of random matrices, one needs more than their limiting
*-distribution : if Ay and By are two independent diagonal permutation
invariant matrices, Uy Haar unitary matrix

Lavisy = Lay *xLp, but lim L4 guur = lim La, B |lim Lg
n+Bn N N N—oo n+UnBnUy N—ooo N N—oo N
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Given Ay = (Aj)jcs define a new matrix t(Ap)

Definition (Generalization of *-polynomials)

Let T = (V, E) be a finite connected graph, v : E — J, e : E — {1,*} (so
that for an edge e € E corresponds the matrix Ai((z)) ) and two
distinguished vertices "in” " out” € V. Call graph polynomial the data
t = (T,~,¢,in,out) and define the matrix t(Ap)

(ANG) = Y IT A6, éw)).

¢:V—[N] e=(v,w)€E
@(in)=i,¢(out)=j

Definition (Generalization of the *-distribution)

The distribution of traffics of Ay is the map t — E[LTrt(Ap)].
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(A= > T AGW.ewm).

¢:V—[N] e=(v,w)eE
p(in)=i,¢(out)=j

The distribution of traffics contains the *-distribution

AE(I) AS(?) AE,(:?) R R
(1) 7(2) 7(3) ) :A_(l) XA:(Q) XAS/(S)

in
)
=
=
=
=
[N}
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but also more quantities

A "
[C‘ - IR &E = diag(A(i,1))i=1..n

(where o denotes the entry wise product of matrices)

n

i
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Main general theorem

Theorem (M. 12)

AS\}), . ,A(,\f) independent families of random matrices such that
@ each family (except possibly one) is permutation invariant,
@ each family converges in distribution of traffics,

© + technical condition, say the deccorelation property : for any ¢ and
any ti,...,tp

(AW
IinooIE H —Trt;( H IinOO Trt,(AN )]

Then the collection of all families converges in distribution of traffics and
so in *-distribution )

The families are said to be asymptotically traffic-free. Explicit formula for

®(P) but no hope for a general analytical theory in general
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Two practical criterions

Proposition (Rigidity of freeness)

If Ay and By are asymptotically traffic-free and Ay has the same limiting
distribution of traffics as a unitary invariant random matrix, then Ay and
By are asymptotically free.

Example : if Ay as the same limit as a GUE matrix.

Proposition (Criterion for the lack of freeness)

If Ay and By are asymptotically traffic-free but, with ®p := E[%Tr . ]

N|I_I‘>noo¢/\/[ Pl(AN) ] P2(AN)] ;é N|I_I‘>1’|Oo (DN[Pl(AN)] X <D/\/ [PQ(AN)]

,Jinw Oy [Qu(Bn) o Q(Bn)] # A}TM¢N[01(BN)] X ,Jinoo Oy [Q2(Bn)],

then Ayn and By are not asymptotically free.

v
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Application to random graphs
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Two random undirected graphs with set of vertices [N] = {1,..., N}.

Erd6s-Rényi random graph G(ay) of parameter ayy : each edge is
drawn independently with probability aiy. Denoting A(ayy) its adjacency
matrix, denote

Alan) — andn _dn

M(ay) = , QN = —,
(an) nd—an) VN

Jy = matrix full of ones

When ay ~ a €]0,1], it is a Wigner matrix. Two regimes for the limit of
the e.s.d.

Proposition
Q@ [Wigner] if dy N—> oo then L(a,) converges to the semicircular
— 00
law with radius 2.

@ [Khorunzhy, Shcherbina, Vengerovsky (04)] if dy lim d then Lpj(q,)
converges to a distribution with unbounded support, depending on d
for which few is known (see J. Salez's talk Friday).

.
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Uniform regular random graph G, of parameter dy : chosen uniformly
on the set of simple graphs (no loops nor multiple edges) whose degree of
each vertex is dy € {0,..., N — 1}. Denoting Ag, its adjacency matrix,
denote

_ Ady —andn dy

M, = 7 aN = /7,
W v —an) VN

Jny = matrix full of ones
Proposition
Q@ [McKay (81)] if dy Py d then Ag, converges to the distribution
—00

dy/4(d — 1) — x2
27 (d? — x2) Lxjcava=tdx:

dﬂ'd(X) =

@ [Tran, Vu, Wang (12), Dumitriu, Pal (12)] if dy 00
—00

N — dy N—> oo then My, converges to the semicircular law with
—00

radius 2. )
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What happen from the point of view of free probability ?

Given My = (M, ..., M) independent copies of the normalized
adjacency matrices of the random graphs, are the matrices of My
asymptotically free ? Given Ay a family of deterministic matrices
converging in *-distribution, does My asymptotically free from Ay ?

asymp freeness of My dy — d dy — o0
Erdos — Renyi No Yes
*
Regular Yes Yes

asy. free. of My and Ay dy — d dy — oo

FErdos — Renyi No Yes

*

Regular No Yes

* . in collaboration with S. Péché with a slight assumption on dpy.
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Case dy — d

N—o0

Proposition

Let Gy be a graph and Ay its adjacency matrix. Assume E[degreek] < ag
uniformly in N. Then Ay converges in distribution of traffics if and only if
Gy converges in weak local topology : i.e. choosing uniformly at random a
vertex py of Gy, for any p > 1 the subgraph of Gy consisting of vertices
at distance less than p of py converges.

E-R : converges to the Galton-Watson tree with poisson offspring,
dy-regular graph converges to the d-ary regular tree.
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Moreover, if two adjacency matrices of graphs Ay and By are
asymptotically traffic free, the limit (Ay, By) can be understood thanks to
a "random free product” of the limiting graphs of Ay and By.

(0]

- L
e 3 Al
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Case dy — d

N—o0

Proposition
Let G,(Vl) and G,(V2) be two asymptotically traffic free graphs.
@ If both the limits of the G,(Vl) and G,(V2) are not regular graphs, then
G,(Vl) and G,(Vz) are not asymptotically free.

@ [Woess (86), Cartwright, Soardi (86)] If both the limits of the G,(Vl)
and G,(Vz) are deterministic graphs, then G,(Vl) and G,(VZ) are
asymptotically free.
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Case dy — o
N—o0

Theorem (M., Péché (14))

Let Gy be a random graph on [N] invariant in law by relabeling of its
vertices. Denote dy = E[Z,N:l A(i,j)] the mean degree of any vertex.
Given a finite simple graph T with edges ey, ..., e, denote

ei(Gn) = 1¢,cc, - Assume that

E[f[ (ei(Gn) — dWN)} = % en(T)

i=1

where en(T) = O(dy?). Then My converges to the semicircular law with
radius two and is asymptotically free from copies of itself and deterministic
matrices Ay.

V.
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|
application for the regular graphs

Theorem (M., Péché (14))

Assume dy, N — dy N—> oo and there exists n > 0 such that
— 00

|% —dy — nvVdp| N—> o0o. Then the above estimates holds for the dp
—00
regular graph.

Generalization : for random weighted random graphs Potentially : for
stochastic block models
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ldea of the proofs
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One main tool : the injective trace.
Recall the moment method :

1 5l N
ENTI'Al N Z A1 Il7 12 n(in; Il)
i1yeeeyin=1
Then
1 ..
ENTr A;.. Z IE— Z A1, i2) ... An(in, 1)
weP(n) i1,
kerl 7r

where ker i is the partition such that p ~ q iff i, = iy. Consider the
following graph T = (V, E,~,¢)
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Given T = (V,E,v,¢) and m € P(V) denote T™ the induced labelled
graph

Zg

E,)\,
- 5>
. T I X7
1

EpTr AL A= Y R[T7(An)]
weP(n)

T?T

where

RTA = > T AGGW).6w).
¢ V—)t[N] e=(v,w)eE
injective
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RTA = > T AG ). 6w).
¢ V%t[N] e=(v,w)eE
mjective

By an inclusion /exclusion principle,

Proposition

The convergence in distribution of traffics of Ay is equivalent to the point
wise convergence of T — 78| T(An)].

Example : for a Wigner matrix Ay, one has

7’,(\), [T(AN)] —

N—o0

1 if T is a double tree
0 otherwise
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Definition of traffic-freeness : if A(,\}), e A%) are independent and
permutation invariant, then 73 [T (A(,\}), e ,A%‘))] can be written as a

product of some quantities TN[T(A( ))] times a normalizing constant.
This yields

Definition
Families A(,\}), cee ASVL) are asymptotically traffic free iff

RTAY, . A —

N—oo

{ HT I|m TN[ (A(g))] if T is as below

0 otherwise

Y1 %l &
_ Yo VY3
_ o A
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Example : proof of the criterion of non asymptotic freeness : (A1, A2) and
(Bi, By) asymptotically traffic free. ®y = EﬁTr and assume
¢N(A;),¢N(B,‘) — 0.

N—oo

If (A1, A2) and (B, By) are asymptotically free than
q)N(AlBlAQBQ) N—) 0.
—00

O 4,
@N(AlBlAzBQ) = q>v|: Lb’l Bq :|

A o

= T[ X T2 :| X 7'|: Y Y2 :| = lim CD(Al OAQ) X CD(B] o Bz)
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Thank you for your attention !
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