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CLT for different random matrix ensembles

Let My be an ensemble of random n x n Hermitian or real symmetric
matrices (Wigner matrices, band matrices, sample covariance matrices,
sparse matrices, etc.). Consider the eigenvalues {Aj}; of My

Linear eigenvalue statistics (LES) of the test function h and the
counting function of eigenvalues

Nn[h] = Zh(Ai% Nn[a] = ﬁ{Al < a} = Nn[l(—oo,a]]

The most important question of global regime
o lim B{n~"Nu[n]} = / h(\)dp(\),
Var{My[h]} ~ dy << n? = Var{n='Ny[h]} — 0;
o CLT: vy :=dg "/ (Nn [h] — E{M, [h]}) — Gaussian random variable
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Example of CLT for smooth test function
M, = n_1XX* {Xij}i 1,..n,j=1,..,m — i.i.d., E{Xjk} = 0, E{|Xjk|2} =1
B{Xj} =X4, BE{Xu["} =Xupe, <00, &1 > 0.

Introduce the characteristic functional

®p[x, h] i= B{eXWalhl-EAGRIY

CLT for SCM, |BS:04],|LP:09],[S:11]

Let h have 2 derivatives. Then ®p[x,h] — e /2Vscll a5 m n — oo,
m/n —c¢ > 1.

2 _ o Can
Vsolb] = o2 / / ( > \/ic - (ill - am)(i;zm — )):D\_lj:z)z
K —am -
+ Gt =1 /L (“)md“) ’

where 28 = W, ke =X4—3,ar = (1£0)?, am = 3(at +a_).
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£ matrix models

Distributions in R", depending on the function V and g > 0

P gAML An) = Zo VI [T e YOI T 1y = Mul?,
j=1 i<k

where Z, g[V] (partition function) is the normalizing constant

V(A) > (1 +¢)log(1 + A?).

For g =1,2,4 it is a joint eigenvalues distribution of real symmetric,
hermitian and symplectic matrix models respectively.

E{d)(/\l,...,)\n)} - /¢()\1,...,/\n)pn7ﬁ()\1,...,)\n)d)\l...d)\n
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Characteristic functional
O sl b] =B 1-EA LD} |

Theorem [Jo:98, SK:10] CLT for LES in the one cut case

V is real analytic, o = [a,b], and p is "generic". Then for any
h:R — R with [|h®]|s, |[1]]ee < logn

2
®u,6[h] = exp {;{—/B(ﬁah, h)} (1 n n—lo(y|h(4)||go))
where the "variance operator" D, and the measure v have the form

_ h(A)AA [ B ()XY ()d
(Doh, h) :/<77r2Xc1,/2()\)/ - /\_MM .
Xo(A) = (b= A)(A - a)

il
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CLT for indicators in the case § = 2

Characteristic functional for indicators (8 = 2)

Consider any smooth (having 2 + € derivatives) potential
V >> log |\ + 1|, take A, = [—00,a] and set x, = x7/log!/?n. Then it
is known that

G p(x) = o pln, La,] = det{ 1+ (0 — 1Kqfa] feFNalla)

where
n—1
- Z O™ (1)
$P() = PO ()2, / PO (PO (NN = 5,
Aa

(Knlalf)(\) = / Kn(h, m)()ds,

A,

Ky [a](>‘a :“) = 1Aa(>\)KH()\7 /'L)lAa(/'L)

4
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Theorem (CLT for = 2) [So:00]

A x2
lim log &, g(x) = )

n—o0

Proof.
F(xy) :=log &, 5(x) = Tr log(1 4 (X — 1)Ky[a]) — nx,E{1a,}
X2 X3
= Tr Ku[a](1 = Ku[a]) + ~Tr Ku[a](1 — Kufa] JR(Ku[a])
Ci < R(t) <Cqy tE€E [0, 1]

It is easy to check that

TrKn[a](l—Kn[a]):/A dA/A K2(\, p)dp = 72 logn(1 + o(1))
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CLT for indicators in the case § = 1, n-even

Characteristic functional for indicators (8 = 1)

®y(x) = G plxnlen] = det1/2{1 + (e — 1)Kn[a]}e-XnE{an1Aal}
where
Ra[a(A, 1) = 18, (VKa(X, )14, (1)

2u) = ( S0 Da(d, 1)
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Kernels Sy, Z,, Dy, and ST

n—1
Su(h ) = = 3 U M) (@) (1), n—even
jk=0

T, = (8)(A 1), Dn(A,u)z—a%sn(A,u), ST(A, 5) = Sl A)

(= p) = s = ), )= [ e(h= () de

a

The n x n matrix M® has the form

Mflil):(qp}n)’ezpl((n)), J)k:O’n_l
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Remark

It is known that in the case 8 = 1 the characteristic functional can be
written in the form

dpu(x) = detl/Q{J (e — 1)An[a]}e—an{Nn[1Aa]}

where

(bl =-aall 3= (] o).
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Eigenvalue problem for Ky[a] (3 =1)

Sufa, + Duga, = Efa, (1)
Infp, — efa, + Sy 8a, = Efa,

Iana + SEgAa = Eéan + (an, \Ua)
IHan = Ean + SEgAa = EgAa

= Ega, = (E — 1)(efa,) — (fa,, Va)

Multiply the first line of (1) by E and use the above equation for Ega, .
Since

Dn(efa,)(A) = Sufa, (A) = Sa(A, a)(efa, )(a)

= (2E — 1)Sufa, — E*a, + EPfa, — Pofa, =0
Hence the solutions {Ey} of (1) are solutions of the equation

P(E) = det{E2 — (2E - 1)S, — EP; + PQ} —0

y
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It is evident that P(E) is the polynomial of 2nth degree, and Ey are the
roots of P(E). We are interested in

2n 2n
[T+ 6uEx) =02 T (00" + E) = 62°P(=4, 1),
k=1 k=1

where 0, := ¢* — 1. Thus we obtain
ép(x) :e’X“E{NHDAa]}detl/Q{l + (204 4 62)Sy + 0,Py + 5§PQ}
But it was proven before (see [S:12]) that

SH()‘7 :u) = Kn(>‘7 :U’) + Z der(lk)()‘a ,LL), ’dk| < Ce_kc
k

rank Ql(lk) =1.
Hence, finally we get

$u(x) = e_"“E{Nn[lAa]}detl/Q{l + (200 + 5§)Kn}(1 +0(6,))

_ e*XHE{Nn[lAa]}detl/Q{l + (&P — 1)Kn}(1 +O(6n))
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Then
log &, (x) =log det1/2{1 4 (e 1)Kn} — xuE{NA[IAL]} + o(1)

:%Tr log(1 + (€2 — 1)Kp) — xaE{Na[1a.]} + o(1)

Similarly to the case 8 = 2 we have

1
§Tr log(1 + (e — 1)Kyp) =x,E{Na[la,]} + x2Tr Ky (1 — Ky)

n (2Xn)3

Tr Kp(1 — Kp)R(Ky[a])
From the case 8 = 2, we know that

Tr Ky(1 — Ky) = 7 2logn (1 +o(1))
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Finally we obtain the theorem

Theorem 1 (CLT for indicators with 5 = 1 and n-even)|S:15]
If V is a analytic potential V(A >> log(1 + A?), then

log ®,(x) = x% + O(x*log~™'/%n)

Theorem 2 (CLT for indicators with 5 = 4 and n-even)

Assuming the same conditions on V, we have

log &, (x) = x?/8 + O(x* log~"/? n)
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