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Anisotropic matrix:

case 1:
Y  =TX

where T is deterministic matrix and X isi.i.d random matrix such

case 2:
Y =X+ A

where A is deterministic symmetric matrix and X is a Wigner
random matrix.



Asymptotically close

We say that {un}52 4 is asymptotic close to {vp}>2 , n — oo if

2. for any sequence of fixed dimensional subspace

{Sn CRIm: dim(Sn) = k}oo

n=1

we have

i (wly) 1 (vly) =0

for any continuous bounded function f: RF — R.



Isotropic matrix:

Wigner matrix: Let Wy be a n xn Wigner matrix and u; ,, be the
normalized k-th eigenvector of W,,. For sequence k, € [[1,n]]

Edge case: k, = o(n), [Knowles, Y, 2010] Green’s function com-
parison method.

Bulk case: [Yau, Bourgade, 2014] Moment flow method.

Note: the "limit" is independent of the entry-distribution of W,,.



Isotropic "limit"

For Wigner matrix, any eigenvector is asymptotically close to
vy, ~ N(O, Ip,)
which is orthogonal transform invariant, i.e,
vn ~ Ovp
It is easy to understand this result in the Gaussian case, since

WS ~ o*wCo



I.i.d matrix X, ,xn :

Recall: non-zero singular values of X are non-zero eigenvalues
of XX* and X*X.

Non-zero-left-singular vectors of X are eigenvectors of X X™* whose
eigenvalues are not zero.

Non-zero-right-singular vectors of X are eigenvectors of X*X
whose eigenvalues are not zero.

Let uy be the k-th non-zero-left-singular vector of X,,,xn, l0Ogm ~
logn. For sequence kp

Let u,, be the k-th non-zero-right-singular vector of Xy, xn,
logm ~ logn.



Singular vector of anisotropic matrix:

Let Y, xn = T°X, where T is m X m deterministic matrix and X
is i.i.d. (m x n) random matrix such that EX;; = 0. We assume
logm ~ logn.

Let u, , be the k-th right singular vector of Yy, xn.

Let ug, be the k-th left singular vector of Y, xn.

vm — N|O m/n L ]
mUkn’ Vn v 3
" Ykn,n 1+ m(fYkn,n)lle

where A, is the singular value w.r.t. u ,, and ~ , is its
classical location. And

T2

T m@pe 20

m(z) €eC:m(z) 1= —x+ %Tr

[Knowles, Y, 2014]



T
1+ m('ykn,n)|T|2

m/n

)

Imm(x) >0

vmug, , — vp ~ N (O, o~
n,n

1 1 T
m(xz) € C: m(x) :_$+5Tr1+m(:c)|T|2’

Note: the "limit" only depends on TT™.

Note: SinceT = UDV, one only need to study the singular vector
D

of Y =DV X.
2
1+ m('ykn,n)|D|2 )

where the covariance matrix is diagonal, as people believed.

m/n

\/mu;cmn — vp ~ N[O,
Vkn,n



Let YV,xn = X + A, where A is n X n deterministic symmetric
matrix and X is a Wigner matrix such that EX;; = O, ]EX% = 1/n.

Let u,, be the k-th eigen-vector of Yiyxn.

m('ykn,n)_l )
Mm(Ve,n) T A= Yipm

vnug, , — vp ~ N <O,

where

m(z) € C - m(z) = %Tr(—m(az) FA-2)1 Imm(z) >0

[Knowles, Y, 2014]



Universality:

For Y = TX, the asymptotic behavior of singular-vectors are
independent of

1. The distribution of entries of X,
2. The right singular vector of T, i.e., only depends on TT™*.
(Actually it depends on left singular vector in a very trivial way)

To understand this universality phenomenon, we developed a new
comparison method: self-consistent comparison method.
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Old: Lindeberg comparison method

——

For comparing two m X n random matrices X;; and X,;, one
constructs mn + 1 new matrices y k], First, define an order for
entries:

For example: We say (4,7) is the ¢(i,7)-th entry, with ¢(¢,5) =
1 Xn—+7.
Random matrices Y!*! are defined as: the "first" k entries of Y]

have the same distribution as Entries of X, the others have the
same distribution as those of X.

Advantage: The difference between Y!¥l and YI¥t1l is just one
entry.

F(X) - F(X) =Y (Pl — pyletily)
k
Perturbation theory
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Disadvantage:

1. The local law (or some prior bound) of Y%l are needed for
this method, i.e., one need to use other methods to derive the
local law for Y!#! first.

2. The distance between Y!¥] and YI¥t+1l can not be arbitrary
small.

We need a continuous self consistent version of comparison
method.
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Self consistent comparison method

Suppose there are two collections X9 = (XP);c7 and X! =
(X1)iey of random variables indexed by some finite set J. We
need to estimate

EF(X1) — EF(X9)
For example: we can derive large derivation bound by choosing

P(X) = (P72 32 X))
i€J
We construct a continuous family (XQ)QE[O,” such that
X) ~ X+ (1= xDXP

where x¢ are i.i.d r.v. such that P(x? = 1) =6 and P(x! = 0) =
1—6. Xf has probability & to have the same distribution as Xz-l,
otherwise it has distribution of XP.

pr — O'OXZ-l + (1 — 9>szo
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With
x¢ ~ x4+ (1 - x)HX?

we have
EF(X1) — EF(X0) = /%EF(XQ)dH
— /Z (EF(X%41) ~EF(X%"0)) do
1€]
where

x?%41 is defined as X? except X! ~ x1

7 )

0

X940 is defined as X7 except X 40 X9

With Taylor’s expansion, we can replace EF(X%41), EF(Xx%%0)
back to EF(XY).
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We have an identity of the form
o 0 o \" 0
FEFOY = ¥ K TE(,5,) FXO), (1)
00 n=1 1€J oXy

1
where the constant K, depends only on the first n moments of
X9 and X1, K,, = 0 if the first n moments of X! and X° match.

Note: it is self-consistent in the sense that the right-hand side
depends on the quantities to be estimated.

It is level-1: only X? appears on both sides.
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Simple Example:
Let’'s prove CLT by choosing F(X) := f(|CJ|—1/2 ZiegXi).

Suppose EX! =EX? =0 and E|X}2 =E|X?]2=1.

0 o \"
1<n<C (ASN| )

1

= ) KnZE<%> F(X? + error

3<n<C 1eJ 1

0x9

1

n
Since ( 0 ) F(X? = 0O(|3)~"/2, so we obtain that

0 0y _
SSEF(X0) = o(1)

which implies that

EF(X1) = EF(X?) 4+ o(1)
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Recall

0 6 " 6
—EF(X") = ) KnZE< ) F(X"), (3)
o0 =1 o \oxY?

1. E(8X9> F(XY) typically decays rapidly with increasing n — as

is already apparent in the simple case F(X) := (|J|—1/2 > ieq Xi>p
for p € 2N

2. We introduce a family of functions (Fo(X)),eca that

%EFQ(XQ) CsupEFB(XH) + (small error terms), (4)
BeA

It is level-2: only (Fa(X)),ea appears on both sides.

All previous proofs with Lindeberg comparison method can be
replaced with this new comparison method.
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Application on random matrix: local anisotropic law

For anisotropic law: We choose
Fy(X) 1= (v, (G(X) — M) v)*
and A=1{v,e;;1 <i< M}.

2IEFOé(XH) < C'sup ]EFB(XQ) + (small error terms), (5)
00 BeA

Since we can bound

EFV(XGaussian)

with the method mentioned in Knowles’s talk, we can use self-
consistent comparison method to bound EFy(X) for general X.
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Comparison between YO =70X and Y1 = T1Xx.

Let 79 T1 be m x m’/ deterministic matrices and X be m/ x n
i.i.d. matrix.

YO = Z(To e;) X5, Y= Z(Tl - €5) X
1) ]
Here e;; is m' x n matrix with all zero entries except that (4, )
entry equals to 1.

yl=3% <X§j(T1 e )X+ (1 —x) (@0 ez’j)Xz'j)
]
where X?j are i.i.d r.v. such that P(X,?j = 1) =6 and IP’(X% =0) =
1—0.
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Self consistent equation for YO = 70X and Y1 = T1Xx.

g%EP(yﬁ) (6)
= ¥ s XE((7°) (57) - (72) (257) ) P00,
n,m>1

(7)
where Kpm only depends on the first n +m moment of X's
entries.

Pl = (AT vy)
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Application on random matrix: singular vector
Using moment flow, we can derive the distribution of singular
vector of

TX +VtXC = (T,VtD(X,XDT, t>min(m,n) 1T¢

Suppose T > 0, with the new comparison method, we know the
distribution of singular vector of

TX = (T,0)(X, XY, TP =T+t

Note: [[(T,vtI) — (T,0)| is very small.

AN

The general T case can be derived similarly with some linear
algebra argument.
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Moment flow method
First used by Bourgade and Yau for Wigner matrix.

The basic idea is with extended Dyson Brownian motion, one
can derive a dynamic equation about

FE020m = O (g (0, v) " (g (0, v) 72 (uy, (8), v

where u,(t) is the k-the eigenvector of W 4+ vtW©&.

2a9o >2am

With maximum principle:
F.(t) ;= max max forr2rim €N
CL( ) Ziai:a klekm f]{jll{}ka a
0 Fa(t) < —N1/3(Fa(t) — 1)

Then Fo(t) < 1+ 0(1) for t > N—1/3. Similarly with minimum
principle, one obtains that

[ =140(1), t>»N~13
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For anisotropic matrices,

a1a2:--am a1a2:-am a1ao--am o
fk‘]_k'Q---k'm 7 1, fkle‘”km = k1 ko kem (deterministic)

2p
o a1ap--a a1an--a
Fa(t) := Z Z (fklekﬂT - gkle...kZ) , peEN
Zia”i:a k1ko---km
Goal:

8, Fa(t) < —N1/3F,(t)

Unfortunately ggiggg;f in F; can not be deterministic, since there

is a singular term in 0;F,(¢t),

Ik1kskm gklkg-"k?/n
Akyy — )\k;n
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So we define

GeLpZ e = g2 (A Mg+ > M)
which solve the issue of the following singular term
gRlp i — g2
Ay — Ak;n

Then differential equation becomes stochastic differential equa-
tion.

O Fa(t) < —N1/3”fa(t) + error term + O(1)dB

Advantage: The limit of f,g’llg;,?g"(t) is allowed to depend on
kiko---km and aqas---am.

Further applications will appear in future work.
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Thank you
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