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• N−



X := C Cn

E(z1, ., , , zN) := −
∑

1≤i,j≤N

log |zi − zj|2

E(z1, ., , , zN).

E(z1, ., , , zN)

• N− C

• g(z, w) := log |z−w|
∆



Cn

MA

MA(φ) := det(∂∂̄φ), ∂∂̄φ :=

(
∂2φ

∂zi∂z̄i

)

•

• g(z) := log |z|2,

MA(g) = cnδ0



E(N)(z1, ., , , zN) := −
1

N − 1

∑

1≤i,j≤N

log |zi − zj|2

• C
T > 0

(T → ∞),



•
X := Cn

•
X



X := Cn

• Vk := { pk(z) Cn ≤ k}

• Nk ∼ kn

Dk(z1, z2, ...zNk
)

Dk(z1, z2, ...zNk
) := det

1≤i,j≤Nk

(pi(zj))

pi Vk.

E(Nk)(z1, ..., zNk
) := −

1

k
log |Dk(z1, z2, ...zNk

)|2

XNk,



φ0(z) X := Cn

E
(Nk)
φ0

(z1, ..., zNk
) := E(Nk)(z1, ..., zNk

) +
Nk∑

i=1

φ0(zi)

β

XNk :

µ
(Nk)
β :=

e
−βE

(Nk)
φ0

(z1,...,zNk
)
dV ⊗Nk,

ZN,k[φ0]

dV X



µ
(N)
β :=

e−βE(N)(x1,...,xN)dV ⊗N

ZN

E(N)(x1, ..., xN)

T := 1/β.

•
N

β := lim
N→∞

βN ∈ [0,∞]

• β = ∞



• µ
(N)
β

E(N)(x1, ..., xN) N



µ
(Nk)
βk

:=

∣∣∣Dk(z1, z2, ...zNk
)
∣∣∣
2
βk
k dV ⊗Nk,

ZN,k[φ0]
, β := lim

k→∞
βk ∈ [0,∞]

• βk = k ( =⇒ β = ∞)

Nk− Vk)

• n = 1 βk ∼ k ( =⇒ β = ∞)

C T = 1/∞



n = 1 X = C) Dk(z1, z2, ...zNk
)

• Dk(z1, z2, ...zNk
) ≤ k

• zi = zj (i, j)

X = C

Dk(z1, z2, ...zNk
) =

∏

1≤i,j≤k

(zi − zj)

Nk = k +1,

E(N)(z1, ., , , zN) := −
1

N − 1

∑

1≤i,j≤N

log |zi − zj|2



∣∣∣Dk(z1, z2, ...zNk
)
∣∣∣ , zi

K ⊂ Cn

K k

• E(N)(z1, ., , , zN)

•

β ≈ ∞)



Dk(z1, z2, ...zNk
)
N

• Cn

Vk

• FA := ∂∂̄φ0
k

• z1, ..., zNk
|Dk(z1, z2, ...zNk

)|2kφ0



µ
(Nk)
β

X := Cn XNk)

•

δN :=
1

N

N∑

i=1

δzi

• N → ∞ δN
µβ.



• δN



 1

Nk

∑

i

δxi ∈ Bε(µ)



 ∼ e−NβNFβ(µ), Fβ = E +
1

β
H



φ0(z) X := Cn

δN
β) βNk

k

Fβ(µ) = Eφ0(µ) +
1

β
H(µ),

• E(µ) µ

φ0

• H(µ) µ dV



Eφ0(µ) = E(µ) +

ˆ
φ0µ,

E(µ) C



Fβ µβ

MA :

MA(φ) := det(∂∂̄φ), ∂∂̄φ :=

(
∂2φ

∂zi∂z̄i

)

φ

• φ Cn ∞
∂∂̄φ ≥ 0



µβ = MA(φβ)dV,

φβ
Cn :

MA(φβ) = eβ(φβ−φ0)

• β → ∞ φβ → φ∞,

MA−

µ∞ = MA(φ∞) = 1DMA(φ0)dV,

D Cn φ0



(β = 1)

Cn X

β = 1

X φ0)

N → ∞,

1

N

N∑

i=1

δxi → dVKE

dVKE

gKE X.

• gKE



gKE g

g = −g

g

X.



(X, dV )

E(N) ”N−
XN

XN

µ
(N)
βN

:=
e−βNE(N)

dV ⊗N

ZN

βN



δN

µ
(N)
βN

:=
e−βNE(N)

dV ⊗N

ZN

βN →
∞ E(µ) βNN,



 1

Nk

∑

i

δxi ∈ Bε(µ)



 ∼ e−NβNE(µ)

β > 0?



β > ∞

Fβ(µ) = E(µ) +HdV (µ)/β

HdV (µ) µ µ0

• β > 0 E(N)(x1, ..., xN)



βN → ∞,

e−βNE(N)
dV ⊗N

E(µ).

∆x1E
(N)(x1, ..., xN) ≤ C

β > 0 Fβ =

E +HdV /β

• E Fβ

µβ β ≥ 0



E(µ)

− lim
N→∞

1

NβN
logZN,βN

[φ] = E(φ),

E(φ)
E)

•

lim
N→∞

1

NβN
inf
XN



E(N)(x1, ..., xN) +
N∑

i=1

φ(xi)



 = E(φ)



• E(φ)



X = Cn,

−E
(Nk)
φ0

(z1, ..., zNk
) :=

1

k
log |Dk(z1, z2, ...zNk

)|2 − φ0(z1) + ...

Dk

• ∆x1(−E
(Nk)
φ0

) ≥ −C ∆ log |p|2 ≥
0 p(z) Cn.

• βNk
= k =⇒ β = ∞)

µ
(N)
βN

:=
∣∣∣Dkφ0(z1, z2, ...zNk

)
∣∣∣
2
/ZN



L2−

• β > 0



(β = ∞)

•

•

•



•



β < ∞

•



δN := 1
N

∑N
i=1 δxi

δN : XN → P(X), (x1, ., , , xN) ,→
1

N

N∑

i=1

δxi

XN P(X)

ΓN := (δN)∗(µ(N))

P(X).

µX
N → ∞,

ΓN → δµX



P(X) ΓN NβN

ΓN ∼ e−NβNF (µ)[Dµ]



lim
ε→0

lim
N→∞

1

NβN
logΓN(Bε(µ)) = −F (µ)

Bε(µ) (P(X), d), d

X



− lim
N→∞

1

NβN
log

ˆ
Bε(µ)

e−βNE(N)
dV ⊗N = E(µ) +

1

β
HdV (µ)

δN Bε(µ) ⊂ P(X)

XN



• dW2

P(X)

•

δN : (
XN, (g/N)⊗N

ΣN
) → (P(X), dW2

)

g X)

•
XN.



X(N) := XN/ΣN

g(N)

g/N X :

”f(x1, ...., xN) . eNε

´
Bε(x1,....,xN) fdVg

Bε(x1, ...., xN)
”

f ≥ 0 ∆f ≥ −λf f = e−βE)

• Fβ

• eεN



−κ XN

X(N) g(N) := (g/N)⊗N

g(N) ≥ − (Nκ) g(N)

C N)

g(N) ≥ −C
(
dim(XN)− 1

)
g(N)

(XN, g(N)).



•
X(N) XN ΣN−

•
X(N)



•

•




