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Uniform case

Binomial model
K := convex body of R

(Xk,k e N*):= independent and uniformly distributed in K

K, = Conv(Xy, -, Xp), n>1

Kso, K ball Kso, K square
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K := convex body of R
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Uniform case

Poisson model
K := convex body of R

Px, A>0:= Poisson point process of intensity measure Adx

Ky := Conv(Py\ N K)

Ks00, K ball Ks00, K square



Gaussian case

Poisson model

pd(x) = Grame P2 x eRY, az2

P, A>o0:= Poisson point process of intensity measure Apgq(x)dx

Ky := Conv(Py)

K100 Ksoo



Considered functionals

» fi(-): number of k-dimensional faces, 1 < k <d
» Vol(-): volume, Vy_1(+): half-area of the boundary
» Vi(:): k-th intrinsic volume, 1 <k <d

The functionals Vj are defined through Steiner formula:

d
Vol(K+B(0, r)) Z “ka_kVi(K),  where kg := Vol(B9)

d=2 A(K+B(0,r)) = AK) + P(K)r+mr?



Expectation asymptotics

- ]EVol(K,,l))

B. Efron’s relation (1965) Efy(K,)=n (1 Vol(K)

d—1

Uniform case, K smooth  E[fi(K))] N KETds NaT
—00

ks := Gaussian curvature of 0K

Uniform case, K polytope E[fc(K))] L () log?=1(\)
—00

F(K) := number of flags of K

d—1

Gaussian polytope E[fi(Kx)] ~ o log 2 (N)

A—00

A. Rényi & R. Sulanke (1963), H. Raynaud (1970), R. Schneider & J. Wieacker (1978), F. Affentranger & R. Schneider (1992)
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Main results: variance asymptotics
Uniform case, K smooth
Gaussian polytopes
Uniform case, K simple polytope



Uniform case, K smooth: state of the art

» Identities relating higher moments

C. Buchta (2005): J
-1
AT < Varlfo(Ky)]

» Number of faces and volume

M. Reitzner (2005):
d-1 d-1
cAdt < Var[fk(KA)] < CAd

» Intrinsic volumes

I. Barany, F. Fodor & V. Vigh (2009):
_d+3 _d+3
cA” a1 < Var[Vi(K))] < CA™d

» Central limit theorems

M. Reitzner (2005):

fi(Kx) — Elfi (K))] L dx
Valh(o)] t] Ao / o Vo




Uniform case, K smooth: limiting variances

K := convex body of RY with volume 1 and with a C3 boundary

k := Gaussian curvature of 9K

lim A~(@=D/ D yar[f(Ky)] = ck7d/ K(z)Y @) gz
0K

A—00

lim AT/ @D Var [Vol(Ky)] = ¢ / k(z)Y (@) gz
oK

A—00

(ck,d, ¢y explicit positive constants)

Remarks.
» Similar results for the binomial model

» Case of the ball: similar results for Vi (K)), functional central
limit theorem for the defect volume



Gaussian polytopes: state of the art

» Number of faces

D. Hug & M. Reitzner (2005), |. Barany & V. Vu (2007):
clogdg (n) < Var[f(K,)] < CIong(n)

» Volume

I. Barany & V. Vu (2007):
clog 2 (n) < Var[Vol(K,)] < Clog¥(n)

» Central limit theorems

I. Barany & V. Vu (2007)

» Intrinsic volumes

D. Hug & M. Reitzner (2005):

Var[Vk(Kn)] < Clog%(n)



Gaussian polytopes: limiting variances

lim log™“2" (\)Var[fi(Ky)] = ca.x € (0,00)

n—o0

lim log ™%+ 3> (\)Var[Vi(Ky)] = .4 € (0,00)

n—o0

_ klog(log A)

1 —_
cx " log PNEIVA(K] = 1 4log A

Remarks.
» Similar results for the binomial model

» Functional CLT for the defect volume

+ O((log™* (V)



Uniform case, K polytope: state of the art

» Number of faces and volume

I. Barany & M. Reitzner (2010)

ca ik F(K)log? ™t (\) < Var[fi(Ky)] < cg (F(K)*log?'(A)

log?=*(\
T() < Var[Vol(K))] < c&kF(K)

log?=*(\
Cd7kF(K) 3T()

» Central limit theorems

I. Barany & M. Reitzner (2010b)



Uniform case, K simple polytope: limiting variances

K := simple polytope of RY with volume 1

lim log= (=D (\)Var[fi(K)\)] = caxfo(K)
A—00

lim A2 log~ (@1 (X\)Var[Vol(K))] = ¢k fo(K)
A—00 ’
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Case of the ball: sketch of proof and scaling limit
Calculation of the variance of f(K})
Scaling transform
Dual characterization of extreme points
Action of the scaling transform



Calculation of the expectation of f(K))
» Decomposition:

XEPx

E[f(K\)] =E {fopx

717 k-face containing x  if x extreme

$6Pa) = { 0 if not

» Mecke-Slivnyak formula

E[fi(Ky)] = A /B Efgx Py U x))]dx



Calculation of the variance of f,(K))

Var[fk(KA)]

—E [Z EP)+ D PP | — (EBIA(KN))?
XEP XAyEPX

= A/Bd E[¢2(x, Pa U {x})]dx
+2 //(Bd)z E[§(x, PaU {x,y}E(y, Pa U {x, y})ldxdy
=02 [ Blee Py U (I, PoU Dy
= A/Bd E[¢2(x, P U {x})]dx
0 [ CovE( Py (), 60 P U {r)axdy



Scaling transform

Question: Limits of E[¢(x, Py)] and "Cov"(&(x,Pa),E(y, Pa))?
Answer. definition of limit scores in a new space

» Scaling transform:

L BTN — RIIXR,
: 1 -1 2
X (AT expy 2y (x/Ix[1), A# (1 — [|x]]))

expg_1 i R ~ T, S971 — S9-1 exponential map at up € S9*

> Image of a score: EM(TA(x), TN(Py)) := &(x, Py)

» Convergence of Py: TA(Py) = P where

P := homogeneous Poisson point process in RY~1 x R of intensity 1



Dual characterization of the extreme points
Given K, contains the origin,

x € Py extreme
<= JH support hyperplane of K\, x € H
X
2

x|Ix| XX
< the petal of X, B (5,7) ¢ U B <§, >

x'€Px\{x}

<~ dye€odB ( @) s. t. 0 .and Py \ {x} on the same side of (x + y)




Action of the scaling transform

2

M= {(v,h) eRI-1xR:h> M5 b= {(v, h) e RIL xR h < — 12y

Half-space Translate of ¥
Petal Translate of OMT
Extreme point (x + NT) not fully covered
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Case of a simple polytope: sketch of proof and scaling limit
Floating body
Additivity of the variance over the vertices
Scaling transform in the vicinity of a vertex
Dual characterization of extreme points
Action of the scaling transform



Floating body
v(x) := inf{Vol(K N HT) : HT half-space containing x}, x € K
Floating body : K(v > t):={x € K:v(x) >t}

K(v > t) is a convex body and K(v > 1/)) is close to Kj.




Floating body
v(x) := inf{Vol(K N HT) : HT half-space containing x}, x € K
Floating body : K(v > t):={x € K:v(x) >t}

K(v > t) is a convex body and K(v > 1/)) is close to Kj.

BY(v > 1/A) = (1 — F(A))B¢
F\) ~ cA— @



Comparison between K and the floating body

» Expectation
Barany & Larman (1988):

cVol(K(v < 1/X)) < Vol(K)—E[Vol(Ky)] < CVol(K(v < 1/X))

» Variance

Barany & Reitzner (2010):
cAIVol(K(v < 1/))) < Var[Vol(Kjy)]

» Sandwiching (polytope case)

Barany & Reitzner (2010b):

P[OKx ¢ [K(v > 5) \ K(v = T)]] = O ((log(1))™*")

- .  etonts
S'_W,T.—c’%



Additivity of the variance over the vertices

> V(K) := set of vertices of K
» ps(v) := parallelepiped with volume 69 at v where § = exp(—(logi()\)))
> Z, = (k+ 1)1 30 cp rps(v) #1K-faces containing x}

Var[fk(K))] = Z Var[Z,] + o(Var[fi(K))]).
veV(K)




Scaling transform in the vicinity of a vertex

P K identified with (0,00)? after scaling transformation
Floating body K(v = £) = {(z1,--- ,z4) € (0,00) : [I{_, z: = ct}
Vi= {0, ya) €ERY: L,y = 0} = RO

» Scaling transform:

s (0, 00)? — VxR
G za) — (proiv(log(2)), Y log(A Ty 21))
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Scaling transform in the vicinity of a vertex

P K identified with (0,00)? after scaling transformation
Floating body K(v = %) = {(z1,--- ,zq) € (0,00) : e,z = ct}
Vi={(n,- ya) €ER: L,y = 0} RO
» Scaling transform:
s (0, 00)? — VxR
(21 224) > (projv(log(2)). § log(ATTLL, 7))

» Convergence of Py: TPy) = P where

P := Poisson point process in R~1 x R of intensity measure vde®dvdh



Dual characterization of extreme points
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Dual characterization of extreme points




Dual characterization of extreme points

Each point z € (0,00)? generates a petal S(z), i.e. the set of all
tangency points of surfaces K(v = %) t > 0, with the hyperplanes
containing z.

z is cone-extreme iff S(z) is not fully covered by the other petals.




Action of the scaling transform

G(v) := log (% S eek(‘/)) , v=(l(v), - ,L4(v)) e V
Nt :={(v,h) e R xR:h> G(—v)}, MV :={(v,h) eRIIxR:h < —G(v)}

Floating bodies horizontal half-spaces
Petal Translate of ONT
Extreme point (x +NT) not fully covered




Thank you for your attention!
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