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Motivation

Questions from physics

» How does long range order (crystalline structure) arise out of
simple pairwise interactions?
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FIGURE 1. Left: the Lennard-Jones potential (3). Right: a minimizer for the variational
problem (2), computed numerically in [14], with N = 100 and d = 2. The particles seem
to arrange themsclves on an hexagonal lattice, and to form a large cluster having the
shape of an hexagon.

Generating good node sets

» Distribute points on a set A according to a given distribution
with good local properties.

Figure 1 from X. Blanc, M. Lewin 2015



Discrete energy problem
Let A C RP be compact with d = dim A (say A =S c RI+1).

For wn{x1,...xy} CAand f: A—A—= R, let

Er(wn) =Y f(xi = x)).
i#j

DMEP:
é‘f(A, N) ‘= min Ef(wN),

wNCA
Key Examples:

~sgn(s)
Ix —y|s

> Reisz potentials s # 0: f(x —y) := fs(x —y)

1
> Log-potential: f(x —y) := fiog(x —y) = log (!X—ﬂ) .

» Gaussian a > 0: f(x—y) = ga(x—y) = o alx—yl*



Distributing points on a set: metrics

v

Separation:
6(wn) := min [x; — x|
i#]

v

Covering:
plwp, A) := maxmin |x — x;|
xXEA
» Maximizing separation d(wpy): N-point best-packing
problem on A.
» Minimizing covering radius p(wp,A): N-point
best-covering problem on A.



The limits a,s — 0 and a,s — oo.

> As a,s — oo we recover the best-packing problem on A:

1/s
1
. 1/s _ . N e —
Jim Bl = Jim {2 =] o
1/a
. 1/a _ . 73|X,‘7X“2 _ (w )2
Jim B (on) = Jlim | 3 el = et
i#j
> For r > 0, we have
r—s = 1+slog(l/r) + O(s?) s—=0
e’ = l1-ar’+ 0(a%) a—0.

Thus:
fim = (Es(wn) — N(N—1)) = Eiogleon)

s—0 S

lim E(Ega(o.)/\/) — N(N — 1) = E,Q(WN)

a—0 a



# 7 of Smale's 18 Problems for this Century:

Generate {xi,...,xy} C S? (in polynomial time in N) such that

Eiog({x1, -, xn}) < Eiog(S?, N) + O(log N).

Figure : N = 1600 (near) optimal points on S? for s = log energy.
Voronoi cells are either pentagons, hexagons, heptagons.



Asymptotics of Eog(S?, N)

Known:
» Wagner (1989):
Eiog(S%, N) = —(1/2) log(4/e)N? — (1/2)N log N + O(N)

» Rakhmanov, Saff, and Zhou (1994):
Eog( 2. N) = —(1/2) 0g(4/€)N? — (1/2)Nlog N + Cul,
where —0.2255... < Cy < —0.0469... for N sufficiently large.
» Bétermin, Sandier (2016) and Sandier, Serfaty (2015)
establish that Ciog := limpy_,o Cpy exists.

Conjecture:
» Brauchart, Hardin, and Saff (2011):

2 V2r
= +3log =i s = —0.0556...

Clog = (1/2) lOg(4/e)+C//\2(O) = log —= \/§ (1/3)



A =82 N = 3000

3000 points in near minimal s = 2-energy configuration on 522

2Show animation. Thanks Alex Vlasiuk and Ken Yang.



The circle A =§!

The configuration of equally
21k

spaced points wy = {e’T}L\’:l
is optimal for a large class of
potentials.

Theorem (Fejes-Téth, 1956)

Let f : (0,2] — R be decreasing and strictly convex. Then an
N-point configuration is an f-energy minimizing configuration if
and only if it is equally spaced.



The circle A =§!

» For0 <s#1,

The configuration of equally
-2k

spaced points wy = {e'W }N |
is optimal for a large class of
potentials.

E(SY,N) = VEN? +(2m) 52¢ (s)NM s+ O(N*"1), (N — o)

27°T((1—s)/2)

where ((s) is Riemann zeta function and V, = “It(ios2)

» For a complete asymptotic expansion as N — oo see
[Brauchart, H., Saff, 2011].



N=23d+2 A=5

Theorem

For r € (0,2] let f(r) = g(r?) for some g : (0,4] — R that is
strictly convex and decreasing. A configuration wy of N < d + 2
points is f-energy optimal on S if and only if wy is a regular
simplex with center at the origin.

Proof.



N=23d+2 A=5

Theorem

For r € (0,2] let f(r) = g(r?) for some g : (0,4] — R that is
strictly convex and decreasing. A configuration wy of N < d + 2
points is f-energy optimal on S if and only if wy is a regular
simplex with center at the origin.

Proof. Consider wy = {x1,...,xy} C S7.
N N
—E_2(wN) = Z Z |X,' — Xj’2 = Z (2 — 2X,‘ . Xj)
i=1 j£i ij=1

NP2
in < 2N?,

i=1

N
=2N? =2 ) x;-x; =2N* -2
ij=1

with equality if and only if vazl x; =0.



N=23d+2 A=S?

Theorem

For r € (0,2] let f(r) = g(r?) for some g : (0,4] — R that is
strictly convex and decreasing. A configuration wy of N < d + 2
points is f-energy optimal on S9 if and only if wy is a regular
simplex with center at the origin.

Proof.  So —E_»(wn) < 2N?, with "=" <« Z,N:l x; =0.
N
Er(wn) =Y > & (|Xi - Xj|2>
i=1 jij#i

—E_>(wp) 2N
> NN -1 — | >N(N-1 —_
> N( )g<N(N1) > N( e\ w1
with equality if and only if all pairwise distances |x; — x|, i # J,
are equal and the configuration has centroid at 0.



Random configurations

Qn = {X1, Xa,... Xn}: N independent samples chosen according
to probability measure y supported on A.

3000 random points 3000 points near optimal for s = 2



Random configurations

Qn = {X1, Xa,... Xn}: N independent samples chosen according
to probability measure u supported on A.

3000 random points 3000 points near optimal for s = 2

For recent results on separation and covering of random i.i.d.
configurations, see Brauchart, Saff, Sloan, Wang and Womersley, 2016
Saff and Reznikov, 2016.



Random configurations

Qn = {X1,Xz,... Xn}: N independent samples chosen according
to probability measure p supported on A.

3000 random points 3000 points near optimal for s = 2

What about the s-energy?



Random configurations

Qn = {X1, Xa,... Xn}: N independent samples chosen according
to probability measure u supported on A.

E[E, QN]—/ /Z|,—xj|s %) dpu(xy)
Z// |x,—xJ|s o))

i#j
= N(N (1)

)= [ |X_1y|sdu(><)dﬂ(y)-

where



Equilibrium measure for s < d.

Let A C RP be compact with Hausdorff dimension d = dimy(A).

M 4 := {all Borel probability measures p on A}.



Equilibrium measure for s < d.

Let A C RP be compact with Hausdorff dimension d = dimy(A).

M 4 := {all Borel probability measures p on A}.

> For € My, let

Is(1) :Z//|X_1y|sdu(y)du(><)-



Equilibrium measure for s < d.

Let A C RP be compact with Hausdorff dimension d = dimy(A).

M 4 := {all Borel probability measures p on A}.

> For € My, let
PR 1 X
Is (1) -—//|X_y|de(Y)dM( )-

> For s < d, there exists a unique equilibrium measure ps in
M 4 such that

Is(ps) < Is(p) for all p € Ma.



Equilibrium measure for s < d.

Let A C RP be compact with Hausdorff dimension d = dimy(A).

M 4 := {all Borel probability measures p on A}.

> For € My, let
PR 1 X
Is (1) -—//|X_y|de(Y)dM( )-

> For s < d, there exists a unique equilibrium measure ps in
M 4 such that

Is(ps) < Is(p) for all p € Ma.

» For s > d, Is(p) = oo for all € Ma.



Connection Between Continuous & Discrete Problems

Theorem (Polya, Szego, Fekete, Frostman; cf. Landkof)

Let A C RP be compact, s < d := dimy(A), and us Riesz
s-equilibrium measure on A. Then

Es(A, N) = Is(uus)N? + o( N?), N — oo

and minimal s-energy configurations wi, = wi (A, s) satisfy®

1 *
VNZZNZ(5X—>MS as N — co.

*
XGwN

Recall: If s < d and Qp consists of N independent samples of
X ~ s then
E[Es(Qn)] = Is(us)N(N —1).

3l = pmeans [ fdus, — [ fdu for all f € C(A).



Proof of Theorem

Step 1: First observe that

\ 1 o N
E(AN) = Es(wh) = 57— Y Es(wn\ {2 oA N-1).
k=1

Then

_EAN) _EAN-1) N
WENIN—1) T N(N—-1) N—2

= TN-1

showing that 7y is increasing with N.

Let



Proof of Theorem

Step 2: Let Qn = {Xi,... Xy} consist of N independent samples
from X ~ ps. Then

E(A,N) <E(Es(Qn)) = N(N — 1) Is(ps)-



Proof of Theorem

Step 2: Let Qn = {Xi,... Xy} consist of N independent samples
from X ~ ps. Then

E(A,N) <E(Es(Qn)) = N(N — 1) Is(ps)-

and so:
Es(A,N)

= </ < Is(ps).
TN N(N— 1) = S(MS) = T — (:u )



Proof of Theorem

Step 3: By weak-star compactness argument (Banach-Alaoglu

Thm), vy has a weak-star limit pt u. Consider

Is(p) = / / |X_1‘sdu(><)du(y)

= [ [l > M} du)duy)

= et / [ min{ o )

< lim lim W {&(A, N) + NM}

M—o00 N—oo

= 7 < Is(us).

So p = ps and hence 7 = Is(ps) and vy 5 Ls.



Remarks: General kernel and external field

» The Riesz potential # can be replaced by a lower

x—y|

semi-continuous kernel k(x, y) defined on A x A.

» Existence of a unique equilibrium measure requires that there
is at least one € M4 such that

) i= [ [ kloxsy) dux)duy) < oc

and that k is conditionally positive definite: /,(x) > 0 for all
signed measures 1 supported on A such that /,(|u|) < oo and

n(A) = 0.
» Incorporate an external field V/(x) by considering
kv(x,y) = k(x,y) + (V(x) + V(y))/2.



N = 1000 points




N 000 points




What about bottom two figures (s = 2,4)?

N = 4000 points




Asymptotics for d-rectifiable sets

Ais a d-rectifiable set if A is the image of a bounded set in RY
under a Lipschitz mapping.



Asymptotics for d-rectifiable sets

Ais a d-rectifiable set if A is the image of a bounded set in RY
under a Lipschitz mapping.

Theorem (H. & Saff, 2005; Borodachov, H. & Saff 2007)
Let A be a compact d-rectifiable set with d-dimensional Hausdorff
measure Hq(A) > 0 and suppose s > d.
» Optimal s-energy configurations wy, for A have limit
distribution uniform wrt ”Hd‘ A

» If s > d, there exists a constant Cs 4 (independent of A) such
that

E(AN) = Co g[Ha(A)]S/INIFS/d 4 o(N1FS/9),

» Further suppose A is contained in a C* d-dimensional
manifold then
lim E4(A, N) _ Ha(Bqa)
N—oo N2log N Hg(A)




|dea of proof.
First establish limit for unit cube U9 = [0,1]¢:

o E(UYN)
Cs,d = IVIE)nOOW

Key step: The unit cube is self-similar with scaling 1/m for any
m = 2,3, .... Use this self-similarity to relate £(A, N) and
Es(A, m9N). Take m — oo,




The constant Cs 4 reflects the ‘local’ structure of optimal
s-energy configurations.

> Co1 = 2((s) (MMRS, (2005))



The constant Cs 4 reflects the ‘local’ structure of optimal
s-energy configurations.

» Co1=2¢(s) (MMRS, (2005))

» Conjecture (Kuiljaars and Saff, 1998): . .
Cs2 = (p(s) for s > 2 where Ay de- . ’ ]
notes the equilateral triangular lattice
and, for a d-dimensional lattice A,

as)= D> v (s>d).

0#veN

0" v



The constant Cg 4 reflects the ‘local’ structure of optimal
s-energy configurations.

> Co1 = 2((s) (MMRS, (2005))

» Conjecture (Kuiljaars and Saff, 1998): . .
Cs2 = (p(s) for s > 2 where Ay de- ’
notes the equilateral triangular lattice Tt '
and, for a d-dimensional lattice A,

as)= D> v (s>d).

0#veEN

» Scaled lattice configurations restricted
to a fundamental domain gives:

Co.q < CA(S)|N 7574, (s > d).



N-periodic Riesz energy

» For a lattice A C RY, s > d, and wy C Qp consider

Esalwn) == ) Z| _y+v|s— > lalsix—y)

XF£yEwn VEN XFEyEwn

where

1
:Zm, (s>d,xeRY. (1)
veN

i
/
[/




N-periodic Riesz energy

» For a lattice A C RY, s > d, and wy C Qp consider

Esalwn) == ) Z| _y+v|s— > lalsix—y)

XF£yEwn VEN XFEyEwn

where

1
=y — d RY). 1
x) ;\P{Jrv‘s, (s >d,x<cRY) (1)

[/




N-periodic Riesz energy

» For a lattice A C RY, s > d, and wy C Qp consider

Esalwn) == ) Z| _y+v|s— > lalsix—y)

XF£yEwn VEN XFEyEwn

where

1
=y — d RY). 1
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N-periodic Riesz energy

» For a lattice A C RY, s > d, and wy C Qp consider

Esalwn) == ) Z| _y+v|s— > lalsix—y)

XF£yEwn VEN XFEyEwn

where

1
=y — d RY). 1
x) ;\P{Jrv‘s, (s >d,x<cRY) (1)




N-periodic Riesz energy

» For a lattice AC RY, s > d, and wpn C Qp consider

Esalwn) = Y Z y+V,5— > alsix—y)

XFYyEwpn ve/\ xF#yEwn

where

1
=) — d RY). 1
X) %;'HV‘S, (s>dxeRY). (1)

Theorem (H., Saff, Simanek, 2015)
Let A\ be a lattice in R? with co-volume |A| > 0 and s > d. Then

. gs,/\(N) . gs(Q/\7N) —s/d
/vlj]oo Nits/d — M TNTEs/d a7, s>d, (2)
Ean(N) _ . Ea(Qn V) opd/?

1
_ - . 3
e N2log N~ novse N2log N dr(g)| | ()



N-periodic Riesz energy

» For a lattice A C RY, s > d, and wy C Qp consider

Esa(wn) = Z Z|x—y1—|—v|5: Z (six—y),

x#y€Ewy VEN XFYyEwpn

where

1
C/\(S,X) = E m, (S > d,X S Rd) (1)
en

» For s < d, the sum on the right side of (1) is infinite for all
x € R,



Periodizing long range potentials and analytic continuation

» For fixed x € RY\ A, it follows (using PSF and Riemann
splitting) that (a(s; x) has an analytic extension such that

Fan(x) == Ca(s %) + r(zf{;_) )

is an entire function.

» We refer to (the analytically extended) (a(s; x) as the
Epstein Hurwitz zeta function for the lattice A.



Periodizing long range potentials

For a > 0, then

s N /\ E : 7a\x+v|2
s
veN ‘X V’

converges to a finite value for all x € A, and there is a C, such that

Fen(x) = Calsix) = lim (Fsan(x) - G),

so that Esa(wn) = Ef, ,(wn) = lim Z Fs.an(x —y).



Main Result

Theorem (H., Saff, Simanek, Su, 2016)
Let A\ be a lattice in R with co-volume |IA| > 0. Then, as N — oo,

_omENTE —s/d pl+5 145
gs’/\(N) = m,\l + Cs,d‘/\‘ N*"Ta + O(N d), 0<s< d,
(3)
271'% -1 2 /
€|og,/\(N) = p IA|T*N(N —1) — HN|Og N+ (Clog,d — 2\ (0)) N 4 o(N).
(4)

where Ciog ¢ and C; 4 are constants independent of A.

» Note that the first relation also holds for s > d.

» Petrache, Serfaty (2016) establish a result closely related to
(?7?) for configurations interacting through a Riesz s potential
in an external field for values of the Riesz parameter
d —2 < s < d. Sandier, Serfaty (2015) prove a result closely
related to (??) for the case that s = log and d = 2.



Universal optimality conjecture for dimensions
d=2,4,824

> In each of the dimensions d = 2, 4,8, 24, there are special
lattices Ay, (namely, Az, Da, Eg, Leech lattice) that are
conjectured by Cohn and Kumar (2007) to be ‘universally
optimal’; i.e., optimal for energy minimization problems with
potentials of the form f(|x — y|?) for ‘completely monotone’ f
with sufficient decay. If true, then Cs 4 = (a,(5) in these
dimensions for s > 0 and s # d.

» Coulangeon and Schiirmann (2011) show that such lattice
configurations are locally universally optimal under
perturbations of both the points and the lattice.

» Optimality for Theta functions (periodized Gaussian

potentials)
Oun(x—y) = Y e,
vel

for all a > 0 implies universal optimality.



Connection to Best-Packing

Theorem (BHS)

(Co.d)™® = (1/2)(Ba/ Da)H? as s — oo,
where 4 is maximal sphere packing density in RY and

B4 = Vol(B9) .

A =1,
Ao = 7/y/12 (Thue and Fejes-Toth ),
As = 7/+/18 (Hales).

The exact value of Ay for d > 3 is unknown.



Connection to Best-Packing

Theorem (BHS)

(Co.)* = (1/2)(Ba/ L)Y as s — oo,

where /\y is maximal sphere packing density in R and
Bq = Vol(BY) .

A =1,
Ao = 7/y/12 (Thue and Fejes-Toth ),
As = 7/+/18 (Hales).

Whoops! (old slide)
Ag = % (Viazovska, March 14, 2016)

l2

Aoy = o7 (Cohn, Kumar, Miller, Radchenko, Viazovska, March

21, 2016)



Cohn & Elkies (2003) provide extremely precise upper bounds for
the ‘best-packing’ density Ay in dimensions 2, 8, and 24.

upper curve: Rogers’ upper bound
34 lower curve: New upper bound 1
bottom line: Best packing known

Figure 1. Plot of logy § 4+ n(24 — n)/96 vs. dimension n.



Best packing in dimensions d = 2, 8, and 24

Theorem (Cohn, Elkies (2003))
Suppose f : R — R is an admissible function satisfying :
(1) f(x) <0 for|x| > r, and
(2) f(t) >0 for all t.

79/2 £(0)

Then Ay < (d/2)! ?(0)

(r/2)°.




Best packing in dimensions d = 2, 8, and 24

Theorem (Cohn, Elkies (2003))

Suppose f : R — R is an admissible function satisfying :
(1) f(x) <0 for|x| > r, and

A

(2) f(t) >0 for all t.

72 £(0), v
Then Ay < (d/2)] ?(0)(r/2) .

d=1  f(x)=Q1-Ix])+ F(r) = (siont)’

1,




Best packing in dimensions d = 2, 8, and 24

Theorem (Cohn, Elkies (2003))
Suppose f : R — R is an admissible function satisfying :
(1) f(x) <0 for|x| > r, and

A

(2) f(t) >0 for all t.

79/2 £(0) d
Then Ay < (d/2)] ?(0)(r/2) .
d=1 ()= (1—|x])s F(e) = (2t




792 £(0)
(d/2)'#(0)

» f(x) <0 for |x| > r, and f(t) > 0 for all t.
» X =wn + A with §(X) =

(r/2)

Prove: Ay <

Note: {B(x, r/2)}xex forms a sphere packing with density

NVoly(B(0,1))(r/2)¢  74/2 N

A(X) = = r/2
o n (@riin 2"
By PSF
Z Zf(x—y—i—v) = ‘Z Z e2mi(t,(x=y))
X,yEwn veA teEN* X,yEWN

_ 2: E:‘emﬂtx
te

XEWN




792 £(0)

(r/2)

Prove: Ay <

Assume:
» f(x) <0 for x| > r, and f(t) > 0 for all t.
» X =wn + A with 6(X) =r.

Note: {B(x,r/2)}xex forms a sphere packing with density

NVolg(B(0,1))(r/2)¢ =92 N

Since either x —y +v =0or |x—y+v| >r and f>o,

NF(O) > > > flx—y+v)

X, yEwn veA
2
= % S F(r)| > TN > N2F(0),
| |t6/\* XEwy
N _ (0)

Thus, — < %
A ()

which gives the result.

~—



Necessary conditions for optimality

» It is sufficient to consider radial functions.

» To show optimality of lattice A, f must vanish on A\ {0} and
f must vanish on A*\ {0}.



Necessary conditions for optimality

» [t is sufficient to consider radial functions.

» To show optimality of lattice A, f must vanish on A\ {0} and
f must vanish on A*\ {0}.

» Another d = 1 example:

a 2 1 sinx \ 2
f(x (1- = — | ——
X k1:12( > 1—x2< TX >




Necessary conditions for optimality

» [t is sufficient to consider radial functions.

» To show optimality of lattice A, f must vanish on A\ {0} and
f must vanish on A*\ {0}.

» Another d = 1 example:

a 2 1 sinx \ 2
f(x (1- = — | ——
X k1:12( > 1—x2< TX >




» For A = Eg or Leech lattice, we have A* = A.

» Cohn-Elkies idea: Consider g, = f+fand g_ = — f which
are eigenfunctions of the d-dimensional Fourier transform with
eigenvalues 1 or —1, respectively, with “good” double roots.

» Viazovska (March 14) and Cohn et al (March 21) explicitly
construct FT-eigenfunctions with eigenvalues +1 with double
zeros on {v/2n | n=2,3,4,...} using modular forms
(Eisenstein series) and then rigorously verify that these can be
put combined to give a function f establishing optimality.



Coding Theory Linear Programming Bounds: Notation

» S"~1: unit sphere in R”
» Spherical Code: A finite set C C S™! with cardinality |C|

» Interaction potential h: [—1,1] - RU {+oc} (low.
semicont.)

» The h-energy of a spherical code C:

E(n,Cih)== Y h({x,y)),
x,y€C.y7#x
where t = (x,y). Recall |x — y|? =2 — 2t.
» Riesz s-potential: h(t) = (2 —2t) /2 =[x —y|~*
» Log potential: h(t) = —log(2 — 2t) = —log |x — y|

> hard sphere potential:



Spherical Harmonics

» Harm(k): homogeneous harmonic polynomials in n variables
of degree k restricted to S"~! with

k — 2k -2
r := dim Harm(k) = < —:j 5 3> <+kn> .

» Spherical harmonics (degree k): {Yyi(x):j=1,2,...,n}
orthonormal basis of Harm(k) with respect to integration
using (n — 1)-dimensional surface area measure on S"~ 1.



Gegenbauer polynomials

» Gegenbauer polynomials: For fixed dimension n, {P,((")(t) 2o

is family of orthogonal polynomials with respect to the weight
(1 — t2)("=3)/2 on [—1,1] normalized so that P,E")(l) =1

» The Gegenbauer polynomials and spherical harmonics are
related through the well-known Addition Formula:

1 & n .
= Yi(x) Yig(y) = P (1), t=(x,y), x,y € S" L.

» Consequence: If C is a spherical code of N points on S"1,

ST P ((x,y) Z S5 V() Yigly

x,yeC j 1 xeCyeC

Z(Zm )

j]. xeC



‘Good’ potentials for lower bounds

Suppose f : [-1,1] — R is of the form
=S API(E),  fo>0forall k> 1. (5)

f(1) = %2 fk < oo == convergence is absolute and uniform.

Then:

E(n,Cif)= Y f((x,y)) = fF(1)N

xyeC

—ka ST P ((xy)) — FN

x,yeC
f(1)

> foN? — F(1)N = N? (ﬁ)— N>.



Thm (Delsarte-Yudin LP Bound)
Suppose f is of form (??) and h(t) > f(t) for t € [-1,1]. Then

E(n, N; h) > N?(fy — f(1)/N). (6)

An N-point spherical code C satisfies

E(n, C; h) = N?(fy — f(1)/N) if and only if both of the following
hold:

(a) f(t) = h(t) forall t € {(x,y) : x #y, x,y € C}.

(b) forall k > 1, either fy =0o0r >, P,S")(<x,y>) =0.




Thm (Delsarte-Yudin LP Bound)
Suppose f is of form (??) and h(t) > f(t) for t € [-1,1]. Then

E(n,N; h) > N3(fy — f(1)/N). (6)

An N-point spherical code C satisfies

E(n, C; h) = N2(fy — f(1)/N) if and only if both of the following
hold:

(a) f(t) = h(t) forall t € {(x,y):x#y, x,y € C}.

(b) for all k > 1, either fy =0 or 3, ¢ PL”((x,)) = 0.

> The k-th moment My (C) =Y, cc P\ ({x,y)) = 0 if and
only if 3> . Y(x) =0 for all Y € Harm(k).

» If M(C)=0for1<k<r,then Cis called a spherical
T-design and

/S" 1 p(y) don(y =N Z ), V polys p of deg at most 7.
xeC



Thm (Delsarte-Yudin LP Bound)
Suppose f is of form (??) and h(t) > f(t) for t € [-1,1]. Then

E(n,N; h) > N?(fy — f(1)/N). (6)

An N-point spherical code C satisfies

E(n, C; h) = N?(fy — f(1)/N) if and only if both of the following
hold:

(a) f(t)=h(t) forall t € {(x,y): x#y, x,y € C}.

(b) forall k > 1, either fy =0o0r > , P,((")(<x,y>) =0.

Maximizing the lower bound (??) can be written as maximizing
the objective function

F(fo, fi,...) = (@—Zﬂ) (A)

subject to (i) Y roq ik PR(t) < h(t) and (i) fi > 0 for k > 1.



Example: n-Simplex on S"~!

Let C be N = n+ 1 points on S"~! forming a regular simplex.
Then there is only one inner product ap = (x,y) for x # y € C.
Since ) . x =0, it easily follows that ag = —1/n.

The first degree Gegenbauer polynomial Pi")(t) =t.

If his absolutely monotone (or just increasing and convex) then
linear interpolant

F(t) = h(0)-+K (—1/n)(t+1/n) = (h(0)+H (—1/n)/n)PSV(t)+H (=1/n)!

has fi = h'(—=1/n) > 0 and, by convexity, stays below h(t) and so
shows that the n-simplex is a universally optimal spherical code.



Sharp Codes

Definition
A spherical code C € S"! is sharp if there are m inner products
between distinct points in it and C is a spherical (2m — 1)-design.

Theorem (Cohn and Kumar, 2006)

If C C S"™1 is a sharp code, then C is universally optimal,; i.e.,
C is h-energy optimal for any h that is absolutely monotone on
[—1,1].



Universal lower bounds for energy

Using results of Levenshtein (1983, 1998) (also the basis of Cohn,
Kumar's results) we develop bounds that allow us to solve the
linear program restricted to polynomials of certain degrees.

2(”“‘2), ifr =2k —1,
n—1

<”+k_1>+<”+k_2>, if 7 — 2k.
n—1 n—1
(7)

T:=7(n,N) suchthat N € (D(n,7),D(n,7+1)]. (8)

Levenshtein: there exist quadrature nodes and nonnegative weights

D(n,7) :=

—1<ay<--<ax<l, pi,..., o0 €ERT, i=1,....k (9)
such that the Radau/Lobatto 1/N-quadrature

1) | v
fo=—r"+ le;f(a,-), for all f € P,. (10)



Universal lower bounds for energy

Using results of Levenshtein (1983, 1998) (also the basis of Cohn,
Kumar's results) we develop bounds that allow us to solve the
linear program restricted to polynomials of certain degrees.

Theorem (Boyvalenkov, Dragnev, H., Saff, Stoyanova, 2016)

Let n, N be fixed and h(t) be an absolutely monotone potential.
Suppose that 7 = 7(n, N) is as in (7?), and choose k = [TEL].
Associate the quadrature nodes and weights «; and p;,

i=1,...,k, asin (??). Then

k
E(n,N;h) = N>~ pih(ar). (7)

i=1

The Hermite interpolant to h at the nodes «; solve the linear
program (A) in M.



600 cell

C = 120 points in R*. Each x € C has 12 nearest neighbors
forming an icosahedron (Voronoi cells are dodecahedra).

v

v

8 inner products between distinct points in C:
{—1,41/2,0,(+1 £ /5)/4}.
2*7+1 interpolation conditions (would require 7 = 14 design)

v

v

C is an 11 design, but almost a 19 design (only 12-th moment
is nonzero). l.e. quadrature rule from C is exact on subspace

A of Mg that is L to P,
Cohn and Kumar find a family of 17-th degree polynomials

that proves universal optimality of 600 cell and they require
fll = f12 = f13 =0. Why?

v



Book to appear in late 2016 (?early 17):

Minimal Energy on Rectifiable Sets
by D. Hardin, E. Saff, and S. Borodachov

Thanks!



