


• Cn

•

• Cn

• Rn



• Pk(Cn) pk(z) Cn

≤ k.

• Nk := dimHk(Cn) = 1
n!k

n + o(kn)

• φ(z), Cn φ

φ(z) ≥ (1 + ϵ) log |z|2 +O(1), |z| → ∞



pk ∈ Pk(Cn)

∥pk∥kφ := sup
z∈Cn

|pk(z)|e−kφ(z) < ∞



pk(z)
(z1, ...zNk

) Nk

z1, z2, .., zN
pk ∈ Pk(Cn)



(z1, .., zNk
) Cn

φ)

Pk(Cn) → (Cn)Nk, p (→ (p(z1), ...., p(zNk
)),



(z1, .., zNk
) Cn

|A(z1, ..., zN)|e−kφ(z1) · · · e−kφ(zNk
)

Nk ×Nk A :

A(z1, z2, ...zNk
) := (ei(zj))1≤i,j≤Nk

ei Pk(Cn).

•

em(z) = zm := m ∈ Zn ∩ k∆



• (z1, z2, ...zNk
)

detA(z1, z2, ...zNk
) = 0

•
detA(z1, z2, ...zNk

)



C

n = 1

Nk = k +1.

detA(z1, z2, ...zk)
(zi − zj)

detA(z1, z2, ...zk+1) =
∏

i<j

(zi − zj)

zi = zj

−
1

k
log |detA(z1, z2, ...zNk

)|kφ = −
1

(N − 1

1

)2

∑

i ̸=j≤N

log |zi−zj|+
N∑

i=1
φ(zi)

N z1, ..., zN
C φ.



n = 1 C

Eφ(z1, ..., zN) =
1

N − 1

∑

i,j

log |zi − zj|+
N∑

i=1
φ(zi)



k(= N −1) → ∞ (z∗1, z
∗
2, ...z

∗
N)

1

Nk

Nk∑

i=1
δz∗i

→ µφ,

µφ

E(µ) := −
1

2

ˆ
log |z − w| dµ(z)dµ(w) +

ˆ
φ(z)dµ(z)

µ C

• µφ



n ≥ 1

• (z∗1, z
∗
2, ...z

∗
Nk

)
k → ∞ :

1

Nk

Nk∑

i=1
δz∗i

→ µφ,

µφ.

• µφ



Cn

C :

• C
ψ(z) Cn :

∂∂̄ψ :=

(
∂2ψ

∂zi∂z̄i

)

≥ 0

• C
Cn :

MA(ψ) :=
i

π
(∂∂̄ψ)∧n ∼ det

(
∂2ψ

∂zi∂z̄i

)

i,j≤n



µφ
φ

µφ := MA(φeq),

φeq φ :

φeq(z) = sup{ψ(z) : ψ ≤ φ}

• φ µφ
L∞−



•
n > 1

•



N−

E(z1, ..., zNk
) := −

1

k
log |detA(z1, z2, ...zNk

)|,

A(z1, z2, ...zNk
) = (ei(zj))i,j≤Nk

e1, .., eNk
Pk(Cn)

•

•

•



• (z1, ..., zNk
) n > 1



N x1, ..., xN
X

E(N)(x1, x2, ...., xN).

• β(= βN)

µ(N)
β :=

e−βE
(N)

Zβ
dV ⊗N,



•
β,

dxi(t) = −∇xiE
(N)(x1, ..., xN)dt+

√
2

√
β
dBi(t),

t → ∞



E(N)(z1, ..., zNk
) := −

1

k
log |detA(z1, z2, ...zNk

)|kφ

N−

•

•



•

β := lim
N→∞

βN = ∞

•
β



βNk
= 2k

µ(N)
β :=

e−βE
(N)

Zβ
dV ⊗N =

1

Zβ
|(detA)(z1, z2, ...zNk

)|2kφdV
⊗N,

(detA)(z1, z2, ...zNk
)

2

• µ(N)
β

βNk
= 2k → β := ∞

• β < ∞
∼ 1/k



β ∈]0,∞]
Cn

1

Nk

Nk∑

i=1
δzi

µβ Cn

•



• β = ∞ µβ
φ

• β µβ

µβ = MA(ψβ),

ψβ

MA(ψβ) = eβ(ψβ−φ)dV



Cn

µβ
gβ X := Cn



ψ Cn

gψ Cn = Rn ⊕ Rn

g = (∂∂̄ψ)⊕ (∂∂̄ψ)

dVg = MA(ψ)

MA(ψ) = eβ(ψ−φ)dV

gψ = −βgψ + βTφ,

Tφ



g X

g − Λg = T,

Λ T

•

gψ = −βgψ + βTφ

Λ = −β φ T (= ∂∂̄φ)



• g

• g

• X J

J,



•

•

•



Λ = −β,

Λ β < 0.

• ∼ e−βE
(N)

β > 0,
E(N)



• βcr
β > βcr

•

•

X

•



1

Nk

Nk∑

i=1
δzi(t), Cn

(z1(t), ...zN(t))
E(N)
φ (Cn)N z1(0), ...zN(0)
µ0.

N → ∞
µ(t)

µ0.



XN N

µ(t),



µ(t)

Cn :

∂µ(t)

∂t
=

1

β
∆µ(t)−±∇ · (µ(t)∇(ψ(t)− φ))

MA(ψ(t)) = µ(t)

• µ(t) ≡
MA(ψ) = e±β(ψ−φ)



•
E(N)

• n = 1



n = 1

• β = ∞

• β ≤ βcr



Rn

Cd :=
(Cn)N

dz(t) = −∇ log |P (z)|2 +

√
2

√
β
dB(t),

P (z) Cd



Cd

Rd :
∑

m∈I
cmzm ! max

m∈I
x ·m

Cd

Ψ(z) := log |P (z)|

Rd :

ϕ(x) := lim
k→∞

k−1Ψ(ekx)|



• Cd =
CnN,

∑

σ∈SN

(−1) (σ)z
mσ(1)
1 · · · z

mσ(N)
Nk

E(N)
trop(x1, ..., xN) := max

σ∈SN

(
x1 ·mσ(1) + ...+ xN ·mσ(N)

)

N {x1, x2, ...., xN} Rn N

{m1, ...,mN} ∈ k∆
c(x, y) := −x · y ∼ |x− y|2/2



CnN RnN :

dx(t) = −∇E(N)
trop(x1, x2, ...., xN) +

√
2

√
βN

dB(t),

E(N)
trop(x1, ..., xN) := max

σ∈SN

(
x1 ·mσ(1) + ...+ xN ·mσ(N)

)



N → ∞



µt Rn

∂µ(t)

∂t
=

1

β
∆µ(t) +∇ · (µ(t)∇(ϕ(t))

MA(ϕ(t)) = µ(t)

ϕ(t) := ϕ(t, x) Rn

|x| → ∞ :

ϕ(t, x) = max{|x1|, ..., |xn|}+ o(|x|)



•



Rn

• (βN = ∞)

• E(N)
trop(x1, ..., xN)

• E(N)
trop(x1, ..., xN)

• β = ∞
x∗(t)



• n = 1
R

• (βN → ∞)
n = 1

• n > 1



Statistical mechanics of interpolation nodes

Kähler-Einstein metrics

Sticky particle systems


