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e NN spinless Fermions in a 1-d harmonic trap at T =0

= GUE random matrices
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e NN spinless Fermions in a 1-d harmonic trap at T =0

= GUE random matrices

e New interesting edge physicsat T =0

rightmost fermion position = Tracy-Widom distribution of GUE

e Generalisation to finite T

= unexpected connection to the Kardar-Parisi-Zhang (KPZ) equation
e Generalisation to higher dimensions

e Summary and Conclusion
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Ultracold atoms

e Recent great progress in the experimental manipulation of cold atoms

= to investigate the interplay between quantum and statistical
behaviors in many-body systems at low temperatures
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Ultracold atoms

e Recent great progress in the experimental manipulation of cold atoms

= to investigate the interplay between quantum and statistical
behaviors in many-body systems at low temperatures
e Interesting quantum many-body effects even in the absence of interactions

Bosons: Bose-Einstein condensation

Fermions: Pauli exclusion principle = rich quantum many-body physics
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Ultracold atoms in a confining potential

A common feature of these experiments = presence of a confining
potential that traps the particles within a limited spatial region

V(x)

harmonic

y;

trap

confined in space
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Ultracold atoms in a trap — edge physics

V(x)

harmonic trap

y;

edge bulk edge

e bulk: traditional many-body physics (translationally invariant system)

e edge: new physics induced by confinement = universal edge properties
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T =0 free fermions in a 1-d harmonic trap

&
Random matrix theory (RMT)
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A single Fermion in a harmonic trap

v . . .
=) A single quantum particle in a
\ ; | harmonic potential: V(x) = $mw?x?
\ Z=3 Schrodinger equation:
k=2 R? d’e 1, 2.2 o
$ — o @+ 3 mwix?or(x) = expr(x)
s k=0 with @i (x — £00) =0
X —
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A single Fermion in a harmonic trap

v . . .
=) A single quantum particle in a
\ ; | harmonic potential: V(x) = $mw?x?
\ Z=3 Schrodinger equation:
k=2 R? d’e 1, 2.2 o
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/
single particle eigenfunctions: ¢ (x) = [m} e=a’ X/ Hi(a x)

with energy levels: ¢, = (k+1/2)hw k=0,1,2,3...
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A single Fermion in a harmonic trap

v . . .
=) A single quantum particle in a
\ ; | harmonic potential: V(x) = $mw?x?
\ Z=3 Schrodinger equation:
k=2 R? d’e 1, 2.2 o
$ — o @+ 3 mwix?or(x) = expr(x)
s k=0 with @i (x — £00) =0
X —

/
single particle eigenfunctions: ¢ (x) = [m} e=a’ X/ Hi(a x)
with energy levels: ¢, = (k+1/2)hw k=0,1,2,3...

a = /mw/k — inverse of the width of the ground state wave packet
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A single Fermion in a harmonic trap

v . . .
=) A single quantum particle in a

\ ; | harmonic potential: V(x) = $mw?x?
\ : Z=3 Schrodinger equation:

k=2 R? d’e 1, 2.2 o

$ — o @+ 3 mwix?or(x) = expr(x)
s k=0 with @i (x — £00) =0
X —

1/
single particle eigenfunctions: ¢ (x) = [m} e=a’ X/ Hi(a x)
with energy levels: ¢, = (k+1/2)hw k=0,1,2,3...
a = /mw/k — inverse of the width of the ground state wave packet

Hi(x) — Hermite polynomials

For example, Ho(x) = 1, Hi(x) = 2x, Ha(x) = 4 x* — 2, etc.
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N\ spinless Fermions in a harmonic trap: T=0

Fermi level
L~

\

/ k=N-1
k=3

k=0

k=1

k=2
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ground state many-body
wavefunction — Slater determinant

Vo (x1,%0,...,xn) = ﬁ det[pi(x)]
With0<i<(N-1),1<j<N
ground state energy: Eg = hw N?/2
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N\ spinless Fermions in a harmonic trap: T=0

Fermi level

L > |

ground state many-body

\ - : /k:N—l wavefunction — Slater determinant
- Vo (x1,%0,...,xn) = ﬁdet[g@,—(xj)]
| = with0<i<(N-1),1<j<N
k=1
) k=0 ground state energy: Eg = hw N?/2

2
N e o— s XX o
Vo({x}) e ® ERT det [Hiax)]

where Hy(x) = Hermite polynomials
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N\ spinless Fermions in a harmonic trap: T=0

Fermi level
L~ |

\ —

k=2

k=1

+ k=0

fe

YZ
Wo({x}) o e~ % X

where Hy(x) = Hermite polynomials

For example, Ho(x) =1, Hi(x) = 2x,
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ground state many-body
wavefunction — Slater determinant

Vo (x1,%0,...,xn) = ﬁ det[pi(x)]
With0<i<(N-1),1<j<N
ground state energy: Eg = hw N?/2

(et [Hi(x;)]

Hy(x) = 4 x? — 2, etc.
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N\ spinless Fermions in a harmonic trap: T=0

Fermi level
L~ |

\ —

k=2

k=1

+ k=0

fe

YZ
Wo({x}) o e~ % X

where Hy(x) = Hermite polynomials

For example, Ho(x) =1, Hi(x) = 2x,

The determinant  det [H;(a xj)] =
1<i,j<N

S.N. Majumdar

ground state many-body
wavefunction — Slater determinant

Vo (x1,%0,...,xn) = ﬁ det[pi(x)]
With0<i<(N-1),1<j<N
ground state energy: Eg = hw N?/2

(et [Hi(x;)]

Hy(x) = 4 x? — 2, etc.

can be explicitly evaluated
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Vandermonde determinant

Example: N =3: Ho(x) =1, Hi(x) =2x, Ha(x) =4x> -2

HO(XI) HQ(XQ) Ho(X3)
det H1(X1) H, (X2) Hl(X3)

Ha(x1) Ha(x2) Ha(xs)
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Vandermonde determinant

Example: N =3: Ho(x) =1, Hi(x) =2x, Ha(x) =4x> -2

HO(XI) HQ(XQ) Ho(X3) 1 1 1
det | Hi(x1) Hi(xe) Hi(xs) | = det 2 x1 2 Xo 2x3
H2(X1) H2(X2) H2(X3) 4X12 -2 4»X22 -2 4X§ -2
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Vandermonde determinant

Example: N =3: Ho(x) =1, Hi(x) =2x, Ha(x) =4x> -2

HO(XI) HQ(XQ) Ho(X3) 1 1 1

det | Hi(x1) Hi(xe) Hi(xs) | = det 2 x1 2 Xo 2x3

Hg(Xl) H2(X2) H2(X3) 4X12 -2 4»X22 -2 4X§ -2

X X X
=8det |7t T B

2 2 2
X1 X5 X3

=38 (Xl — X2) (X2 - X3) (X3 — X1)
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N\ spinless Fermions in a harmonic trap: T=0

Fermi level
L~
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/ k=N-1
k=3

k=0
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ground state many-body
wavefunction — Slater determinant

Vo (x1,%0,...,xn) = ﬁ det[pi(x)]
With0<i<(N-1),1<j<N
ground state energy: Eg = hw N?/2
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N\ spinless Fermions in a harmonic trap: T=0

Fermi level

L > |

ground state many-body

\ - : /k:N—l wavefunction — Slater determinant
- Vo (x1,%0,...,xn) = ﬁdet[g@,—(xj)]
| = with0<i<(N-1),1<j<N
k=1
) k=0 ground state energy: Eg = hw N?/2

2
) o e— % Zh (v -
Vo({x}) e F TR det [Hi(ax)]

QZ
x e F T H(Xj — Xk)

Jj<k
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N\ spinless Fermions in a harmonic trap: T=0

Fermi 15\Vf1 ground state many-body
\ = ; /k=N_1 wavefunction — Slater determinant
- Vo (x1,%0,...,xn) = ﬁdet[g@,—(xj)]
1 = with 0</i<(N-1),1<j<N
=t
* k=0 ground state energy: Eg = hw N?/2
X"

Vo({x}) o e~ % T det [Hi(ax)]

1<i, j<N
@2
x e F T TG =)
j<k
2 1 —a? N2 2
= [Wo({xi})I” = 7€ = H(Xj = Xk)
N j<k
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Eigenvalues of Gaussian random matrix

Jij = complex, hermitian N x N Gaussian random matrix

Prob.[J] x exp |— Z |42
J11 J12 . J1/\/ iJj
............... = exp [—Tr (JT J)]

— invariant under rotation
(GUE)
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Eigenvalues of Gaussian random matrix

Jij = complex, hermitian N x N Gaussian random matrix

Prob.[J] o< exp | — Z i
J11 J12 cee JlN i

= exp [—Tr (JT J)]

— invariant under rotation
(GUE)

N real eigenvalues: A1, Ao, ..., An

Joint distribution of eigenvalues (GUE):

P(A1, Ao, .., Ay) = expl ZV} TT % = Al

Jj<k
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Free fermions at T=0 = GUE eigenvalues

e Fermions: squared many-body wave function at T =0
(quantum probability density)

N
Wo({x:})|* = ZiN exp [—Z a? x?] H(XJ — x;)? where a = \/mw/h
i=1

j<k
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Free fermions at T=0 = GUE eigenvalues

e Fermions: squared many-body wave function at T =0
(quantum probability density)

Wo({x:})|* = ZiNexp [ Za ] H x; — xx)? where a = \/mw/h

j<k

e GUE eigenvalues: joint probability distribution

P(A1, A2y Ay) = exp[ ZV} TT % = Al

Jj<k
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Free fermions at T=0 = GUE eigenvalues

e Fermions: squared many-body wave function at T =0
(quantum probability density)

Wo({x:})|* = ZiNexp [ Za ] H x; — xx)? where a = \/mw/h

j<k

e GUE eigenvalues: joint probability distribution

P(A1, A2y Ay) = exp[ ZV} TT % = Al

Jj<k

= The positions of free fermions in a harmonic trap at 7 = 0 behave
statistically as the eigenvalues of a GUE random matrix

‘(axl, QXp,y ., aXN) = (/\1,/\2,...,/\,\/)‘
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Properties of fermions in a harmonic trap at T=0

Squared many-body wave function at T = 0 for fermions

= quantum probability density

N
[Wo({x:})|? = ZLN exp [—Z o? X?] H(XJ — x)? where a = \/mw/h

i=1 j<k

=- several spatial properties of free fermions in a harmonic trap at T =0
can directly be obtained from the known results in random matrix

theory (RMT)

Eisler '13, Marino, S.M., Schehr, Vivo, '14, Calabrese, Le Doussal, S.M., '15, ...
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RMT predictions
for

T = 0 properties of free fermions in 1-d
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Slater determinant and the Kernel

e Slater determinant: Wo(xy, x2, ..., xy) = ﬁ det[i(x;)]
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Slater determinant and the Kernel

e Slater determinant: Wo(xy, x2, ..., xy) = ﬁ det[i(x;)]

e Squared wave function: quantum prob. density

[Wolxt,xa, - x) 2 = 7 detlipi ()] detfipi ()]
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Slater determinant and the Kernel

e Slater determinant: Wo(xy, x2, ..., xy) = ﬁ det[i(x;)]

e Squared wave function: quantum prob. density
[Wolxt, s - xn) 2 = 7 detlipi()] detlipi(x)

=L o
=M 1§‘?3;N[KN(X/7XJ)] where
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Slater determinant and the Kernel

e Slater determinant: Wo(xy, x2, ..., xy) = ﬁ det[i(x;)]

e Squared wave function: quantum prob. density
[Wolxt, s - xn) 2 = 7 detlipi()] detlipi(x)

= 7 de_tN[KN(X,-7><j)] where

Kn(x,x") = ok(x)ok(x") | = Kernel
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m-point correlation function

e m-point correlation function: 1< m<N

Rm(x1, X2, .., Xm) = ﬁ [ dxmi1 .. dxn [Wolxa, X2, -+ s Xmy X1 - - -5 X)) [?
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m-point correlation function

e m-point correlation function: 1< m<N

Ron(X1, X2y« + oy Xm) = (/\/Tm)! [ dximi1 - dxn [Wo(xt, Xa, -+ Xy Xmids - -« > Xn)|2
em=N:
RN(X11X27"'7XN):N! ‘WO(X13X23"'5XN)‘2: det [KN(XI'an)]

1<ij<N
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m-point correlation function

e m-point correlation function: 1< m<N

Ron(X1, X2y« + oy Xm) = (/\/Tm)! [ dximi1 - dxn [Wo(xt, Xa, -+ Xy Xmids - -« > Xn)|2
em=N:
RN(X11X27"'7XN):N! ‘WO(X13X23"'5XN)‘2: det [KN(XI'an)]

1<ij<N

e m = 1: one-point function:

R]_(X) =N f dX2 e dXN |\U0(X,X2, ce ,XN)‘2
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m-point correlation function

e m-point correlation function: 1< m<N

Ron(X1, X2y« + oy Xm) = (/\/Tm)! [ dximi1 - dxn [Wo(xt, Xa, -+ Xy Xmids - -« > Xn)|2
em=N:
RN(X11X27"'7XN):N! ‘WO(X13X23"'5XN)‘2: det [KN(XI'an)]

1<ij<N

e m = 1: one-point function:

Ri(x) =N [dxa...dxn|Wo(x,xa ..., xn)2 = M, (6(x — xi))
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m-point correlation function

e m-point correlation function: 1< m<N

Ron(X1, X2y« + oy Xm) = (/\/Tm)! [ dximi1 - dxn [Wo(xt, Xa, -+ Xy Xmids - -« > Xn)|2
em=N:
RN(X11X27"'7XN):N! ‘WO(X13X23"'5XN)‘2: det [KN(XI'an)]

1<ij<N

e m = 1: one-point function:

Ri(x) =N [dxa...dxn|Wo(x,xa ..., xn)2 = M, (6(x — xi))

= Average density of fermions (normalized to 1):
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m- point correlation function: determinantal process

e Beautiful determinantal structure:
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m- point correlation function: determinantal process

e Beautiful determinantal structure:

Ron(X1, X2y« oy Xm) = ﬁ [ dxmi1 - dxn [Wo(X1, X2, -« vy Xmy Xt 1, - - -5 Xn))|

= f det [Kn(xi,xj)] dXm1 - .. dxy

1<ij<N
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m- point correlation function: determinantal process

e Beautiful determinantal structure:

Ron(X1, X2y« oy Xm) = ﬁ [ dxmi1 - dxn [Wo(X1, X2, -« vy Xmy Xt 1, - - -5 Xn))|

= f det [Kn(xi,xj)] dXm1 - .. dxy

1<ij<N

= det [Kn(xi,xj)] = (m x m) determinant
1<ij<m
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m- point correlation function: determinantal process

e Beautiful determinantal structure:

Ron(X1, X2y« oy Xm) = ﬁ [ dxmi1 - dxn [Wo(X1, X2, -« vy Xmy Xt 1, - - -5 Xn))|

= f det [Kn(xi,xj)] dXm1 - .. dxy

1<ij<N

= det [Kn(xi,xj)] = (m x m) determinant
1<ij<m

= direct consequence of Wick's theorem in fermion physics
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m- point correlation function: determinantal process

e Beautiful determinantal structure:

Ron(X1, X2y« oy Xm) = ﬁ [ dxmi1 - dxn [Wo(X1, X2, -« vy Xmy Xt 1, - - -5 Xn))|

= f det [Kn(xi,xj)] dXm1 - .. dxy

1<ij<N

= det [Kn(xi,xj)] = (m x m) determinant
1<ij<m

= direct consequence of Wick's theorem in fermion physics

e The Kernel:

Kn(x, x") = (Wo|eT(x) &(x")|Wo) = ok(x)ok(x")| = central object
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m- point correlation function: determinantal process

e Beautiful determinantal structure:

Ron(X1, X2y« oy Xm) = ﬁ [ dxmi1 - dxn [Wo(X1, X2, -« vy Xmy Xt 1, - - -5 Xn))|

= f det [Kn(xi,xj)] dXm1 - .. dxy

1<ij<N

det [Kn(xi,xj)] = (m x m) determinant
1<ij<m

= direct consequence of Wick's theorem in fermion physics

e The Kernel:

Kn(x, x") = (Wo|eT(x) &(x")|Wo) = ok(x)pr(x")| = central object
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Average density of fermions at T=0

Average density of fermions (T = 0): Wigner semi-circle law

=2
-

pn(x) =5 S (0(x — xi)) = ok (x)?

0

=
=
Il
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Average density of fermions at

Average density of fermions (T = 0): Wigner semi-circle law

N—-1

pn(x) =& SN 00— x)) = 53 Jer(x)

V2 —Z2

(see also Local Density (or Thomas-Fermi) Approx. in the fermion literature)

3=

For N >>1, pn(x)— v fw (”—\/%) where | fiy(z) =
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Average density of fermions at T=0

-1l6 :
N pN(X) ‘N”‘G
| / N \
-/ | N\
/g bes o o o o io)

N 0 N
¢ bulk x—
T o’ [2N _ 2
e Average density: py(x) — S5 /57 — X

where oo = \/mw/k and the edge location: reqge = V2N /v
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Average density of fermions at T=0

-1l6 :
N pN(X) ‘N”‘G
| / N \
-/ | N\
/g bes o o o o io)

N 0 N
¢ bulk x—
T o’ [2N _ 2
e Average density: py(x) — S5 /57 — X

where oo = \/mw/k and the edge location: reqge = V2N /v

. . . - _
e bulk interparticle distance: [, pn(x) dx =~ § = fpuk ~ L N71/2
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Average density of fermions at T=0

=116 -1l6
X

N pN( ) N

edee e’

o? 2N
N a?

where oo = \/mw/k and the edge location: reqge = V2N /v

e Average density: py(x) —

. . . fou _
e bulk interparticle distance: [, pn(x) dx =~ § = fpuk ~ L N71/2
e edge interparticle distance: [ /' pn(x)dx ~ & = leage ~ X N—1/6

redge —ledge
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Average density of fermions at T=0

=116 -1l6
X

N pN( ) N

edee e’

o? 2N
N a?

where oo = \/mw/k and the edge location: reqge = V2N /v

e Average density: py(x) —

. . . fou _
e bulk interparticle distance: [, pn(x) dx =~ § = fpuk ~ L N71/2
e edge interparticle distance: [ /' pn(x)dx ~ & = leage ~ X N—1/6

redge —ledge

/odgc >> /bulk
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Edge density for finite /V at T=0

Edge density of free fermions at T = 0: finite but large NV

sz(x)

S.N. Majumdar Cold atoms, free fermions and the Kardar-Parisi-Zhang equation



Edge density for finite /V at T=0

Edge density of free fermions at T =0  Bowick, Brezin '91/Forrester '93
1 x—V2N/a
A (=)

/)N(X) ~ Nwy
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Edge density for finite /V at T=0

Edge density of free fermions at T =0  Bowick, Brezin '91/Forrester '93
( M/Q)

pn(x) =~

where wy = X2 ~ [0 and Fi(2) = [Ai'(2)]" — 2 [Ai(2)]

4.3/2

Fi(z) ~ e 5%
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Limiting form of the Kernel at 7 =0

e Bulk limit: when x and x’ are far from the edge and

/ 1 : :
|x — x| ~ Wpn(a) = interparticle distance
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Limiting form of the Kernel at 7 =0

e Bulk limit: when x and x’ are far from the edge and

[x — x| ~ m = interparticle distance
AW [x—x'] ; — 2
K[\[(X,X ) ~ 7 ICbu]k <?> with ¢ = W
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Limiting form of the Kernel at 7 =0

e Bulk limit: when x and x’ are far from the edge and

[x — x| ~ m = interparticle distance
N oo 1 [x—x'| . _ 2
K[\[(X,X)N Z’Cbulk <?> with K—WN(X)
sin(2z .
Kouik(z) = (22) = Sine-kernel
Tz
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Limiting form of the Kernel at 7 =0

e Bulk limit: when x and x’ are far from the edge and

/ 1 I . .
|x — x| ~ Wpn(a) = interparticle distance
Kn(x,x') =~  Kpui <|X;7X‘> with ¢ = #N(X)
sin(2z .
Kouik(z) = (22) = Sine-kernel
Tz
e Edge limit: x and x’ close to the edge reqge = —Vi"’
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Limiting form of the Kernel at 7 =0

e Bulk limit: when x and x’ are far from the edge and

/ 1 I . .
|x — x| ~ Wpn(a) = interparticle distance
Kn(x,x') =~  Kpui <|X;7X‘> with ¢ = #N(X)
sin(2z .
Kouik(z) = (22) = Sine-kernel
Tz
e Edge limit: x and x’ close to the edge reqge = —Vi"’

N o 1 X—redge X —redge . N—1/6
KN(X:X ) ~ ]Cedge (7g~, Tg> with wy = = ~ /edge

wy wy « \/E
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Limiting form of the Kernel at 7 =0

e Bulk limit: when x and x’ are far from the edge and

/ 1 I . .
|x — x| ~ Wpn(a) = interparticle distance
Kn(x,x') =~  Kpui <|X;7X‘> with ¢ = #N(X)
sin(2z .
Kouik(z) = (22) = Sine-kernel
Tz
e Edge limit: x and x’ close to the edge reqge = —Vi"’

~1/6

K X') ik Keago (iie, X0 ) with wy = Y2 ~ g
A. A./ / _A./ A /
Kedge(z, Z/) = i(2) AT(Z) ,1 (2) Ai(Z) = Airy-kernel
i z—2z
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Position of the rightmost fermion at T=0

V(x)

_redge

Connection to RMT = | Xpax(T =0) =

where o= +/mw/h
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Position of the rightmost fermion at T=0

V(x)

_redge

Connection to RMT = | Xpax(T =0) =

where o= +/mw/h

= fluctuations of xma.x( T = 0) are governed by the Tracy-Widom
distribution for GUE
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Position of the rightmost fermion at T=0

V(x)
_ V2N
fedge =
N-1/6
Wn = 2

M — edge
Prob.[xmax(T = 0) < M] =~ F> <r1‘é>
Wn

F2(&) — GUE Tracy-Widom scaling function
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Position of the rightmost fermion at T=0

V(x)
_ V2N
fedge =
N-1/6
Wn = 2

M — edge
Prob.[xmax(T = 0) < M] =~ F> <r1‘é>
Wn

F2(&) — GUE Tracy-Widom scaling function

Fo(€) = det (I — Pe Keage Pe) = Fredholm determinant
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Position of the rightmost fermion at T=0

V(x)
_ V2N
Fedge = P
N—1/6
wy = 2

M — edge
Prob.[xmax(T = 0) < M] =~ F> <r1‘é>
Wn

F2(&) — GUE Tracy-Widom scaling function

Fo(€) = det (I — Pe Keage Pe) = Fredholm determinant

P: — projector over the interval [£, 00]

Kedge(z,2') = Ai(z) A(2)—AT(2) Ai(Z) Airy-kernel

z—z'
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PN ()
Tracy-Widom

N Yot

Wigner
semi-circle
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Wigner
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Tracy-Widom distribution
.

' pn(x)

Tracy-Widom

N Yot

Wigner
semi-circle
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Tracy-Widom distribution
.

& P (@)

Tracy-Widom

Wigner
semi-circle

Tracy-Widom distribution — ubiquitous

directed polymer, random permutation, growth models—KPZ equation,
sequence alignment, large N gauge theory, liquid crystals, spin glasses,...
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Ubiquity of

distribution
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Olena Shmahalo/Quanta Magazine

“Equivalence Principle”, M. Buchanan, Nature Phys. 10, 543 (2014)

“At the far ends of a new universal law”, N. Wolchover, Quanta Magazine (October, 2014)
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Free fermions at /7 — 0 — Tracy-Widom

One of the main conclusions:

free fermions in a harmonic trap at T =0

= a physical realization of Tracy-Widom distribution
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Summary of 7 = 0 results

e free fermions in a harmonic trap at T =0

= provides a physical realization of GUE
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Summary of 7 = 0 results

e free fermions in a harmonic trap at T =0

= provides a physical realization of GUE
e positions of fermions = determinantal process with kernel Ky/(x, x")

o Bulk: Sine-kernel

sin(2z)
Tz

’Cbulk (Z) -

e Edge: Airy-Kernel

Ai(z) Ai'(Z') — Ai'(2) Ai(Z)

Kedge(zaz/) = 7

z—Zz
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Summary of 7 = 0 results

e free fermions in a harmonic trap at T =0

= provides a physical realization of GUE
e positions of fermions = determinantal process with kernel Ky/(x, x")

o Bulk: Sine-kernel

sin(2z)
Tz

’Cbulk (Z) -

e Edge: Airy-Kernel

Ai(z) Ai'(Z') — Ai'(2) Ai(Z)

z—2z

Kedge(za Z/) -

e Scaled kernels are universal, i.e., independent of the trapping potential

V(x) ~ |x|P with a single minimum (and p > 1) Eisler, '13

S.N. Majumdar Cold atoms, free fermions and the Kardar-Parisi-Zhang equation



What happens at finite T >0 ?
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What happens at finite T >0 ?

d

T=0 \ T
GUE

connection to GUE lost

1
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N free fermions in a harmonic trap at 7 > 0

T=0 V(x) Fermi level

\ / /
- k=N-1

s
k=2
k=1
k=0

X —_—

S.N. Majumdar

>0 V(x) Fermi level
\ p—|
——k=N-1
—/
k=2
k=1
k=0
XA’
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N free fermions in a harmonic trap at 7 > 0

T=0 V(x) Fermi level
\ / /
- k=N-1
b s
4 k=2
k=1
k=0
X —_—

>0 V(x) Fermi level
\ p—|
——k=N-1
—/
k=2
k=1
k=0
XA’

At finite T > 0: setting 8 =1/kgT and ¢, = (k+1/2) hw
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N free fermions in a harmonic trap at 7 > 0

T=0 V(x) Fermi level >0 V(x) Fermi level
\ 7] \ ]
: keN-1 : keN-1
b A3 P =3
9 () ¢ (=2
k=1 $ k=1
k=0 k=0
X— X—

At finite T > 0: setting 8 =1/kgT and ¢, = (k+1/2) hw

Joint distribution of the positions of fermions

P, e, on) = gy D [det(pi())) e P (st oatton)
ki<ko<---<kpn
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N free fermions in a harmonic trap at 7 > 0

T=0 V(x) Fermi level >0 V(x) Fermi level
\ 7] \ ]
: keN-1 : keN-1
b A3 P =3
9 () ¢ (=2
k=1 $ k=1
k=0 k=0
X— X—

At finite T > 0: setting 8 =1/kgT and ¢, = (k+1/2) hw
Joint distribution of the positions of fermions
P, e, on) = gy D [det(pi())) e P (st oatton)
ky <ky<---<ky
1/2
[7e

o CY2X2
o) = | 75w /2 Hi(ax)
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N free fermions in a harmonic trap at 7 > 0

T=0 V(x) Fermi level >0 V(x) Fermi level
\ 7] \ ]
: keN-1 : keN-1
b A3 P =3
9 () ¢ (=2
k=1 $ k=1
k=0 k=0
X— X—

At finite T > 0: setting 8 =1/kgT and ¢, = (k+1/2) hw
Joint distribution of the positions of fermions
P, e, on) = gy D [det(pi())) e P (st oatton)
ky <ky<---<ky
1/2
[7e

o CY2X2
o) = | 75w /2 Hi(ax)

B = Y e flenrentatan)

ki <ky<---<kpn
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Correlation function for 7 > 0

e For N > 1, ‘canonical ensemble‘ = ‘grand canonical ensemble‘

(no. of particles N fixed)  (chemical potential 1 fixed)
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Correlation function for 7 > 0

e For N > 1, ‘canonical ensemble‘ = ‘grand canonical ensemble‘

(no. of particles N fixed)  (chemical potential 1 fixed)

e Free fermions at 7 > 0 in the grand canonical ensemble is a
determinantal process
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Correlation function for 7 > 0

e For N > 1, ‘canonical ensemble‘ = ‘grand canonical ensemble‘

(no. of particles N fixed)  (chemical potential 1 fixed)

e Free fermions at 7 > 0 in the grand canonical ensemble is a
determinantal process

n-point correlation function: R,(x1,xo,...,x,) &~ <det< K. (xi, ;)
1<i,j<n

with the kernel:
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Correlation function for 7 > 0

e For N > 1, ‘canonical ensemble‘ = ‘grand canonical ensemble‘

(no. of particles N fixed)  (chemical potential 1 fixed)

e Free fermions at 7 > 0 in the grand canonical ensemble is a
determinantal process

n-point correlation function: R,(x1,xo,...,x,) &~ <det< K. (xi, ;)
1<i,j<n

with the kernel:

N Pk(X) er(X)
KM(X’X)ik 1+eg(5k7ll)'
=0
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Correlation function for 7 > 0

e For N > 1, ‘canonical ensemble‘ = ‘grand canonical ensemble‘

(no. of particles N fixed)  (chemical potential 1 fixed)

e Free fermions at 7 > 0 in the grand canonical ensemble is a
determinantal process

n-point correlation function: R,(x1,xo,...,x,) &~ <det< K. (xi, ;)
1<i,j<n

with the kernel:

o () u(x) IR
KM(X,X)— - mv and Nikz:om
=0 =
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Correlation function for 7 > 0

e For N > 1, ‘canonical ensemble‘ = ‘grand canonical ensemble‘

(no. of particles N fixed)  (chemical potential 1 fixed)

e Free fermions at 7 > 0 in the grand canonical ensemble is a
determinantal process

n-point correlation function: R,(x1,xo,...,x,) &~ <det< K. (xi, ;)
1<i,j<n

with the kernel:

o () u(x) IR
KM(X,X)— - mv and Nikz:om
=0 =

m = Fermi factor Dean, Le Doussal, S.M., Schehr, '15
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Correlation function for 7 > 0

e For N > 1, ‘canonical ensemble‘ = ‘grand canonical ensemble‘

(no. of particles N fixed)  (chemical potential 1 fixed)

e Free fermions at 7 > 0 in the grand canonical ensemble is a
determinantal process

n-point correlation function: R,(x1,xo,...,x,) &~ <det< K. (xi, ;)
1<i,j<n

with the kernel:

o () u(x) IR
KM(X,X)—k T4 eB ()’ and N*;m
=0 =0

1

Tre @ = Fermi factor Dean, Le Doussal, S.M., Schehr, '15

e same kernel also appears in a class of matrix models

Moshe, Neuberger, Shapiro '94/Johansson '07, Johansson & Lambert, '15
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Relevant scales at finite 7

-1/6 -1/6
N pN(X) N

iedge

At T=0
bulk: Kk ~ % N—1/2

edge:  loage ~ = N71/°
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Relevant scales at finite 7

-1/6
N

P, N

iedge

At T=0
bulk: Kk ~ % N—1/2

edge:  loage ~ = N71/°

0
bulk
. _ _ h
e Thermal de-Broglie wave length: A7 = —7—"—

controls the crossover from quantum to classical as T increases
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Relevant scales at finite 7

-1/6 -1/6
X

. pN( ) N,

iedge

edge’ At T=0
n bulk: e ~ £ N1/

edge:  loage ~ = N71/°

- 0
bulk
. _ _ h
e Thermal de-Broglie wave length: A7 = —7—"—

controls the crossover from quantum to classical as T increases

e bulk: quantum ifAr>huax = ks T <hwN =Er
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Relevant scales at finite 7

-1/6 -1/6
X

. pN( ) N,

iedge

edge’ At T=0
| bulk: e ~ £ N1/

edge:  loage ~ = N71/°

0
bulk
. _ _ h
e Thermal de-Broglie wave length: A7 = —7—"—

controls the crossover from quantum to classical as T increases

e bulk: quantum ifAr>huax = ks T <hwN =Er

classical ifAr < hux = ks T >hwN =Efr
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Relevant scales at finite 7

-1/6 -1/6
X

. pN( ) N,

iedge

edge’ At T=0
n bulk: e ~ £ N1/

edge:  loage ~ = N71/°

bulk

e Thermal de-Broglie wave length: A1 = ﬁ

controls the crossover from quantum to classical as T increases

e bulk: quantum ifAr>huax = ks T <hwN =Er

classical ifAr < hux = ks T >hwN =Efr

e edge: quantum  if A7 > Lage = kg T < hwN'/?
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Relevant scales at finite 7

-1/6 -1/6
X

. pN( ) N,

iedge

e At T =0
n bulk: e ~ £ N1/

edge:  loage ~ = N71/°

bulk

e Thermal de-Broglie wave length: A1 = ﬁ

controls the crossover from quantum to classical as T increases

e bulk: quantum ifAr>huax = ks T <hwN =Er

classical ifAr < hux = ks T >hwN =Efr

e edge: quantum  if A7 > Lage = kg T < hwN'/?

classical if A7 < loage = kg T > hwNY/3

S.N. Majumdar Cold atoms, free fermions and the Kardar-Parisi-Zhang equation



Average bulk density at finite |

o0 ol )
Non(x, T) = Ku(x, x) = %
k=0
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Average bulk density at finite |

oo ol )
Npn(x, T) = Ku(x,x) = %
k=0

Two well understood limits:

Interpolation
at finite T ?

T — x

Wigner semi-circle Gibbs-Bltzmann
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Average bulk density at finite |

v T) =4 S8 (6(x — x)
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Average bulk density at finite |
o T) = & S (8(x = x)

e Two natural dimensionless variables (setting kg = 1)

mw?

2T

Er _ hwN

y=%5="1 and z=x
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Average bulk density at finite |
1 N
pn(x, T) = 5 2i= (0(x — i)
e Two natural dimensionless variables (setting kg = 1)

mw?

2T

_ Er _ hwN
Y=="7

e bulk scaling limit: N — 0o, T ~N, x~+T

and z=x
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Average bulk density at finite |
1 N
pn(x, T) = 5 2i= (0(x — i)
e Two natural dimensionless variables (setting kg = 1)

mw?

2T

_ Er _ hwN
Y=="7

e bulk scaling limit: N — 0o, T ~N, x~+T

and z=x

/)N(X', T)N;NR<yﬁ“7)_N7ZX "27“_;_2>

S.N. Majumdar Cold atoms, free fermions and the Kardar-Parisi-Zhang equation



Average bulk density at finite |
1 N
pn(x, T) = 5 2i= (0(x — i)
e Two natural dimensionless variables (setting kg = 1)

mw?

2T

_ Er _ hwN
Y=="7

e bulk scaling limit: N — 0o, T ~N, x~+T

and z=x

/)N(X', T)N;NR<yﬁ“7)_N7ZX "27“_;_2>

1 > xk

R(y,2) = ==Ly <7(ey ~1) e*ZQ) Lin(x) = ;/T

Dean, Le Doussal, S.M., Schehr, '15
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Average bulk density at finite |
1 N
pn(x, T) = 5 2i= (0(x — i)
e Two natural dimensionless variables (setting kg = 1)

mw?

2T

_ Er _ hwN
Y=="7

e bulk scaling limit: N — 0o, T ~N, x~+T

and z=x

/)N(X', T)N;NR<yﬁ“7)_N7ZX "27“_;_2>

1 > xk

R(y,2) = ==Ly <7(ey ~1) e*ZQ) Lin(x) = ;/T

Dean, Le Doussal, S.M., Schehr, '15

Local Density (or Thomas-Fermi) Approx. in the literature on fermions
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Average bulk density at finite |

Bulk scaling limit: N — o0, T ~N, x~+T
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Average bulk density at finite |

Bulk scaling limit: N — o0, T ~N, x~+T

(e T) ~ 5 R (1 = 2522 = x 35
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Average bulk density at finite |

Bulk scaling limit: N — o0, T ~N, x~+T

(e T) ~ 5 R (1 = 2522 = x 35

R(y,z) = ——=—— Liy 2 <_(ey —1) e—22>

Dean, Le Doussal, S.M., Schehr, '15

Wigner
semi-circle
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Edge density at finite 7

Edge scaling limit: N — oo, T ~ N/3 with fixed b = h“’fw

[)N(.T},T)

N-1/6

el oy =

o - 2
1 x—V2N/a B [Ai(z + u)]
pn(x, T) F <7WN ) where Fi(z) = / T ebu

— 00

Dean, Le Doussal, S.M., Schehr, '15
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Edge density at finite 7

Edge scaling limit: N — oo, T ~ N'/3 with fixed b = Lﬁ’m
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Edge density at finite 7

Edge scaling limit: N — oo, T ~ N'/3 with fixed b = Lﬁ’m

x— a > [Ai(z 4+ u 2
ou T) ~ s (S22 where | Fiz) = [ iz 2oL,

—00
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Edge density at finite 7

Edge scaling limit: N — oo, T ~ N'/3 with fixed b = Lﬁ’m

e o " TAi(z + u)]?
pnte, T) ~ i Fr (402) wbere | () = [ BE 0D

—00

when T =0, ie, b= oo Fi(z) = [AT(2)]" = z [Ai(z)]?
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Edge density at finite 7

Edge scaling limit: N — oo, T ~ N'/3 with fixed b = Lﬁ’m

x— a > [Ai(z 4+ u 2
ou T) ~ s (S22 where | Fiz) = [ iz 2oL,

—00

when T =0, ie, b= oo Fi(z) = [AT(2)]" = z [Ai(z)]?

Asymptotic behaviors

B b=5 —
0.8 b=0.5
) V2l
08 =, z — —00
= i - Fi(z) ~
LH 04 o8 “\H\
o N exp(—bz), z— o0
02 \
w \
, N Dean, Le Doussal, S.M., Schehr, '15
P PR
-8 6 -4 2 0 2
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Bulk kernel for /\V free fermions at 7 > 0

o= ou(x) er(x) _\ .
Kubox) = 2 T estan oM ’V—;oﬁ
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Bulk kernel for /\V free fermions at 7 > 0

o= ou(x) er(x) _\ .
Kubox) = 2 T estan oM ’V—;oﬁ

e Bulk scaling limit: N — 00, T~N, x&x' ~+/T

with y = ETf =ntel and |x — x| ~ W(X) = interparticle distance
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Bulk kernel for /\V free fermions at 7 > 0

N k(X)) (X)) o 1
(x, %) PRI o) g N_;)He

K - poe 1+ eB(ex—n) B (ex—p)

M

e Bulk scaling limit: N — 00, T~N, x&x' ~+/T

with y = ETf =ntel and |x — x| ~ W(X) = interparticle distance
Ko (x, x) ~ 2 Kopune (220) with £= 2
#(X7X ) ~ 7 "vbulk 0 wit — 7 Npn(x)
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Bulk kernel for /\V free fermions at 7 > 0

N k(X)) (X)) o 1
(x, %) PRI o) g N_;)He

K - o 1+ eP (ek—p) B (ex—p)

v

e Bulk scaling limit: N — 00, T~N, x&x' ~+/T

with y = ETf =ntel and |x — x| ~ W(X) = interparticle distance
Ko (x, x) ~ 2 Kopune (220) with £= 2
#(X7X ) ~ 7 "vbulk 0 wit — 7 Npn(x)

Kou(2) = 1 " dy 08 <\/2yzz>

20y Jo Vull+er/(er—1)

= generalisation of the Sine-kernel

In the context of matrix models, see Garcia-Garcia, Verbaarshot '03, Johansson '07
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Bulk kernel for /\V free fermions at 7 > 0

N k(X)) (X)) o 1
(x, %) PRI o) g N_;)He

K - prt 1+eB (ex—p) B (ex—p)

v

e Bulk scaling limit: N — 00, T~N, x&x' ~+/T

with y = ETf =ntel and |x — x| ~ W(X) = interparticle distance
Ko (x, x) ~ 2 Kopune (220) with £= 2
#(X7X ) ~ 7 "vbulk 0 wit — 7 Npn(x)

Kou(2) = 1 " dy 08 <\/2yzz>

20y Jo Vull+er/(er—1)

= generalisation of the Sine-kernel

In the context of matrix models, see Garcia-Garcia, Verbaarshot '03, Johansson '07
e bulk kernel universal, i.e., independent of the confining trap

\/(X) ~ ‘X‘p Dean, Le Doussal, S.M., Schehr, '15
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Edge kernel for /\/ free fermions at 7 > 0

o= ou(x) er(x) _\ .
Kubox) = 2 T estan oM ’V—;oﬁ
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Edge kernel for /\/ free fermions at 7 > 0

o= ou(x) er(x) _\ .
Kubox) = 2 T estan oM ’V—;oﬁ

e Edge scaling limit: N — 0o, T ~ N'/3 << N, with fixed b = 2N

x and x” both close to the edge roqzc = V2N/a

— /_ . —1/6
N o~ 1 X—ledge X —ledge N
Ku(x,X") & 5= Kedge (7WN S ) with wy = T—=
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Edge kernel for /\/ free fermions at 7 > 0

N er(X) er(X) R 1
K. (x,x") = 2 To oo’ and N = ;) 1+ ef(e—n)

e Edge scaling limit: N — 0o, T ~ N'/3 << N, with fixed b = 2N

x and x” both close to the edge roqzc = V2N/a

— /I —1/6
N ~ 1 X—rledge X —ledge H _ N
K. (x,x e Kedge (7WN T ) with wy = -~

° Ai(z 4 v) Ai(Z' + v)

1+ e bu du

Kedge(z,2') = /

— 0o

= generalisation of the Airy-kernel

Dean, Le Doussal, S.M., Schehr, '15, see also Johansson '07
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Edge kernel for /\/ free fermions at 7 > 0

N er(X) er(X) R 1
K. (x,x") = 2 To oo’ and N = ;) 1+ ef(e—n)

e Edge scaling limit: N — 0o, T ~ N'/3 << N, with fixed b = 2N

x and x” both close to the edge roqzc = V2N/a

— /_ . —1/6
N ~ 1 X—rledge X —ledge _ N
Ku(x,X") & 5= Kedge (7WN S ) with wy = T—=

° Ai(z 4 v) Ai(Z' + v)
1+ e bu

Kedge(z,2') = / du

— 0o

= generalisation of the Airy-kernel

Dean, Le Doussal, S.M., Schehr, '15, see also Johansson '07

e edge kernel universal, i.e., independent of V(x) ~ [x|? (p > 1)
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Position of the rightmost fermion at 7 > 0

V(x)
V2N
fedge = —&
NS
WN = (xﬁ
— hw p1/3
X max (T b= T N
— Tedo
edge X edge
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Position of the rightmost fermion

V(x)
V2N
fedge = —&
NS
WN (xﬁ
— hw p1/3
X max (T b= T N
— Tedo
edge X edge

M — dge
Prob.[xmax(T > 0) < M] = F (reib)
WnN
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Position of the rightmost fermion

V(x)
V2N
fedge = —&
NS
WN (xﬁ
— hw p1/3
X max (T b= T N
— Tedo
edge X edge

M — dge
Prob.[xmax(T > 0) < M] = F (reib)
WnN

—o0 14e—bu

‘-7:(5) = det (I — P¢ Kedge Pe) ‘ where Keqze(z,2') = [ Allztu) Allz'4u)

= finite T generalisation of the Tracy-Widom distribution

Dean, Le Doussal, S.M., Schehr, '15
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Connection to the KPZ equation
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Kardar-Parisi-Zhang (KPZ) equation in 1-d

e KPZ equation in (1 + 1)-dimensions in a curved geometry
(in dimensionless parameters)  9,;h = 02h + (9.h)” + /2 1(x. t)
n(x, t) — white noise (n(x, t)n(x',t")) = 6(x — x") 6(t — t')

Kardar, Parisi, & Zhang '86

a
1000 30s
v\x
500 ° . o )
£/ {20s  image from the liquid crystal experiment
g
0 B - - :
Z Takeuchi et. al., Sci. Rep. '11
<
—_— 10 q
-500 © s
-1000
0s
-1000 0 1000 (um)
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Kardar-Parisi-Zhang (KPZ) equation in 1-d

e KPZ equation in (1 + 1)-dimensions in a curved geometry
(in dimensionless parameters)  9,;h = 02h + (9.h)” + /2 1(x. t)
n(x, t) — white noise (n(x, t)n(x',t")) = 6(x — x") 6(t — t')

Kardar, Parisi, & Zhang '86

a
1000 30s
v\x
500 © . . .
g| [20s  image from the liquid crystal experiment
0 3 T . ) ,
% akeuchi et. al., Sci. Rep. '11
81 1105
-500 g1
-1000
0s
-1000 0 1000 (um)
e width of the height fluctuations: w = 1/ ((h — (h))?) ~ t}/3 as t — oo
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Kardar-Parisi-Zhang (KPZ) equation in 1-d

e KPZ equation in (1 + 1)-dimensions in a curved geometry
(in dimensionless parameters)  9,;h = 02h + (9.h)” + /2 1(x. t)
n(x, t) — white noise (n(x, t)n(x',t")) = 6(x — x") 6(t — t')

Kardar, Parisi, & Zhang '86

a
1000 30s
v\x
500 © . . .
g| [20s  image from the liquid crystal experiment
0 3 T . ) ,
% akeuchi et. al., Sci. Rep. '11
81 1105
-500 g1
-1000
0s
-1000 0 1000 (um)
e width of the height fluctuations: w = 1/ ((h — (h))?) ~ t}/3 as t — oo

e distribution of the scaled height — Tracy-Widom GUE as t — oo
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Kardar-Parisi-Zhang (KPZ) equation in 1-d

e KPZ equation in (1 + 1)-dimensions in a curved geometry
(in dimensionless parameters)  9,;h = 02h + (9.h)” + /2 1(x. t)
n(x, t) — white noise (n(x, t)n(x',t")) = 6(x — x") 6(t — t')

Kardar, Parisi, & Zhang '86

a
1000 30s
v\x
500 © . . .
g| [20s  image from the liquid crystal experiment
0 3 T . ) ,
% akeuchi et. al., Sci. Rep. '11
81 1105
-500 g1
-1000
0s
-1000 0 1000 (um)
e width of the height fluctuations: w = 1/ ((h — (h))?) ~ t}/3 as t — oo

e distribution of the scaled height — Tracy-Widom GUE as t — oo

Sasamoto & Spohn '10/Calabrese, Le Doussal & Rosso '10/Dotsenko '10/ Amir, Corwin & Quastel '10
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KPZ equation in curved geometry at finite time ¢

e KPZ growth in a curved geometry

height

increasing time

N

0 X

height h(0, t) — random variable
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KPZ equation in curved geometry at finite time ¢

e KPZ growth in a curved geometry

height

increasing time

N

0 X

height h(0, t) — random variable

e An exact expression for the generating function of the height distribution
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KPZ equation in curved geometry at finite time ¢

e KPZ growth in a curved geometry

height

increasing time
height h(0, t) — random variable

e An exact expression for the generating function of the height distribution

— Fredholm det.

(exp <_eh(oﬁt)+t/12—st”3>> = det (I — Ps Kxpz Ps)
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KPZ equation in curved geometry at finite time ¢

e KPZ growth in a curved geometry

height

increasing time
height h(0, t) — random variable

e An exact expression for the generating function of the height distribution

— Fredholm det.

(exp <_eh(oﬁt)+t/12—st”3>> = det (I — Ps Kxpz Ps)

with kernel Kkpz(z,2') = / i(z + u) 1532 + u) du
l1+e v u

J —00

Cold atoms, free fermions and the Kardar-Parisi-Zhang equation
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Free fermions at finite 7 and KPZ at finite

) - ) W NL/3
e Free fermions at finite T: fluctuations of xyax(T); b = %

Prob.[xmax(T > 0) < M) =~ F <M+;‘g"> F (&) =det (I — P¢ Keage Pe)
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Free fermions at finite 7 and KPZ at finite

) - ) W NL/3
e Free fermions at finite T: fluctuations of xyax(T); b = %

Prob.[xmax(T > 0) < M) =~ F <M+;‘g"> F (&) =det (I — P¢ Keage Pe)

° Ai(z 4 v) Ai(Z' + v)

1+ e bu du

Kedge(za Z/) = /

J —o0o
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Free fermions at finite 7 and KPZ at finite

. .. . o N1/3
e Free fermions at finite T: fluctuations of xyax(T); b = %

Prob.[xmax(T > 0) < M) =~ F <M+:I‘g"> F (&) =det (I — P¢ Keage Pe)

° Ai(z 4 v) Ai(Z' + v)

1+ e bu du

Kedge(za Z/) - /

J —o0o

e KPZ eq. at finite t: generating function of the height field
(exp (—eh@0+t/12=5 "))  det (1 — P, Kicps Py)
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Free fermions at finite 7 and KPZ at finite

. .. . o N1/3
e Free fermions at finite T: fluctuations of xyax(T); b = %

Prob.[xmax(T > 0) < M) =~ F <M+:I‘g"> F (&) =det (I — P¢ Keage Pe)

° Ai(z 4 v) Ai(Z' + v)

1+ e bu du

Kedge(za Z/) - /

J —o0o

e KPZ eq. at finite t: generating function of the height field
(exp (—eh@0+t/12=5 "))  det (1 — P, Kicps Py)

du

° Ai(z 4+ uv) Ai(Z' + u)
KKPZ(Z.z/) = / 1+ e,tl/s U
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Free fermions at finite 7 and KPZ at finite

. .. . o N1/3
e Free fermions at finite T: fluctuations of xyax(T); b = %

Prob.[xmax(T > 0) < M) =~ F <M+:I‘g"> F (&) =det (I — P¢ Keage Pe)

° Ai(z 4 v) Ai(Z' + v)

1+ e bu du

Kedge(za Z/) - /

J —o0o

e KPZ eq. at finite t: generating function of the height field
(exp (—eh@0+t/12=5 "))  det (1 — P, Kicps Py)

du

° Ai(z 4+ uv) Ai(Z' + u)
KKPZ(Z.z/) = / 1+ e,tl/s U

e two problems share the same kernel with the identification

hwN/3 e gl3

[Dean, Le Doussal, S.M., Schehr, '15]
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Free fermions at finite 7 and KPZ at finite

a
V(x) 1000 30s
500 °
20s
0 3
g
=1 10s
2500 ° s
edge Tedge -1000
X 0s
-1000 0 1000 (um)
_ V2N _ NTUS hwNY/3 1/3
fedge = (o Wn = a2 and %@t/
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Free fermions at finite 7 and KPZ at finite

a
V(x) 1000 30s
500
qé 20s
=]
0 3
g
2500 S 108
edge -1000 0
S
-1000 0 1000 (um)
_ V2N _ NTY/E hw NY/3 1/3
Fedge = “5— wWn = "5 and T =t

lim
N— oo

|:Xmax(T)_redge:| inlaw h(0,t) +¢/12+ G

Wy t1/3
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Free fermions at finite 7 and KPZ at finite

a
V(x) 1000 30s
500
qé 20s
=]
0 3
g
=1 10s
2500 ° s
edge Tedge -1000
X 0s
-1000 0 1000 (um)
_ V2N _ NTUS hwNY/3 1/3
fedge = (o Wn = a2 and %@t/

lim

N—oo

Xmax(T) - redge inI_aW h(o, t) + t/12 + G
Wy - 1/3

Wy

G = Gumbel variable independent of h(0,t): Prob.[G < z] = exp[—e~ 7]

[Dean, Le Doussal, S.M., Schehr, '15]
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Rightmost fermion in a harmonic trap at finite 7

V(x)
hwNY3 |
t!/3 — —T implies
. early time <= finite temperature
max
(KPZ) (Fermions)
_redgc X rfdge

S.N. Majumdar Cold atoms, free fermions and the Kardar-Parisi-Zhang equation



Rightmost fermion in a harmonic trap at finite 7

implies

(Fermions)

V(x)
hwN1/3
1/3
t —
T
early time <= finite temperature
Xmax<T)
(KPZ)
edge Tedge
E N B
setting a = /mw/h =1

Position distribution of the rightmost fermion at high T
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Rightmost fermion in a harmonic trap at finite 7

V(x)
hwNY3 |
t/3 —m T implies
T
early time <= finite temperature
Xmax<T)
(KPZ) (Fermions)
edge Tedge
E N B
setting a = /mw/h =1

Position distribution of the rightmost fermion at high T

Xmax( T) — ledge ) T3 . _
Prob. | —————"> <s | ~ex — Li —e s
( T/\/W = p 4N 5/2( )

Le Doussal, S.M., Rosso & Schehr, arXiv:1603.03302
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Tracy-Widom to Gumbel crossover

Distribution of the position of the rightmost fermion xmax(T) undergoes a
crossover as temperature T increases

Tracy-Widom (T = 0) = Gumbel for T >> hw N/3
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Tracy-Widom to Gumbel crossover

Distribution of the position of the rightmost fermion xmax(T) undergoes a
crossover as temperature T increases

Tracy-Widom (T = 0) = Gumbel for T >> hw N/3

oAt T =0: Xmax(T = 0) = Fedge = WN,g‘
fedge = @ wy = I:’y_\l//; and & — Tracy-Widom GUE variable
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Tracy-Widom to Gumbel crossover

Distribution of the position of the rightmost fermion xmax(T) undergoes a
crossover as temperature T increases

Tracy-Widom (T = 0) = Gumbel for T >> hw N/3

e At T =0:

Xmax(T - O) — Fedge = WN£ ‘

ledge = @ wy = I:’y_\l//; and & — Tracy-Widom GUE variable

e At T >> hw NY/3 .

Xmax(T) - redge = aN(T) + bN(T)W ‘

a T I _ a T
aN(T):zmﬁw |n (m) and bN(T)—ﬁm

v — Gumbel variable

[Dean, Le Doussal, S.M., Schehr, '15, see also Johansson '07]
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Generalisations to higher dimensions
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Generalisations to higher dimensions

connection to GUE lost

d=le

GUE
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Free fermions in a d-dim. harmonic trap at /7 = 0

e Single particle Hamiltonian:

A 2 2 2
fim o (St ot &) +ima? (... +3)

X12+...+X3=r2
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Free fermions in a d-dim. harmonic trap at /7 = 0

e Single particle Hamiltonian:
9? 9? 1 2 (2 2
(—+.. +a7§) +imw? (xF+...+x3)

)
Ox3

b — _ 1
H= 2m

X12+...+X3=r2
e Average global density (T = 0) for large N:

1 m d/2{ 1,
( > w—=—mwr

d/2
2\ o 2
W)~ Nran 1 2 2 }

where n = hw [F(d —+ ].) N]l/d [Dean, Le Doussal, S.M., Schehr, '15]
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Free fermions in a d-dim. harmonic trap at /7 = 0

e Single particle Hamiltonian:

A 2 2 2
fim o (St ot &) +ima? (... +3)
X12+...+X3=I’2
e Average global density (T = 0) for large N:
O~ sy () [ smee]”
X) ~ L — —mwr
PN NT(d/2+1) \272 72

where n = hw [F(d —+ ].) N]l/d [Dean, Le Doussal, S.M., Schehr, '15]
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Free fermions in a d-dim. harmonic trap at /7 = 0

Edge density at T = 0:

Pedge(X) ~ & -7 Fa (%) with wy = by N—1/64
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Free fermions in a d-dim. harmonic trap at /7 = 0

Edge density at T = 0:

Pedge(X) ~ & L Fy (r_r”'dge> with wy = by N—1/¢4

Wn

1 geel
Fq(z) = r / duu?? Ai(u + 273 2)
0

(d/2 +1)24d/3 d/2

[Dean, Le Doussal, S.M., Schehr, "15]
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Free fermions in a d-dim. harmonic trap at /7 = 0

Edge density at T = 0:

Pedge(X) ~ & L Fy (r_r”'dge> with wy = by N—1/¢4

Wn

1 geel
Fq(z) = s / duu?? Ai(u + 273 2)
0

(d/2 1 1)24d/3 zd/2

[Dean, Le Doussal, S.M., Schehr, "15]

Recall that
Fi(z) = [A1(2)]” - 2 [Ai(2)]?

4)—9/2
e 217,
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Correlation kernel in d dimensions at 7 — 0
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Correlation kernel in d dimensions at 7 — 0
ZH Er — ¢z) 9p(X) op(X)

o Bulk kernel:
KN()?*Y) [d chulk <‘; (/; |> with £~ [N pN()_(’)]il/d

Ja2(22)
(rz)d/2

’Cbulk(z) -
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Correlation kernel in d dimensions at 7 — 0

ZH Er — eg) op(%) ¢p(X')

o Bulk kernel:

KN()?*Y) [d chulk <‘; (/; |> with £~ [N pN()_(’)]il/d

’Cbulk( ) W

[ Edge kernel: [Dean, Le Doussal, S.M., Schehr, '15]

- o
— H/ o i X—rledge X —ledge o —1/6d
KN( ) - W;\i[ ’Cedg‘e ( wy wN ) where wyn = bd N
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Correlation kernel in d dimensions at 7 — 0

ZH Er — eg) op(%) ¢p(X')

o Bulk kernel:

KN()?*Y) [d chulk <‘; (/; |> with £~ [N pN()_(’)]il/d

’Cbulk( ) W

[ Edge kernel: [Dean, Le Doussal, S.M., Schehr, '15]

- o
— H/ o i X—rledge X —ledge o —1/6d
KN( ) - W;\i[ ’Cedg‘e ( wy wN ) where wyn = bd N

q 479 iar \
Keage(Z, ') = / (275’(, eI E Ajg (22 2 427 (2, + 21)
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Correlation kernel in d dimensions at 7 — 0

ZH Er — eg) op(%) ¢p(X')

o Bulk kernel:

KN()?*Y) [d chulk <‘; (/; |> with £~ [N pN()_(’)]il/d

’Cbulk( ) W

[ Edge kernel: [Dean, Le Doussal, S.M., Schehr, '15]

- o
— H/ o i X—rledge X —ledge o —1/6d
KN( ) - W;\i[ ’Cedg‘e ( wy wN ) where wyn = bd N

q 479 iar \
Keage(Z, ') = / (275’(, eI E Ajg (22 2 427 (2, + 21)

- .
__ Z.Tedge 1 Z Tedge
z, = —==£2

Fedze | zZ, = Tge' and All f Al d
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Summary and Conclusions

e Free fermions in a harmonic trap in 1-d at T = 0 <= RMT of GUE
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e Exact results in 1-d at finite temperature T > 0 (determinantal for large N)

= generalisation of the Sine and the Airy kernel
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= generalisation of the Sine and the Airy kernel
e Universality of these new kernels: independence on the trapping potential
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Summary and Conclusions

e Free fermions in a harmonic trap in 1-d at T = 0 <= RMT of GUE

e Exact results in 1-d at finite temperature T > 0 (determinantal for large N)
= generalisation of the Sine and the Airy kernel

Edge behavior = interesting connection to KPZ in curved geometry

e Extensions to higher dimensions (d > 1 and T =0)

= generalisation of the Sine and the Airy kernel
e Universality of these new kernels: independence on the trapping potential
e Extensions to both d > 1and T >0

e Can one observe these new universal edge behavior in cold atom
experiments?
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Quantum gas microscope M. Greiner et. al. PRL (2015)
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