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Squared Bessel particle systems

Objective: study solutions of the SDEs system for BESQ particles

dXi = 2
√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt, i = 1, . . . , p

X1(t) ≤ X2(t) ≤ . . . ≤ Xp(t), t ≥ 0, Xi (0) = xi

with the drift parameter α ∈ R.

Motivation: Importance of BESQ particle systems as a model in
mathematical physics

W. König, N. O’Connell: Eigenvalues of the Laguerre process as
noncolliding Squared Bessel processes, ECP 2001.
M. Katori, H. Tanemura: papers/surveys/ chapter of book on
BESQ particle systems 2004-2016

We prove complete results on the existence, unicity and positivity
properties of the solutions of the BESQ particle system.
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Squared Bessel particle systems

For p = 1 the BESQ particle system reduces to the classical
squared Bessel SDE

dX = 2
√
|X |dB + αdt, X (0) = x .

Yamada-Watanabe theorem ⇒ there exists a unique strong
solution BESQ(α)(x)

Classical setting: α ≥ 0, x ≥ 0, X ∈ R+

Göing-Jaeschke, Yor [Bernoulli 2003]: α ∈ R, x ∈ R, X ∈ R
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Relation with Squared Bessel matrix (Wishart) processes

Recall classical Squared Bessel Matrix(Wishart) processes on S̄+
p :

Sp = the space of symmetric p × p matrices, S̄+
p = the cone of positive

semi-definite matrices

If Nt= Brownian Motion on p × α matrices (α ∈ N), define

Yt = NtN
T
t ∈ S̄+

p , t ≥ 0. Then, by Itô formula, for α ≥ n,

dYt =
√

YtdWt + dWT
t

√
Yt + αIdt,

where Wt is a Brownian p × p matrix(Bru 1991). Bru showed that
this matrix SDE has solutions for α ∈]p − 1,∞) ∪ {1, . . . , p − 1}.
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We consider as a BESQ matrix process Yt ∈ Sp each solution of

dYt =
√
|Yt |dWt + dWT

t

√
|Yt |+ αIdt, α ∈ R

|Yt | is defined spectrally: for Y = PDiag(λi )P
−1, |Y| = PDiag(|λi |)P−1

If Y0 has no multiple eigenvalues, the eigenvalues Xi of Yt satisfy

dXi = 2
√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

)
dt, i = 1, . . . , p
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Difficulties in solving SDEs forBESQ particles

In equations for non-colliding BESQ particles

dXi = 2
√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt, i = 1, . . . , p

X1(t) ≤ X2(t) ≤ . . . ≤ Xp(t), t ≥ 0,

two difficulties appear

non-Lipschitz functions
√
x in martingale parts

( Yamada-Watanabe th. is 1-dimensional!)

The drift part contains singularities (Xi − Xj)
−1

(physicists want to start from (0, . . . , 0)! )
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Existence and uniqueness for BESQ particle systems
dXi = 2

√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt

Theorem

For every α ∈ R and x1 ≤ . . . ≤ xp there exists a non-colliding
solution to the system.

Moreover, pathwise uniqueness among non-colliding solutions holds
and there exists unique non-colliding strong solution.
Notation: BESQ

(α)
nc (x1, . . . , xp)

Proof (and proofs of other reported results) based on:
• SDEs for symmetric polynomials (explained now)
• ”Glueing” solutions for subsystems (explained later on examples)
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Methodology of proofs: SDEs for symmetric polynomials of
dXi = 2

√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt

The elementary symmetric polynomials of X = (X1, . . . ,Xp) are

defined,for n = 1, . . . , p by en(X ) =
∑

i1<i2<...<in
Xi1Xi2 · . . . · Xin

e1(X ) = X1 + . . .+ Xp

e2(X ) = X1X2 + . . .+ Xp−1Xp

................................................
ep(X ) = X1X2 · · ·Xp

The SDEs for symmetric polynomials are non-singular!!!
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Methodology of proofs: SDEs for symmetric polynomials of
dXi = 2

√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt

Methodology introduced for general particle systems in:
• ([EJP(2014)]) P. Graczyk, J. Małecki, Strong solutions of non-colliding
particle systems. Electron. J. Probab. 19 (2014), no. 119, pp. 1-21.

In this research we use extensively main results and methods of
EJP(2014).
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Results and methods of EJP(2014)

Consider a system of SDEs on the cone
C+ = {(x1, . . . , xp) ∈ Rp : x1 ≤ x2 ≤ . . . ≤ xp}

dλi = σi (λi )dBi +

bi (λi ) +
∑
j 6=i

Hij(λi , λj)

λi − λj

 dt

i = 1, . . . , p

Such systems contain:
– Dyson Brownian Motions β > 0
– BESQ particle systems
– eigenvalue processes of matrix processes on Symp×p verifying the
matrix SDE

dXt = h(Xt)dWtg(Xt) + g(Xt)dW
T
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Results and methods of EJP(2014)

For the SDE system on C+

dλi = σi (λi )dBi +

bi (λi ) +
∑
j 6=i

Hij(λi , λj)

λi − λj

 dt

i = 1, . . . , p

we prove, when starting from λ1(0) ≤ . . . ≤ λp(0)
and under natural conditions on the coefficients σi ,Hij , bi
(symmetry of H, regularity, non-explosion, non-collision
conditions)

strong existence and pathwise unicity

non-colliding of solutions of this system

by methods of classical Itô calculus
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Piotr Graczyk New results on BESQ particle systems and Wishart processes



Results and methods of EJP(2014)

For the SDE system on C+

dλi = σi (λi )dBi +

bi (λi ) +
∑
j 6=i

Hij(λi , λj)

λi − λj

 dt

i = 1, . . . , p

we prove, when starting from λ1(0) ≤ . . . ≤ λp(0)
and under natural conditions on the coefficients σi ,Hij , bi
(symmetry of H, regularity, non-explosion, non-collision
conditions)

strong existence and pathwise unicity

non-colliding of solutions of this system

by methods of classical Itô calculus
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Using polynomials to prove existence for particles SDEs

Consider e1 = λ1 + . . .+ λp.

It is easy to see that de1 = (
∑

i σi (λi )
2)
1
2 dWt +

∑
i bi (λi )dt

The symmetry of Hij(x , y)⇒ the singularities 1
λi−λj cancel!

Analogous phenomenon occurs for other basic symmetric
polynomials of (λ1, . . . , λp)
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Example of SDEs for symmetric polynomials:
BESQ particle systems, p = 4

de1 = 2
√
e1dU1 + 4αdt

de2 = 2
√
e1e2 + 3e3dU2 + 3(α− 1)e1dt

de3 = 2
√
e3e2 + 6e1e4dU3 + 2(α− 2)e2dt

de4 = 2
√
e4e3dU4 + (α− 3)e3dt

(Brownian motions Ui are not independent, but their brackets
< Ui ,Uj > are determined)
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Using polynomials to prove existence for particles SDEs

We solve SDEs for polynomials

Fact. The map e = (e1, . . . , ep) : C+ → Rp is a
diffeomorphism and extends continuously to C+

( (−1)kek(Λ) is the coefficient of xp−k in
P(x) =

∏p
i=1(x − λi ) )

we define λ = λ(e1, . . . , ep) and show that they are solutions
of the SDEs system for Λ
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Application of EJP(2014) to BESQ particles

dXi = 2
√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt

EJP(2014) implies

Corollary

Let |α| ∈ R+ \ {0, 1, . . . , p − 2}. Then the BESQ particle system
has a unique non-colliding solution for t > 0. If α ≥ p − 1 and
X1(0) ≥ 0, then the solution is non-negative, i.e. X1(t) ≥ 0.

A complete study of BESQ particle systems requires much more!

One of assumptions of EJP(2014) fails if |α| ∈ {0, 1, . . . , p − 2}
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BESQ Particle Systems, α ∈ {0, 1, . . . , p − 2}
dXi = 2

√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt

In the case α ∈ {0, 1, . . . , p − 2}, BESQ particles starting from
point 0 for t = 0 can stay at 0 forever.

When Xi (0) = 0 and Xj(t) > 0, the drift term

α +

p−2∑
k=1

|Xj(t)|
−Xj(t)

1R\{0}(yi ) = 0

But strong non-colliding solution exists!

Thanks to the results of EJP(2014), it is enough to prove the
existence of a non-colliding weak solution.
We prove it by glueing non-negative and non-positive solutions.
Let us explain it on the simplest example.

Piotr Graczyk New results on BESQ particle systems and Wishart processes



BESQ Particle Systems, α ∈ {0, 1, . . . , p − 2}
dXi = 2

√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt

In the case α ∈ {0, 1, . . . , p − 2}, BESQ particles starting from
point 0 for t = 0 can stay at 0 forever.
When Xi (0) = 0 and Xj(t) > 0, the drift term

α +

p−2∑
k=1

|Xj(t)|
−Xj(t)

1R\{0}(yi ) = 0

But strong non-colliding solution exists!

Thanks to the results of EJP(2014), it is enough to prove the
existence of a non-colliding weak solution.
We prove it by glueing non-negative and non-positive solutions.
Let us explain it on the simplest example.

Piotr Graczyk New results on BESQ particle systems and Wishart processes



BESQ Particle Systems, α ∈ {0, 1, . . . , p − 2}
dXi = 2

√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt

In the case α ∈ {0, 1, . . . , p − 2}, BESQ particles starting from
point 0 for t = 0 can stay at 0 forever.
When Xi (0) = 0 and Xj(t) > 0, the drift term

α +

p−2∑
k=1

|Xj(t)|
−Xj(t)

1R\{0}(yi ) = 0

But strong non-colliding solution exists!

Thanks to the results of EJP(2014), it is enough to prove the
existence of a non-colliding weak solution.
We prove it by glueing non-negative and non-positive solutions.
Let us explain it on the simplest example.

Piotr Graczyk New results on BESQ particle systems and Wishart processes



BESQ Particle Systems, α ∈ {0, 1, . . . , p − 2}
dXi = 2

√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt

In the case α ∈ {0, 1, . . . , p − 2}, BESQ particles starting from
point 0 for t = 0 can stay at 0 forever.
When Xi (0) = 0 and Xj(t) > 0, the drift term

α +

p−2∑
k=1

|Xj(t)|
−Xj(t)

1R\{0}(yi ) = 0

But strong non-colliding solution exists!

Thanks to the results of EJP(2014), it is enough to prove the
existence of a non-colliding weak solution.

We prove it by glueing non-negative and non-positive solutions.
Let us explain it on the simplest example.

Piotr Graczyk New results on BESQ particle systems and Wishart processes



BESQ Particle Systems, α ∈ {0, 1, . . . , p − 2}
dXi = 2

√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt

In the case α ∈ {0, 1, . . . , p − 2}, BESQ particles starting from
point 0 for t = 0 can stay at 0 forever.
When Xi (0) = 0 and Xj(t) > 0, the drift term

α +

p−2∑
k=1

|Xj(t)|
−Xj(t)

1R\{0}(yi ) = 0

But strong non-colliding solution exists!

Thanks to the results of EJP(2014), it is enough to prove the
existence of a non-colliding weak solution.
We prove it by glueing non-negative and non-positive solutions.

Let us explain it on the simplest example.

Piotr Graczyk New results on BESQ particle systems and Wishart processes



BESQ Particle Systems, α ∈ {0, 1, . . . , p − 2}
dXi = 2

√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt

In the case α ∈ {0, 1, . . . , p − 2}, BESQ particles starting from
point 0 for t = 0 can stay at 0 forever.
When Xi (0) = 0 and Xj(t) > 0, the drift term

α +

p−2∑
k=1

|Xj(t)|
−Xj(t)

1R\{0}(yi ) = 0

But strong non-colliding solution exists!

Thanks to the results of EJP(2014), it is enough to prove the
existence of a non-colliding weak solution.
We prove it by glueing non-negative and non-positive solutions.
Let us explain it on the simplest example.

Piotr Graczyk New results on BESQ particle systems and Wishart processes



Existence of non-colliding BESQ particle systems for
α ∈ {0, 1, . . . , p − 2}
dXi = 2

√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt

Example: p = 2, α = 0, start from (0, 0)

The system is

dX1 = 2
√
|X1|dB1 +

|X1|+ |X2|
X1 − X2

1{X1 6=X2}dt,

dX2 = 2
√
|X2|dB2 +

|X1|+ |X2|
X2 − X1

1{X1 6=X2}dt,

where X1(t) ≤ X2(t), t > 0 and X (0) = (x1, x2).

The process X1(t) = X2(t) ≡ 0 is a strong solution of the system
and it is colliding.
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)
dt

Example: p = 2, α = 0, start from (0, 0)

We find another solution X̃ by supposing that X̃1(t) ≤ 0 ≤ X̃2(t) .

The system becomes

dX̃1 = 2
√
|X̃1|dB1 − dt, X̃1(0) = 0,

dX̃2 = 2
√
|X̃2|dB2 + dt, X̃2(0) = 0.

The processes X̃1, X̃2 are two independent squared Bessel
processes of dimension −1 and +1 respectively.

By independence, these processes do not collide after the start.

This illustrates our method of constructing of a non-colliding
strong solution for α ∈ {0, . . . , p− 2}, by glueing solutions in lower
dimensions.
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Example: p = 2, α = 0, start from (0, 0)

2 4 6 8 10
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0.4

0.6

0.8

1.0

Unique non-colliding solution starting from x = (0, 0).
(Another (non-negative) solution: X1 = X2 = 0.)
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Non–Uniqueness for BESQ particle systems with
α ∈ {0, 1, . . . , p − 2}
dXi = 2

√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt

Our Thm says that there exists the unique BESQ
(α)
nc (x1, . . . , xp)

Are there any other solutions? Sometimes yes!

Let rank+(x) =
∑p

i=1 1(0,∞)(xi ), rank−(x) =
∑p

i=1 1(−∞,0)(xi )

Theorem

Pathwise uniqueness with the initial condition X (0) = x , where
x = (x1, . . . , xp), holds if and only if one of the following
conditions holds

(a) |α| /∈ {0, 1, . . . , p − 2}
(b) |α| ∈ {0, 1, . . . , p − 2} and (rank+(x)≥ p+α−1

2 or
rank−(x)≥ p−α−1

2 ).

Then there exists unique strong solution, which is non-colliding.
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Non–uniqueness for BESQ particle systems
dXi = 2

√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt

When |α| ∈ {0, 1, . . . , p − 2}, rank+(x) < (p + α− 1)/2 and
rank−(x) < (p − α− 1)/2,
then the uniqueness of the strong solutions is violated, i.e. there
exist at least two solutions.

The solutions are all colliding, except one.
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dXi = 2
√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt

p = 5, α = 1 start from x = (0, . . . , 0)

2 4 6 8 10

-1.0
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1.0

1.5

2.0

2.5

Unique non-colliding solution (BESQ
(−2)
nc (0, 0),BESQ

(3)
nc (0, 0, 0))

Piotr Graczyk New results on BESQ particle systems and Wishart processes



dXi = 2
√
|Xi |dBi +
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α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt

p = 5, α = 1 start from x = (0, . . . , 0)
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Unique non-negative solution (0, 0, 0, 0,BESQ(5)(0))
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dXi = 2
√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt

p = 5, α = 1 start from x = (0, . . . , 0)

2 4 6 8 10

-1

1

2

Solution (BESQ(−3)(0), 0, 0,BESQ(4)
nc (0, 0)),

neither non-colliding nor non-negative.
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Existence and uniqueness of non-negative solutions
dXi = 2

√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt

0 ≤ X1(t) ≤ . . . ≤ Xp(t)

Theorem

There exists a non-negative solution with the initial condition
X (0) = x , where x = (x1, . . . , xp) and x1 ≥ 0, if and only if one of
the following conditions holds

(a) α ≥ p − 1

(b) α ∈ {0, 1, . . . , p − 2} and rk(x) ≤ α.

Then pathwise uniqueness among non-negative solutions holds and
there exists unique non-negative strong solution.

The proof uses drifts of symmetric polynomials and is the same as
for an analogous non-negativity problem for the BESQ matrix
(Wishart) process: Stochastic Gindikin set
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Stochastic and Non-Central Gindikin Sets

Consider Yt , solution of

dYt =
√
|Yt |dWt + dWT

t

√
|Yt |+ αIdt, α ∈ R

Problem. For which α and Y0 does the process Yt stay in S+
p ?

(this is the Stochastic Gindikin Set)

Solution in: P. Graczyk, J. Małecki, E. Mayerhofer
A Characterization of Wishart Processes and Wishart Distributions
Stoch.Proc. Appl., 2017
Answer: α ≥ p − 1 or α ∈ {0, 1, . . . , p − 2} and rank(Y0) ≤ α
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Proof of the Stochastic Gindikin set

Recall that the symmetric polynomials en = en(X ), n = 1, . . . , p
are semimartingales satisfying the following system of SDEs

de1 = 2
√
e1dV1 + pαdt,

den = Mn(e1, . . . , ep)dVn + (p − n + 1)(α− n + 1)en−1dt, ,

dep = 2
√
ep−1epdVp + (α− p + 1)ep−1dt,

where Vn, n = 1, . . . , p are one-dimensional Brownian motions and
the functions Mn are continuous on Rp.
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Proof of the Stochastic Gindikin set for
α ∈ {0, 1, . . . , p − 2}

Suppose that a solution Xi (t) ≥ 0. Consider Een(t) where
n = α + 1. Then

Een(t) = en(0) + (p − n + 1)(α− n + 1)

∫ t

0
Een−1(s)ds = en(0)

Een+1(t) = en+1(0) + (p − n)(α− n)en(0)t

If en(0) > 0, then the leading term of Een+1(t) is negative and
thus Een+1(t) < 0 for large t. It implies en(0) = 0, i.e.
rank(x0) ≤ n − 1 = α.
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Stochastic and Non-Central Gindikin Sets

Application of Stochastic Gindikin Set: First proof of the
characterization of the Non-Central Gindikin Set (NCGS)

i.e. the parameter set of non-central Wishart Distributions
Γp,Σ(β, x) on S+

p defined by their Laplace transform at u ∈ S+
p

(Σ ∈ S+
p fixed )

L(u) = (det(I + Σu))−β exp[−Tr(u(I + Σu)−1x)],

(this is an extrapolation of the Laplace transform of
Y = ξ1ξ

T
1 + . . .+ ξnξ

T
n = q(ξ) where ξi ∼ N(mi ,Σ/2) are independent

normal vectors in Rp and x = q(m1, . . . ,mn), β = n
2 )

Case rank(x) = 1: Peddada, Richards (Annals of Prob.1991)

Attempt by harmonic analysis: Letac,Massam (J. Multiv.Anal.
2008, gap)

We show that
(α, x) ∈ Stochastic Gindikin ⇔ (α/2, x) ∈Non-Central Gindikin
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Stochastic Gindikin set = Non-central Gindikin set

Stochastic Gindikin set ⊂ Non-central Gindikin set

Bru(1991) computed the Laplace Transform of BESQ matrix
processes Yt on S̄+

p

Ex0 [exp(−Tr(uYt)] = (det(I +2tu))−α/2 exp[−Tr(u(I +2tu)−1)x0)]
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Stochastic Gindikin set = Non-central Gindikin set

It remains to show that
Non-central Gindikin set ⊂ Stochastic Gindikin set

From one Wishart distribution we must construct a Wishart
process, solution of Wishart matrix SDE

One Wishart distribution −→
a semigroup of Wishart measures −→
Markov Wishart process −→
solution of Wishart matrix SDE
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We use recent theory of affine processes on matrices of any rank,
Cuchiero, Teichmann 2013

BESQ matrix processes are affine processes:
the exponent of the Laplace transform of Yt is affine function of
the starting point x0

Ex0 [exp(−Tr(uYt)] = (det(I +2tu))−α/2 exp[−Tr(u(I +2tu)−1)x0)]
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Open questions: multi-indexed case

Multi-indexed Wishart distributions exist on S̄+
p and are important

in statistics

Multi-indexed BESQ Matrix (Wishart) processes exist for positive
integer indices α = (n1, . . . , np), and are sums of independent
classical Wishart processes.

Q1. How to define Multi-indexed BESQ Matrix (Wishart)
processes for any admissible multi-index α?

Q2. Study the corresponding multi-indexed BESQ particle
systems
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Methodology of proofs: SDEs for symmetric polynomials of
dXi = 2

√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt

Using Itô formula we obtain SDEs for en
(We write e j1,j2,...,jmn (X ) for an incomplete elementary symmetric
polynomial of degree n, written without any of Xj1 , . . . ,Xjm .)
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Methodology of proofs: SDEs for symmetric polynomials of
dXi = 2

√
|Xi |dBi +

(
α +

∑
j 6=i
|Xi |+|Xj |
Xi−Xj

1{Xi 6=Xj}

)
dt

Theorem

If X is a non-colliding solution of BESQ particle system, then
(e1, . . . , ep) are semi-martingales described, for n = 1, . . . , p, by

den =

√√√√ p∑
i=1

|Xi |(e in−1)2dVn + (

p∑
i=1

αe in−1 −
∑
i<j

(|Xi |+ |Xj |)e i ,jn−2)dt

Here (V1, . . . ,Vp) is a collection of one-dimensional Brownian
motions such that

d 〈en(X ), em(X )〉 = 4
p∑

i=1

|Xi |e in−1(X )e im−1(X )dt.
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Methodology of proofs: SDEs for symmetric polynomials.
Non-negative case 0 ≤ X1(t) ≤ . . .Xp(t)

Theorem

The elementary symmetric polynomials of the non-colliding
solution of BESQ particle system starting from 0 ≤ x1 ≤ . . . ≤ xp
are semi-martingales described up to the first exit time
τ = inf{t > 0 : X1(t) < 0} by the following system of p SDEs

den = 2

√√√√ p∑
k=1

(2k − 1)en−ken+k−1dVn

+ (p − n + 1)(α− n + 1)en−1dt,

where Vn are one-dimensional Brownian motions such that

d 〈en, em〉 = 4
p∑

k=1

(m − n + 2k − 1)en−kem+k−1dt

for every 1 ≤ n ≤ m ≤ p.
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Idea of the proof of non-collisions EJP(2014)

We show that λi never collide for t > 0.

We compute the SDEs for the semimartingales

V1 =
∑
j>i

(λi − λj)2

. . .

VN = Πj>i (λj − λi )2, N =
p(p + 1)

2

they are symmetric polynomials of (λi − λj)2
We show that instant diffraction holds:
even if VN(0) = 0, then τN = inf{t > 0 : VN(t) > 0} = 0 almost
surely
McKean argument: non-explosion of U = lnVN since the finite
variation part is bounded
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EJP(2014): Assumptions (A4-A4’) on coefficients of

dλi = σi(λi)dBi +

bi(λi) +
∑
j 6=i

Hij(λi , λj)

λi − λj

 dt

i = 1, . . . , p

Conditions for non-collisions

(A4) In each collision point x there is a force making the

particles uncollide

σ2k(x) + σ2l (x) + Hkl(x , x) 6= 0

Otherwise, if σ2k(x) + σ2l (x) + Hkl(x , x) = 0, such critical points x
are isolated and verify the following condition (A4’)
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Assumptions of EJP(2014) on coefficients
Conditions for non-collisions

(A4’) In each critical collision point x there is a force making
the particles leave from it

In points critical for (A4), the martingale part as well as the force
coming from repulsive forces between particles can not move them
from x. Then we require

l∑
i=k

bi (x) +

p−2∑
j=1

Hij(x , yj)

x − yj
1R\{x}(yj)

 6= 0,

for every y1, . . . , yp−2 ∈ R. It guarantees that the force coming
from the whole drift part will move particles from the critical point
and cause instant diffraction of the particles.
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Proof of the Stochastic Gindikin set

Suppose that α < p − 1 and α /∈ N. Suppose that the particles
(Xi (t)) are non-negative.
We compute the expected value of the symmetric polynomials

Ee1(t) = e1(0) + pα

∫ t

0
ds = e1(0) + pαt.

Ee2(t) = e2(0) + (p − 1)(α− 1)

∫ t

0
Ee1(s)ds

= e2(0) + (p − 1)(α− 1)e1(0)t + p(p − 1)α(α− 1)
t2

2
,

and so on. Consequently, the coefficient of tn in Een(t) is

1
n!
p(p − 1) · . . . · (p − n + 1) · α(α− 1) · . . . · (α− n + 1).

Take n the first integer greater than α + 1. Then Een(t) is a
polynomial with the leading coefficient negative ⇒ Een(t) cannot
stay positive for every t > 0, contradiction!
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Proof. Let a random variable Y on S̄+
p exist with law Γp,Σ(β, ω),

i.e. L(Y )(u) = (det(I + Σu))−β e−Tr(u(I+Σu)−1ω), u ∈ S̄+
p .

Step 1.
⇒ All the laws Γp,tI (β, ω

′), t ≥ 0, rank(ω′) ≤ rank(ω) exist
(take exponential family of Y , use Fourier-Laplace transform and
Lévy continuity theorem)
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Lévy continuity theorem)

Piotr Graczyk New results on BESQ particle systems and Wishart processes



Proof. Let a random variable Y on S̄+
p exist with law Γp,Σ(β, ω),

i.e. L(Y )(u) = (det(I + Σu))−β e−Tr(u(I+Σu)−1ω), u ∈ S̄+
p .

Step 1.
⇒ All the laws Γp,tI (β, ω

′), t ≥ 0, rank(ω′) ≤ rank(ω) exist
(take exponential family of Y , use Fourier-Laplace transform and
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Stochastic Gindikin set = Non-central Gindikin set

⇒ there exists an affine Markov process Yt with state space
S̄+
p ∩ {M : rank(M) ≤ max{rank(ω), 2β}} and with law of Yt

equal to Γp,2tI (β, ω).

Step 2. The affine Markov process Yt is a weak solution of the
BESQ Matrix SDE, with α = 2β.
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