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I We consider

SN :=
1

n
T

1
2
NZNZ

∗
NT

1
2
N

where ZN is a N × n matrix with i.i.d centered, reduced entries, and TN is a
nonnegative definite hermitian matrix.

I As N,n→∞, N/n→ r ∈ (0,∞), what are the asymptotics and fluctuations of
the top eigenvalues of SN , if

µTN :=
1

N

N∑
i=1

δλi(TN )
D−→ µ with sup suppµ =∞ ?

I This question was raised in the study of long memory stationary process. If a
process (Xt)t∈Z satisfies

EXt = 0, Cov(Xt+h,Xt) = γ(h), ∀t, h ∈ Z

with the autocovariance function γ satisfying∑
h∈Z
|γ(h)| =∞.

Then (Xt)t∈Z is a (centered) long memory stationary process.
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I People are initially interested in the asymptotics and fluctuations of top
eigenvalues of

QN :=
1

n

n∑
j=1

~Xj ~X
∗
j ,

where ~Xi are i.i.d obersations of
(
X1 · · · XN

)>
drawn from a centered long

memory stationary process (Xt)t∈Z.

I These questions are tightly related to the asymptotic properties of the population
covariance matrix, which is the following Toeplitz matrix:

TN := Cov

X1

...
XN

 = (γ(i− j))Ni,j=1 ,

with µTN
D−→ µ and sup suppµ =∞ as natural properties due to the long

memory of the process.
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I To answer the above questions, we study the following additional properties of
Toeplitz matrices:

I the asymptotic behavior of top eigenvalues and associated eigenvectors,
I the spectral gaps between the top eigenvalues.

I After these, the asymptotics and joint fluctuations of any p (a fixed integer) top
eigenvalues of

SN =
1

n
T

1
2
NZNZ

∗
NT

1
2
N

are studied.

I In the general model SN , the fluctuations depend not only on the entry
distribution but also on the eigenvectors of TN . But for some Toeplitz TN , the
universality holds.
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