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Beta ensembles in the real line

e Joint probability density function of the eigenvalues

N
(Ao ) o JTIN = X1 T w),
1

i<j I=

where w: R — [0, 00) is a weight.

Classical weights

2
ef%, Gaussian weight,
w(A) = )\ae*’\l(om)(}\), Laguerre weight (o > —1),

A(1—=X)P1g1y(A), Jacobi weight (a, b > —1).

Gaussian weight: 5 =1,2,4 ++ GOE, GUE, GSE
o Laguerre weight: 8 = 1,2 <> Wishart ensemble, Laguerre ensemble

Jacobi weight: 8 = 1,2 < multivariate analysis of variance
(MANOVA), or double Wishart
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Beta ensembles in the real line

e One dimensional Coulomb gas at the inverse temperature (3

(A1, -y AN) ocexp( Zlog\)\ )\;|+Z|ogw()\/)>.
=5 /
e For fixed 3, under a suitable scaling (by (N3/2)~! for Gaussian beta
ensembles), the empirical distribution

1 N
LN = N Z(;)\i
i=1

converges to a limit distribution (Gaussian: semi-circle distribution,
Laguerre: Marchenko—Pastur distributions, Jacobi: Kesten—Mckey
distributions). These facts can be shown
e by analyzing the joint density (Johansson (1998)),
e via random tridiagonal matrix models + combinatoric arguments (Dumitriu
& Edelman (2006), Dumitriu & Paquette (2012)),
e via random tridiagonal matrix models + spectral measures (T. (2016)).
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Classical beta ensembles at high temperature

e For fixed B, under a suitable scaling, the empirical distribution
Ly = % Z,’V:l d); converges to a limit distribution. These laws still
hold when Nj§ — oo.
e What happens in the regime N3 — const € (0,00)? Known results:
+ Gaussian: Allez, Bouchaud & Guionnet (2012), T. & Shirai (2015)

+ Laguerre: Allez, Bouchaud, Majumdar & Vivo (2013)
+ The works of Allez et al. are based on joint density

e This talk introduces an approach by T. & Shirai (2015) based on
random tridiagonal matrix models and duality relation of beta
ensembles, which is applicable to beta Laguerre and Jacobi ensembles
as well.
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Gaussian beta ensembles

o (Scaled) Gaussian beta ensembles

(A1, AN ocH|)\—/\]dexp Z)\2

i<j
e Tridiagonal matrix model (Dumitriu & Edelman (2002))

N(072) X(Nfl)B
H(ﬁ) . 1 X(N*l)ﬂ N(072) X(N72)B

- 57

xs  N(©02)

Here x2 = N'(0,1) +--- + N(0,1)%, k = 1,2,.... (Trotter (1984)

g

k
introduced tridiagonal model for GUE.)
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Jacobi matrices

p: nontrivial prob. meas. on R s.t. [ |x|Xdu(x) < 00,k =0,1,....
e {1,x,x2,...} are independent in L?(R, ).

o Define {Pp(x)}5 0as{

® Pp = Pn/HPn||L2-

Theorem

(') Xpn(X) = bn+1pn+1(x) + an+1pn(X) + bnpn— 1( )7 n=0,1,.

| (P ,XP> —
where b,11 = H‘P +1‘II’ Sl = W’ P_;=0.

Pn(x) = x" + lower order,
P,Lxl, j=0,...,n—1.

(ii) Multiplication by x in the orthonormal set {p;} has the matrix

ai b1
J=|b @ b . Jp=xp,p=(po,p1,....)".

v
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Spectral measures of Jacobi matrices

e Given a Jacobi matrix J, finite or infinite

a1 b1
J=|bh a b , ai€R b >0.

e There is a measure p on R, called spectral measure of (J, e1), s.t.

(1, x5y = (J¥er, e1) = J5(1,1),k = 0,1, ...

e Uniqueness is equivalent to the essential seft-adjointness of J on
/2(N).
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Some examples of Jacobi matrices
e Semicircle distribution
il 2 (lJ (:% 1
sc(x) = E\/ZL — X2 0)(x), &> J = o .

e Standard Gaussian distribution

0 V1
L _é ) Vi O e
e, _
Vo e
e Laguerre weights ﬁxae_xl(o’oo)(x), (> -1)
va+1l Va+l V1
V1 Va2 Vat2 V2

J = V2 Va+3 a+3 /3
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Finite Jacobi matrices

e 4 trivial prob. meas.,i.e.,
N .
= Z CIJZCS,\-, {\j} : distinct,
=1 J quzl,qj>0.

o {x/}]": independent in L%(R, ). Define Po,..., Py 1.
Pn = Pn/|Pnll;

ar b

b1 a» b2
J=

b, , a

N
. {)\j}j’\’zlz the eigenvalues of J, {Vj}jN:13 the corresponding normalized
eigenvectors. Then

o= Z|Vj )26, —quﬁ
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GgE, Jacobi/tridiagonal matrix model (Dumitriu & Edelman 2002)

N(0>2) X(Nfl),B

a H(B) 1 Xv-ns N(02) X(n_2)s
N = /BN

xs  N(©02)
e The eigenvalues of H,(VB) have (scaled) GSE distribution,i.e.,
(A1) o JTIA = Ajl” exp( ——Z)?

i<j

° H,(VB) is 1 — 1 correspondence with the spectral measure

(ﬂ) Z

(q1,--.,qn) is distributed as (x3, ..., xg) normalized to unit length,
independent of (A1,..., An).
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Limiting behaviours of GSE

e The spectral measure and the empirical distribution have the same mean
e[ [ @] = €[ 30 ()] = S EIGIEI)
1
= = > EF()] = E[/ fdLn).

e The limiting behavior of spectral measures follows directly from those
of the entries
01
10 1
(N—-1)8 as N3 — oo,

1| Xwv-ns NOD xn_z)p Nm)
—_— — B Xoe
VBN . - .
. . . 1 ( Xoe N(0,2) xp¢ ) as NS — 2c.

N(0,2) x

xg N2 V2c

This shows the convergence of the spectral measures, and hence, the
convergence of the mean of spectral measures.

Khanh Duy Trinh (RACMaS, Tohoku Univ.)|Classical beta ensembles at high temperature 2018/05/21 11 /15



Gaussian beta ensembles at zero temperature and duality

e Gaussian beta ensembles at zero temperature

N©02) Xy_1y 0 N—1
1 Xn-ns N(0:2) Xn_z) B—s00 N-1 0 N-2

VB -

-

s N2 Vo
« Dualty. Let my(N, k) = E| [ x?PdL,| = E[ [ x*dpl)| 5 = 4.
Then
my(N, k) = (—K)Pmp(—&N, ™).
e As N3 — 2c, or Nk — ¢, mp(N, k) = mp(—c,@0). Then the
Jacobi matrix of the limiting distribution becomes

0 e+l

1 Vetl 0 Vc+2 . . .
— JeF2 0 i3 | ¢ associated Hermite polynomials

e
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Conclusion

e Beta ensembles with classical weights

A2

N e T,
O a) o< JTIV =X T wn), wd) = S A% 21000y (N),
S = A%(1 = A)"1(0.) ().

In the regime that N3 — 2c, the empirical distribution converges to
the probability measure of c-associated orthogonal polynomials.
Theory of associated orthogonal polynomials helps to derive the
explicit formula for the limiting distribution: Askey & Wimp (1984),
Ismail, Letessier & Valent (1988), Ismail & Masson (1991).

For Laguerre weights ﬁxae_xl(om)(x), (o > —1), the
associated version

Veta+l veta+l e+l
Vet+l Jeta+2 Veta+2 /c+2

Jc = Vvet+2  Weta+3 veta+3 vVet+3

Khanh Duy Trinh (RACMaS, Tohoku Univ.)|Classical beta ensembles at high temperature 2018/05/21 13 /15



Conclusion

e Beta ensembles with classical weights

A2
N e~ 7,
(A1, An) o _H_|’\" =N TT W), wd) = S A%e 19 ) (N),
' = A%(1 = A)"1(0,1)(N)-

In the regime that N3 — 2c¢, the empirical distribution converges to
the probability measure of c-associated orthogonal polynomials.
Theory of associated orthogonal polynomials helps to derive the
explicit formula for the limiting distribution: Askey & Wimp (1984),
Ismail, Letessier & Valent (1988), Ismail & Masson (1991).

? How about other weights?

e Gaussian beta ensembles in the regime N5 — 2c: the local statistics
converges to a homogeneous Poisson point process (Benaych-Georges
& Péché (2015), Nakano & T. (2016)).

e Gaussian beta ensembles in the regime N3 = o((log N)~1): the
largest eigenvalue converges to the Gumbel distribution (Pakzad
(2018)).
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Figure: Density of the spectral measure of 2 0 c+3

Thank you very much for your attention!
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