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Probabilistic model for reliability assessment

measures u(t)(i, x), marginal law of env. variable with | initial law po(/, x)
Z/ dp(s)(i,x) =1
icE /R

E finite set of modes
environ. variables (i, t, s, x) € R? at time t > s if x € R? at time s

Flow property’ ®(i, 53,5, P(s2, 51, %)) = ®(/, s3,51,%x), forall0<s <s<s3 x

transition rate A(/,j, x) from state (/,x) — j
prob. law m(i,j, x) for state (j, x)

solution to (set ®(t, s, x) in CSMP, see C. Cocozza-Thivent)

Z/bd (i, x)dpu(t)(i, x) = Z/Id F(i, D(i, t, t — 0t, x))dpe_a (i, x)
+ Z /

ijeg/t= JR

) A7, 4, x) (/pd U, U, t,s,y))dm(i,j,x)(y) — f(i, (., t, s.x))) dp(s)(i, x)ds




Ezxplicit scheme - time splitting

mesh M time step dt

|K| uf g = / po(i,dx), YK € M, Vi € E
K

1. Transport step

v =y € Lst. ®(i,(n+ 1), ndt,y) € K}|
—
|K| Tk = Zv uf'; with ZVL” =
LeMm KeM
2. Jump step

AT = [Giy) [ amlip)dy and 1K =3 [ XGjx)ax
L K
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Ku,."“_—.—Ku, +aS > L
AL 5t/\$é) sl JEE Lem &’\U) ||
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Implementation of the scheme in the reqular case

Flow given by regular O.D.E.
do

o v(i,t,P)
aslong as I(t)=i€E

with

v (I> )
—— Markov Flow property

®(i, 53,5, P(s2,51,%x)) =P

-) Lipschitz continuous

(7, s3, 81, %)

o
'

test function in Chapman-Kolmogorov equation
f(i,x,s) =g(i,®(i, t,s,x))
gives general formulation

Then

v =

{y € K st. & (i, (n+ 1), nét, y) € K}| ~ |K|76t2/

LENK KNL

(v i,s,x) nKL)+U;n,K —(v(i,s,x) - nik)

\K|( - )+ Y [

Len /KL

v =y € Lst. (i, (n+1)dt, ndt,y) € K}| = 6t/7 (v(i,s,x) - nek) Tds(x), VL € Ni
KNL

Tl )ds(x) =0

(v(i,s,x) - nk)"ds(x)




A 1D example without jumps

ot =h
O(s,t,x) =x—(s—t)
®(s,t,x) =0
®(s,t,x) =x

forall s > tand x > s —t,
foralls>tand 0 < x<s-—t,
forall s> tand x <0

initial data : uniform distribution on [0, 1]

t€(0,1) t € [1,+00)
pe = tdo(x) + Ixe(O,l—t)dX pe = o
t
1
e RER \ AN ”["Jhi) = Ujo,hy + Ufp,2n)
\ u[niiz{i+1)h) = Ullit1)h,(i+2)h) J >1
t" | < Urin (i+1)hy = Ylin,(i+1)h) <
-2h  —h 0 h 2h




Di(s, t,x1, %) = (sgn(xl) max(0, |xi| — (s — t)), x2+ Amax(0,s —t — |X1|)>7

0<t<s, x1,x € R,

A 2D example without jumps

dt=hX=1
X2
j n . .
Jh KUJ KlJ KZJ' uﬁ+1 _ ul;;%—l,j I.f l. > 2,
J ui_q; ifi <0,
j 1 1
(J—l)h Uf’j = 5 (uf,j—l + uij)
| and 1
+Ug'+* ug-_l—i—ué'-
, Koj-1 Kijo1 AL oy J)
(-2)h o
~h 0 h 2h

when only non zero values are for i = 1
1

1
ufjt = o (ufja+uly) = ol — 5o (ol — uja),
convergence to the transport by the flow ®,, (A =1/2)

convergence needs & — 0 and h/dt — 0




Convergence as &t — 0 and h/dt — 0

we focus on the transport part

1/

2/

3/

4/

5/

forall g € LipC(RN) Lipschitz continuous function with compact support

' [ 600 00ax = [ (@t to )ufa ()] < Mo L)

fe Lipc(RN) Lipschitz continuous function with compact support

/ F(D(tnes1, tasr, X)) Ui (x)dx 7/ F(P(tn+1, tn, X)) g (x)dx| < Mg Lip(®) Lip(f)ha
RN RN

/RN FO) U (x)dx — /R F(D(tn 11,0, )l (x)dx| < (e + 1)Mo Lip(®) Lip(F)hat

for t € |tn,, tn41],
/R A ®(tn 11,0, ) (x)ex / (2,0, 2) o)

< Mo Lip(®) Lip(f)(hat -+ 6t)

/RN f(x)unr,s(t, x)dx — ‘[RN f((t,0,x))duo(x)

control of Wasserstein distance Wi (uaq,s(t, -)dx — pe)

< Mo Lip(®) Lip(f) (27% + hp + &)

additional work for tightness in the case of jumps




Explicit scheme modified by addition of viscosity _

e>0
~n n ~n+1 — ~n n
Vik = V[ k+e otloxe| |K| tx VK UL
LeMm
=0 n and instead of
VKK = Vk,k —€ Ot E |oke] IK| G Z Vel
LEM\{K} K & 5

Convergence study with 6t — 0 and h/dt < C (CFL cond. + inv. CFL cond.) under
some hypotheses on ¢
/ F(x)ur,ee(t, x)dx —/ f(®(t,0,x))duo(x)
RN RN
< Mo Lip(®) Lip(f) ((A1 + Aty 6t)
with

ne
Av=had D D Wikl - ukl

n=0 Le M KeEM

and

Azthi Z ul

n=0 KeM

/ [J(tns1, tn, x) — 1]dx
{x,X(tnt+1,tn,x)EK}

] 8



Control of Ay : ideas of Boccardo-Gallouét-Vazquez

needs of some control on space variations of u for passing to the limit

Main idea :

Oeu + div (uv) —eAu =0, u(-,0) = o \

L . 1 .
Multiplication by u gives at/ <7u2 + vAdiv (v) + £|Vu|2> =0
Rd

2

2 .
Problem : / u® < oo | false with measures
Rd

method equivalent to multiplication by

1
m(u) =1— ————— with m > 0 control of concentration
Om () =1 = e
Then
nr ! _ __ly=
S Y Wk dp i Y < € where|  400%0) = i
n=0 KEM LEM d(0,0,6) =0

’ AL < C(ha)™ and A2 < C(ha)?

Note : 1/¢ in RHS of ineq.
Main tool : discrete Sobolev-
Gagliardo-Nirenberg inequalities

pass to the limit ot — 0 and h/d§t < C in scheme considering regular test function



Explicit scheme / implicit scheme _

Explicit scheme : more precise - but asymptotic state out of reach
time step less expensive but much smaller
Implicit scheme : allows determination of asymptotic states (using O.D.E.)

resolution of large linear systems using BICGSTAB and SOR preconditionner



Simplified example of population dynamics

d .
o0 8)+ v, 9900) = | My)dmly, ulys 1) = Alelu(x, 1
R
with the initial condition
(x,0) = prini(x), for x € RY.
1

VKL = W (X) nkeds(x) |and|  wk, = max(|vk,i], ) ‘

i = ﬁ/}(x(x) (/Ldm(x) (dy)) dx M= 3 M= ey /)\(x)dx

Lem
K |K| /duo and

n+1 n
m(K)(uf™ — u)

. (n+1) (n+1)
+ot Y KN v S UL T WKL k) ()
2 2
LENK

= —ot|K| Aug ™ + 6t S | A k™
LeM

e i



Convergence study

conservation of probability mass — weak convergence to Radon measure

1
multiplication b om(U)=1— ————withm>1
’ (L+[u)”

nt—1 ( (n+1) (n+1))2

Uk
oot that| 3k Y 30 Rzl W<
L

n=0 KeM LENK

nr—1 1/e in RHS of ineq.
k Z Z [KNL| |u (n+1) £"+1)| < Ch;,ll/‘7 Main tool : discrete
n=0 KEM LENK Sobolev inequalities

pass to the limit ot — 0 and h/d8t < C in scheme considering regular test function



Numerical comparison on a first example _

E = {1,0}, Weibull law for working duration with average value 2000 hours, lognormal
law for repair duration with average value 1.5 hours,
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Numerical comparison on a second example : the gas factory

m3/h
3200

4300

7500

m3/h

7500

7500




Non

respect of contractual obligations

m3/h

5500

2000

7500

m3/h

5500

5500




Standard simulation method

Monte Carlo simulation :

initialization at t = 0 in state (1,1) xa=xg =0, xx = R
in each state, 2 random durations (w.r.t. to state)

in state (1,1), compute duration until xg = R

go to next jump, compute env. var.

107 simulations until t = 10° hours

histogram of final state and env. var.
on one processor, computing time : 5 hours



Availability of one single production unit _
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Marginal distributions at t = 500
repair (left) working (right).



Two production units without reservoir _

E= {(17 1)5 (17 0)7 (07 1)7 (07 O)}

3e-06

2.5e-06 -

2e-06

1.5e-06 [

1e-06

5e-07

Probability of failure state (0,0) w.r.t. to time
exp. scheme (dotted line) imp. scheme (solid line)

comparison only on short times...

e 7



Case where no return from state (0,0)

L L L
0 500000 1le+06 1.5e+06 2e+06 2.5e+06 3e+06

solid line : imp. scheme
dotted line : Monte Carlo



Two production units + réservoir

FV finite volumes
MC Monte Carlo
PN Petri Networks

FV MC PN FV MC PN

Case 1 | 0.9989952 | 0.9991 | 0.9991 Case 1 | 0.9995241 | 0.9996 | 0.9996

Case 2 | 0.9896885 | 0.9907 | 0.9909 Case 2 | 0.9950731 | 0.9955 | 0.9956

Case 3 | 0.9882614 | 0.9894 | 0.9892 Case 3 | 0.9939157 | 0.9945 | 0.9942

Case 4 | 0.9731820 | 0.9772 | 0.9744 Case 4 | 0.9860841 | 0.9881 | 0.9867
availability of contractual rate Availability of the two production units

FV MC PN

Case 1 | 0.0011344 | 0.001039 | 0.001024 Case 1 R immediately filled in state (1,1)
Case 2 0.11396 0.1009 0.10013 Case 2 as Case 1, failure ratesx 10
Case 3 1.2059 1.0714 1.1150 Case 3 as Case 2, failure ratesx 10 if other unit down
Case 4 2.7053 22614 25837 Case 4 | R to be filled, failure rates as in Case 3 if not full

Frequency of total production loss (in years™T)




Conclusions

Finite volume scheme may be cheap and accurate in some cases, but not all

Convergence analysis connected with numerical analysis of
scalar hyperbolic nonlinear equations
scalar parabolic equations with irregular data

discrete Sobolev - Gagliardo - Nirenberg inequalities

e 2



Siote (0 TR

environmental variables :
working durations x4 € Ry, xg € Ry, level of gas in the reservoir xg € [0, R] with

R = 220000 m®

xr < R
Ta =1, 28 =1, S8 " = 1200 m*.h™*
failure rate of A : \; = 1/200 h~' and failure rate of B : Ay = 1/40 h~*

XR=R

dxA 1 de 1 de =0
fallure rate of A: )\A = 1/2000 h™" failure rate of B : \g = 1/400 h™!

failure of A : pass to state (0,1)
failure of B : pass to state (1,0)

e Zg



Siote (OH) B

environmental variables :
repair duration x4 € Ry, working duration xg € R, level of gas in the reservoir
XR € [0, R]

=1 E=1

si xg > 0, 28 = —2000 m*.h™"
repair rate of A : pa(xa) h*
failure rate of B : A\ = 1/40 h™!

pa(x) = da(x)/ [.7°° da(s)ds, da(x) = LN (0.23,2.25, )
Nt 0,9 = e oo (-4 (252

repair of A : pass to state (1,1)
failure of B : pass to state (0,0)

e 2T



Siote TR

environmental variables :

working duration x4 € R, repair duration xg € R, level of gas in the reservoir
XR € [0, R]

d d

% = 1' %‘EB = 1

if xg >0, 28 = —4300 m>.h™!
failure rate of A : Xy = 1/200 h~!

repair rate of B : ug(xg) At

pe(x) = ds(x)/ ["°° ds(s)ds, ds(x) = LN (0.50,1.83, x)

failure of A : pass to state (0,0)
repair of B : pass to state (1,1)

] 24



State (0,0)

environmental variables :
repair durations xa € Ry and xg € Ry, level of gas in the reservoir xg € [0, R]

a1 P _ g
bt T dgl - g q
if xe >0, & = —7500 m>.h~
repair rate of A : pa(xa) h™!
repair rate of B : ug(xg) h™*

repair of A : pass to state (1,0)
repair of B : pass to state (0,1)

] 25



One production unit + réservoir

0.96200

0.96190

0.96180 -

0.96170 -

0.96160 -

0.96150 -

0.96140 g g y y
0.0 200000.0 400000.0 600000.0 800000.0 1000000.0

availibility of contractual rate
different meshes 500x100 1000x100 1000x200 1000x500 1000x1000

e %













































