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Chapter 1

Introduction

These notes are about a three hour course I gave during the Journées PDMP 2012 at
Marne-La-Vallée. This meeting was perfectly organized by Djalil Chafai, Bertrand Cloez,
Dan Goreac, Marc Hoffmann and Miguel Martinez.

I would want to thank all my coauthors on this topic for the four past years: Jean-
Baptiste Bardet, Michel Benaim, Djalil Chafai, Alejandra Christen, Joaquin Fontbona,
Arnaud Guillin Stéphane Le Borgne, Pierre-André Zitt.

1.1 The setting

Piecewise deterministic Markov processes (PDMPs) were introduced in the literature by
Davis [Dav84l [Dav93| as a general class of non diffusion stochastic models. PDMPs are a
family of Markov processes involving deterministic motion punctuated by random jumps.
The motion of the PDMP (X}),-, depends on three local characteristics, namely, the flow
®, the jump rate A and the transition measure (). Starting from x, the motion of the process
follows the flow ®(x,t) until the first jump time 77 which occurs either spontaneously in a
Poisson-like fashion with rate A(z) or when the flow ®(z,t) hits the boundary of the state
space OF. In either case, the location of the process at the jump time T} is selected by
the transition measure Q(®(x,t),-) and the motion restarts from this new point as before.
The boundary of the space OF can be seen as a region where the jump rate is infinite.

Let us consider the case when (Xt),- is RY-valued. Roughly speaking a PDMP (Xt)=0
on E C R is driven by the generator

Lf(x) = Xf(x) + A(x) / (F(0) — F(2)) Q. dy),

E
where X is a locally Lipschitz continuous vector field on E C R% determining the flow ®:
0®(x,t) = XP(x,t) ift >0,
&(x,0) = x.

Further details are given in [Dav93| (in particular the domain of L). For any = € E, let us
denote by t.(x) the hitting time of the boundary

to(z) =inf{t >0 : ®(z,t) € OE} € [0, +ox].


http://wiki-math.univ-mlv.fr/pdmp/doku.php/pdmp2012

One can associate to (X¢);, its embedded Markov chain i.e. the process observed at the
jump times. Let us define

A(a:,t):/o)\(tb(a:,s))ds, (1.1)

for x € F and t > 0. If Xo = x, the density function of L£(T}) is given by s
A @(z,s))e M%) In particular, the probability that no jump occurs before time t,(z)
is equal to e AM@t=(@)) At this time ¢, (z), X hits OF and jumps. As a consequence, the
kernel of the embedded chain is given by:

I(z,A) = Py(Xr, € A) (1.2)

«(x)
- / t AN®(z,5))e 2 @DQ(®(x, 5), A) ds + e MO Q(D(, 1, (2)), A).
0

A PDMP has no diffusive part (by definition!) and is (in general) non reversible. For
the link with Poisson Point Processes, see for instance [Jac06].

1.2 Motivating examples

1.2.1 The TCP window size process and related examples

This process on R4 belongs to the subclass of the AIMD (Additive Increase Multiplicative
Decrease) processes. Its infinitesimal generator is given by

1
Lf(z) = f'(z) + /\(33)/0 (f (uz) = f(x)) v(du), (1.3)
where v is a probability measure on [0, 1] and A can be constant (easy case, see |[LvL08])
or affine (tricky case). It can be viewed as the limit behavior of the congestion of a sin-
gle channel (see [DGR02, (GRZ04] for a rigorous derivation of this limit). [MZ09| gives
a generalization of the scaling procedure to interpret various PDMPs as the limit of dis-
crete time Markov chains and in [vLLOQO9| more general increase and decrease profiles
are considered as models for TCP. In the real world (Internet), the AIMD mechanism
allows a good compromise between the minimization of network congestion time and the
maximization of mean throughput. See also [BDRS02] for a simplified TCP windows size
model. See [vLLO09, MZ06, [OKO08, [OKM96, [0S07, [Ott06), [Hes05] for other works dedi-
cated to this process. Generalization to interacting multi-class transmissions are considered

in [GRO9, IGR10].

It is shown in [DGRO02| that the invariant measure of the process with A\(z) =z

and v is the Dirac mass at § € [0,1) is given by

2/7T = 5—211 _67271‘1,2/2
+o<>(1 - (52”+1) v (1 _ 5—2k)

n=0

see Figure This result may follow from the expression of the density function of the
invariant measure of the embedded chain and the relation

B V) = ([ N et s) )
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Figure 1.1: Density funtion of the invariant measure associated to the generator ((1.3) when
A(z) = z and v is the Dirac mass at J.

where £(W) is the invariant measure associated to , and where V is drawn according
to the invariant law of the embedded chain and T}, is a jump time for the continuous-time
process starting at v.

In [CMPI10], a first attemp to get quantitative bounds for the convergence to the
invariant measure is proposed. The work [BCG™12] provides good improvement for the
estimates in Wasserstein distance and total variation distance.

This process is studied in Chapter [2]

1.2.2 Chemotaxis

Let us briefly describe how bacteria move [ODASS, [EO05, [EO05]. They alternate two
basic behavioral modes: a more or less linear motion, called a run, and a highly erratic
motion, called tumbling, the purpose of which is to reorient the cell. During a run the
bacteria move at approximately constant speed in the most recently chosen direction. Run
times are typically much longer than the time spent tumbling. In practice, the tumbling
time is neglected. An appropriate stochastic process for describing the motion of cells is
called the velocity jump process which is deeply studied in [ODAS8S|. The velocity belongs
to a compact set (the unit sphere for example) and changes by random jumps at random
instants of time and the position is deduced by integration of the velocity. The jump rates
may depend on the position when the medium is not homogeneous: when bacteria move
in a favorable direction 4.e. either in the direction of foodstuffs or away from harmful
substances the run times are increased further. Sometimes, a diffusive approximation is
available [ODASS| [RS10].

In a one dimensional simple model studied in [FGMI0|, the particle evolves in R and
its velocity belongs to {—1,+1}. Its infinitesimal generator is given by:

Af@:v ’U) - 'Uazf(xvv) + (a + (b - a)]l{:r:v>0})(f(x7 —’l)) - f(.%','l})), (1'4)

with 0 < a < b. The dynamics of the process is simple: when X go aways from 0, (resp. go



to 0), V flips to —V with rate b (resp. a). This process is reminiscent of the study [HV10]
on a generalized telegraph process.

It is shown in [FGMI0| that the invariant measure p of (X, V') driven by is the
product measure on Ry x {—1,41} given by

p(da, dv) = (b—a)e” D% dz @ %(5_1 +041)(dv).

One can also construct an explicit coupling to get explicit bounds for the convergence to
the invariant measure in total variation norm [FGMI0].

1.2.3 Reliability

See the works of Dufour and his team.

1.2.4 Neuron activity

The paper [PTWO09| establishes limit theorems for a class of stochastic hybrid systems
(continuous deterministic dynamic coupled with jump Markov processes) in the fluid limit
(small jumps at high frequency), thus extending known results for jump Markov processes.
The main results are a functional law of large numbers with exponential convergence speed,
a diffusion approximation, and a functional central limit theorem. These results are then
applied to neuron models with stochastic ion channels, as the number of channels goes to
infinity, estimating the convergence to the deterministic model. In terms of neural coding,
the central limit theorems allows to estimate numerically the impact of channel noise both
on frequency and spike timing coding.

1.2.5 Chemical reactions

Let E be the set {1,2,...,n}, (A(,i))icg be n nonnegative continuous functions on R¢, P
be an irreducible stochastic matrix on E and, for any i € E, F'(:) : R? — R? be a smooth
vector field such that the ordinary differential equation

{jzt = Fi(z;) fort >0,

To=2x

has an unique and global solution ¢ + ¢i(z) on [0, +0c0) for any initial condition = € R
Let us consider the Markov process

(Zt)t>o = ((Xt7It)>t>0 on R x E

defined by its infinitesimal generator L as follows:

Lf(x,i) = F'(@)Vof(z,8) + A, i) Y P(i,5)(f(2,) = f(x,4))

JEE

for any smooth function f: R? x E — R.



Chapter 2

The TCP window size process and
related examples

The TCP window size process appears in the modeling of the famous Transmission Control
Protocol used for data transmission over the Internet. This continuous time Markov process
takes its values in [0, 00), is ergodic and irreversible. The sample paths are piecewise linear
deterministic and the whole randomness of the dynamics comes from the jump mechanism.
The aim of this chapter is to provide quantitative estimates for the exponential convergence
to equilibrium, in terms of the total variation and Wasserstein distances. The main results
are established in [CMP10, BCG™12].

2.1 The TCP model with constant jump rate

A baby model of the TCP process it obtained assuming that the jump rate is constant.
The infinitesimal generator of the process is given by:

Lf(z) = f'(z) + Mf(2/2) = f(z)) (z>0).

The jump times of this process are the ones of a homogeneous Poisson process with inten-
sity A. The convergence in Wasserstein distance is obvious.

Lemma 2.1.1 (|[PRO5, [CMP10]). For any p > 1,

A1 —27P)

Wy(62:Ps, 0,P) < |z —yle ™™ with )\, =
p

(2.1)
Remark 2.1.2. The case p = 1 is obtained in [PR05] by PDEs estimates using the following
alternative formulation of the Wasserstein distance on R. If the cumulative distribution
functions of the two probability measures v and © are ' and F' then

Wi (v, ) = /R\F(;v) _ F(a)|da.

The general case p > 1 is obvious from the probabilistic point of view: choosing the
same Poisson process (Nt)t20 to drive the two processes provides that the two coordinates
jump simultaneously and

X, — Y| = |z —yl27 M.



As a consequence, since the law of NV, is the Poisson distribution with parameter At, one
has
Eoy(1X = Yil?) = & — yIPE(27PY) = |& — y|Pe ",

This coupling turns out to be sharp. Indeed, one can compute explicitly the moments
of X; (see |LLOS8, [OKO08|): for every n > 0, every = > 0, and every ¢t > 0,

E.((X)") = Hk 19k +n! Z(Z I H 7 _9 ) e~mt, (2.2)
J#m

where 6, = \(1 —27") = n)\, for any n > 1. Obviously, assuming for example that = > vy,

n k_ kn—l 1
t:oon!<zx k'y HQ-—9n>e_9nt'

k=0 =k Y

As a consequence, the rate of convergence in Equation is optimal for any n > 1.

Nevertheless this estimate for the Wasserstein rate of convergence does not provide
on its own any information about the total variation distance between 0, F; and 0, F;. It
turns out that this rate of convergence is the one of the W distance. This is established
in [PRO5, Thm 1.1]. Let us provide here an improvement of this result by a probabilistic
argument.

Proposition 2.1.3. For any z,y > 0 and t > 0,
102P; — 8y Pl py < Ae M2z — y| 4+ e (2.3)
As a consequence, for any measure v with a finite first moment and t > 0,
1P, = oy < AW (0, 1) + e v = plgy- (2.4)

Remark 2.1.4. Note that the upper bound obtained in Equation is non-null even
for x = y. This is due to the persistence of a Dirac mass at any time, which implies
that taking y arbitrarily close to x for initial conditions does not make the total variation
distance arbitrarily small, even for large times.

Proof of Proposition[2.1.5 The coupling is a slight modification of the Wasserstein one.
The paths of (Xs)gc e and (Ys)o< s<t. starting respectively from z and y are determined
by their jump times (T}),5 and (T}) ),5 up to time ¢. These sequences have the same
distribution than the jump times of a Poisson process with intensity .

Let (Vi) be a Poisson process with intensity A and (75,),, its jump times with the
convention Ty = 0. Let us now construct the jump times of X and Y. Both processes

make exactly N; jumps before time ¢t. If N; = 0, then
Xs=xz+s and Y;=y+s for0<s<t.
Assume now that Ny > 1. The N; —1 first jump times of X and Y are the ones of (N);-:

T =TY =T, 0<k<N;—1



In other words, the Wasserstein coupling acts until the penultimate jump time Th,_;. At

that time, we have
r—1Yy
XTNt—l o YTNt—l - 9N¢—1"°

Then we have to define the last jump time for each process. If they are such that
X Y
TNt = TNt + XTNt—l - YTNt—l

then the paths of X and Y are equal on the interval (ij,i ,t) and can be chosen to be equal
for any time larger than t.

Recall that conditionally on the event {N; = 1}, the law of T} is the uniform distribu-
tion on (0,t). More generally, if n > 2, conditionally on the set {N; = n}, the law of the
penultimate jump time T, has a density s — n(n — 1)t~"(t — s)s" 21 g4 (s) and condi-
tionally on the event {N; = n,T,_1 = s}, the law of T,, is uniform on the interval (s, t).

Conditionally on N; = n > 1 and T;,_1, T.X and T are uniformly distributed on
(T),—1,t) and can be chosen such that

P(Tj‘:ngﬁzn__?’NsztY:mTXlzTYl:Tn1)

This coupling provides that

|z —yl
0p P — 60, P <1-E|(1- 1
|| zit Y tHTV [( 2Nt71(t_TNt71) {N¢>1}
At 2~ el
<eM"+lz—ylEf ——1 .
=l ((t—TNt—l) Wt?l})

For any n > 2,

1 -1) [
E 7‘]\71&:71 :771(71 )/u"Qdu—n
t—Tn,_1 e Jo t

This equality also holds for n = 1. Thus we get that
2~ Nt 1 —Ni+1 —At/2
E (71]1{]\/}21} = ;E(NtQ ) = e s

since V¢ is distributed according to the Poisson law with parameter At. This provides the
estimate (2.3). The general case (2.4) is a straightforward consequence: if IV; is equal to 0,
a coupling in total variation of the initial measures is done, otherwise, we use the coupling
above. O

2.2 The TCP process

Let us come back to the "true" TCP process driven by the infinitesimal generator (|1.3))
with v = 41 /5. One of the fine properties of the TCP process is that "it comes back from
infinity in finite time". More precisely, one can establish the following result.



Lemma 2.2.1. Foranyp>1 andt >0
p 2p\”
My, = SUISEI(Xt) < (V2 + -
r=

One can get an exponential rate of convergence in Wasserstein distance.

Theorem 2.2.2. Let us define

2
M= ‘[(3;\/“5’) ~0.84 and A =2(1—VM)~0.12. (2.5)
For any A < X\, any p > 1 and any ty > 0, there is a constant C = C(p, S\,to) such that,

for any initial probability measures v and U and any t > tg,
Wp(I/t, 1715) < Ce_(j\/p)t.

Sketch of proof. The main idea of the proof is to choose an good coupling of two paths
starting from two different points and to study its fine properties. This coupling was
introduced in [CMP10]. It is defined by the following generator

Lf(x,y) = (0 + 0y) f (2, y) +y(f(2/2,y/2) = f(z,y)) + (x —y) (f(x/2,y) — f(z,9))

when z > y and symmetric expression for z < y. We will call the dynamical coupling
defined by this generator the Wasserstein coupling of the TCP process (see Figure for
a graphical illustration of this coupling). This coupling is the only one such that the lower
component never jumps alone. Let us give the pathwise interpretation of this coupling.
Between two jump times, the two coordinates increase linearly with rate 1. Moreover, two
"jump processes" are simultaneously in action:

1. with a rate equal to the minimum of the two coordinates, they jump (i.e. they are
divided by 2) simultaneously,

2. with a rate equal to the distance between the two coordinates (which is constant
between two jump times), the bigger one jumps alone.

At last, one has to overcome the difficulties that come from the fact that the jump rate is
equal to 0 at the origin. This can be done using the constant drift that drive the process
away from O. O

Total variation estimates can also be derived from the Wasserstein ones and a coalescent
coupling with a unique try (see [BCG™12| for more details).

Theorem 2.2.3. For any A<\ and any ty > 0, there exists C such that, for any initial
probability measures v and v and any t > tg,

[ = 4]l py < Ce™ AP,

where X is given by (2.5)).

Remark 2.2.4. In both Theorems[2:2.2)and [2.2.3] no assumption is required on the moments
nor regularity of the initial measures. In particular they hold uniformly over the Dirac
measures. If  is chosen to be the invariant measure u, these theorems provide exponential
convergence to equilibrium.



T T T T T T T T
0.0 0.5 1.0 15 2.0 25 3.0 3.5 4.0

Figure 2.1: Two trajectories following the Wasserstein coupling; the bigger jumping alone
can be good, making the distance between both trajectories smaller, or bad.

2.3 A bound via small sets

We describe here briefly the approach of [RR96| (which essentially consists in an kind
adaptation of the Meyn-Tweedie method) and compare it with the hybrid Wasserstein /total
variation coupling described above. The idea is once more to build a successful coupling
between two copies X and Y of the process. In algorithmic terms, the approach is the
following:

e wait until X and Y both reach a given set C,
e once they are in C, try to stick them together,
e repeat until the previous step is successful.

The first step is done by independent coupling, until the joint process hits a product set
C x C. To get a succesful coupling afterwards, the idea is to find a time t*, a probability
measure v and an « > 0 such that

Ve e C, L(Xp|Xo=1)2>av. (2.6)

If this holds, once the processes hit C' together, we have a probability at least a of coupling
them in a time t*. The set C is called a “small set”.

One can weaken the condition and ask for the existence of an «, a t* and measures v,
such that

Va,y € C?, L(Xi|Xo=1x)> avgy and L(X¢| Xo = y) = awyy. (2.7)

In other words, the measure v in may depend on the starting points x and y. In this
situation C' is called “pseudo-small”.

To control the time to come back to C'x C, [RR96| proposes an approach via a Lyapunov
function. Their result can be stated as followdl]

Tn fact, in [RR96], the result is given with A instead of A’ in the upper bound. Joaquin Fontbona
pointed out to us that Lemma 6 from [RR96] has to be corrected, adding the exponential term et to the
estimate. We thank him for this remark.

10



Theorem 2.3.1 (JRR96|, Theorem 3, Corollary 4 and Theorem 8). Suppose that there
exists a set C, a function V = 1, and positive constants A, A such that

LV < =AV + Alg. (2.8)

Suppose that 6 = A — A/inf,gc V > 0. Suppose additionally that C is pseudo-small, with

constant .
Then for A = % + e sup,ccV, A' = Ae | and for any r < 1/t

1£(Xe) = pllpy < (1= )l 4 20N ITTEY (X).

If A’ is finite, this gives exponential convergence: just choose r small enough so that
(A" te=9 decreases exponentially fast.

Let us try to apply this approach. Choose V(z) = % + e®. It is easy to check that
holds for example with C' = [0.45,1.85], A = 3 and A = 0.25. For ¢ being positive,
one has to enlarge C. For example, the interval C' = [0.04,3.2] gives inf,¢c V' = 24 and
0 = 0.125. This makes the set C' much too large to get a good coupling bound in (2.6):
the o obtained is around 2.10719. For a value of t = 3.4, we obtain a value o = 4.107 ™. ..

11



Chapter 3

Explosive switched vector fields

This chapter is dedicated to an instructive subclass of switched vector fields presented
in Section The first section present an example for which the computations are
explicit. Section provides a general result in this framework. This chapter is inspired
by [BLBMZ12a].

3.1 An example with phase transition

Let a and b be two positive real numbers and set
(-1 ab (-1 —a/b
Ao = <—a/b —1) A= (ab -1 )

A+ Ay < ( -1 a(bl/b)/2>‘

A== = ap-1/m)2 ~1

The eigenvalues of Ag and A; are equal to —1 + ia whereas the eigenvalues of A,y are
—1+a(b—1/b)/2. T a(b —1/b) > 2, i.e. b > 1+ V14 a?, the matrix A;/, admits a
positive and a negative eigenvalue. The associated eigenvectors are (1,1) and (1,—1).

For any 8 > 0, Let us define the Markov process (X, ) on R? x {0,1} driven by the
generator Lg:

and

where

. . , 1 . .
Lof(x,i) =A;Vf(z,i) and Ljf(z,i)= §(f(a:, 1—1)— f(z,1)).
The operator L corresponds to the “continuous” part (the first component z evolves along
the flow of the vector field z — A;x) and L gives the jumps on the second component. If
v is a probability measure on R? x {0,1}, we denote by P, the law of the process (X, I)
when the law of (X, Ip) is v.
3.1.1 A polar decomposition

We begin by decomposing the deterministic dynamics. Let A be a matrix on R? and
x € R2\{0}. Consider (zt);>0 the solution of

-j:‘t = Al't,
Trog = 2.

12



First of all, since x is not 0, x; never reaches 0. Therefore it is possible to define polar
coordinates (r¢, 6;) of x;. Call ey the unit vector (cos#,sinf) and define u; = eg,: x; may
be written ryug. Since r? = (x4, z¢), we have:

Tty = (@4, Axy)
A(rtut) = .’I.Jt = 7;tut + Tt'L'Lt.
Therefore:
7;'15 = rt(ut, Aut> (31)
’llt = Aut — <Ut, Aut>ut. (32)
The eyolution of u; on the circle is autonomous. It may be rewritten in terms of #,. Since
Ut = Oeg, 1r /2, the scalar product of (3.2) with eg, | /5 gives:
ét = <A€9t, 69t+7r/2>
= (Agg — A1) sin(6;) cos(0;) + Agy cos®(6;) — A1 sin®(6;). (3.3)

The critical points of this differential equation are related to the eigenvector of A as it is
pointed out in the following (easy) lemma.

Lemma 3.1.1. For any matriz A, the function
d: 6+ d(9) = (Aeg, eg+,r/2>

given by (3.3) is w-periodic and d(0) = 0 iff ug is an eigenvector of A. As a consequence,
the equation d(6) = 0 admits

e four solutions iff A admits two different eigenvalues,

e two solutions iff A is a Jordan matriz,

e no solution iff the eigenvalues of A are not real.
Finally, the function d is zero iff A = As.
Proof. From (3.3)), it is obvious that d is m-periodic. Moreover, d(6) = 0 iff Aeg is orthog-
onal to eg, /5. This happens if and only if ey is an eignevector of A. O
3.1.2 The angular process

Now we come back to our stochastic process. Between jumps, the process follows the
deterministic dynamics described above, with A € {Ag, A1}. Since the evolution of the
angle 6 is autonomous for each dynamics, the process (0, I) is a Markov process on R x
{0,1}. The evolution of (Ry),, is determined by the one of the process ((O¢, It));5q, by
solving Equation between the jumps. If we call A(6,7) = (A4;eq, ep), then

R, = Rgexp < /0 tA((%S,IS)ds> . (3.4)

and Ry appears as a multiplicative functional of ((Os, I5))g< <, Let us define, for i € {0,1}
and A € (0,1),

dZ(H) = <Al‘€9, €9+ﬂ/2>,
dx(0) = (1 = A)do(0) + Ad1 ().

13



In our setting,

do(0) = —a/bcos?(6) — absin?(6) < 0
d1(0) = abcos?(0) + a/bsin*(6) > 0.

The generator of the Markov process (0, ) is given by:
. LB . .
Lpf(0,1) = di(0)0pf(0,7) + 5 (f (8,1 =) = f(0,17)),

3.1.3 The invariant measure of the angular process

The Markov process (0, ) admits a unique invariant measure and it can be expressed as
follows.

Lemma 3.1.2. The invariant measure pg of the angular process is given by

pp(do, i) = C’(lﬂ) |di€)| eﬁ”(g)]l[o,gﬂ (0)de,
where 1 -
o(6) = %(arctan(b tan(f)) — arctan(b~ ! tan(d))) if @ # i§’ (3.5)
0 otherwise.
and

clh) = /0 PR

Remark 3.1.3. Notice that v belongs to C>°(T) and is w-periodic. Moreover, v'(0) = 0 if
and only if § = +7/4 + kn. Finally, the function v reaches its maximum at 7/4 + k7 and
its minimum at —n/4 + k.

Proof of Lemma[3.1.3. If jug is an invariant measure for (0, I), then, for any smooth func-
tion f on T x {0,1}, one has

[ Lss@idusto.i) = 0.
Tx{0,1}
Let us look for an invariant measure p3 on T x {0,1} that can be written as

pp(do, i) = po(0)Lo(2) db + p1(6)11(i) do,

where pg and p; are two smooth and 27-periodic functions. If f does not depend on the
discrete variable i € {0,1}, i.e. f(6,7) = f(0), then

[ Las@dns(6.i) = [ 00f0)dop)©)d8 + [ Bus(@)cipn)(O)cb.
Tx{0,1} T T
and an integration by parts leads to

[ s @dusto.0) =~ [ 1@)dopo+ il @0
Tx{0,1} T

14



This ensures that dgpg + d1p1 must be constant. Let us assume that one can find py and
p1 such that dopo + d1p1 = 0. Now, if f is such that f(6,0) = f(6) et f(6,1) =0, we get

/Tx{o,l}Lﬁf (0, 9)dup(9, 1) = /T [do(e)aef(f))—sz)] po(0)do + /T S F(O)p1(0)d0

and, after an integration by parts,

[ Lar@idnsto.) = [ 506) | ~om) ©) + 5 (01(6) = pu(o))] at.
Tx{0,1} T

Let us define ¢ = dgpg. Then pg = % and p; = —%. The function ¢ is solution of the

following ordinary differential equation:
, B[ 1 1
=—=|—=—4+—=)0. 3.6
o=-5(3+7)0 (3.
This equation admits a solution on T (i.e. 27m-periodic) since the integral of % + cho on

[—7, 7] is equal to 0. In fact this is already true on [—7/2, 7/2]. Since dy and d; are explicit
trigonometric functions, one can find an explicit expression for ¢. Notice that

B 11+ tan(6) 1 a
tan (b~ tan(0))] = - = -
[arctan (b™" tan(0))] b1 taf;)& beos?(0) + 3 sin?(0)  di(0)
arctan(btan(9))] = — - .
rctan(btan(8))] = 27

The differential equation (3.6) becomes ¢’ = $v'¢ where v is given by (3.5)) and its solutions
are given by
6 = K exp(Bv).

This relation provides the expression of pg and p; up to the multiplicative constant K.
Since we are looking for probability measures, K is such that

K/nr <d019) - d119)>¢(9)d9 -

Conversely, it is easy to check that the measure given in Lemma[3.1.2is invariant for Lg. [

3.1.4 The Lyapunov exponent

Let us recall that we are interested in the function y given by

X(8) = / A(8,7) dyss (6, 1),

Lemma 3.1.4. The function 3 — x(83) is C* and monotonous application on [0, +0o0) such
that X' has the sign of b> — 1 and

a 2
W0) = —1,  1im x(5) = 2~

— 1.
B—00 2b
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Proof. From the definition of A; and A, we get that, for i € {0, 1},

2 _
A(0,7) = (Aieq, e9) = a(bel) sin(26) — 1.
For sake of simplicity, A(6) stands for A(6,0) = A(6,1). Thus, x(p) is given by
2T
x(B) = [ A0)is(do),

0

where
1

. 1 1 .
#a(4) = &gy <d1<0> - dow))eﬂ Oio2r) 46

Its derivative is given by

N P ol )
B = | A@w0)isn) - i

2w

27 27
— [ A@©)s(d0) ~ [ o@)atas) [ A@)s(a0).
0 0 0

27
/0 A(0)fis(d0)

In other words, one has

X' (8) = Covp, (A(), v(-))
_a(b*—1)
- 2b

The mean of sin(2-) with respect to fig is equal to 0. Besides, § — v(6)sin(26) is nonneg-
ative (and non constant) on T. Thus, ¥’ has the sign of b — 1.
If B =0, one has

:_C'g())/o%((iie)_@)d0:_1<o'

Finally, as 8 goes to oo, the probability measure vg converges to a probability measure
concentrated on the points {7/4,57/4, } where v reaches its maximum. We get

. _a(b* —1)
Gm x(8) = =

Covjg(sin(2:),v(-)).

— 1.

This concludes the proof. O

Corollary 3.1.5. Ifb > 1++/1 + a?, then there exists B. € (0,+00) such that x is negative
on (0, B.) and positive on (B¢, +00).

3.2 The general case

Let Ag, A1 € R?*2 be two real matrices which admit two eigenvalues with negative real
parts: Ap and A; are said to be Hurwitz matrices. In [BBM09], the authors deal with
the stability problem for the planar linear switching system @; = (1 — u) Aoz + urArxy,
where u: [0,00) — {0,1} is a measurable function. They provide necessary and sufficient
conditions on Ay and A; for the system to be asymptotically stable for arbitrary switching
function u. The main hypothesis that ensures the existence of a control u such that the
system is not asymptotically stable is the following.

16



Assumption 3.2.1. There exists A € (0,1) such that the matriz Ay = (1 — A\)Ag + A4y
has two real eigenvalues —A_ < 0 < Ay with opposite signs. Let us denote by u_, uy two
associated (real, unit) eigenvectors.

Under Assumption the norm of the continuous component X goes to zero if the
jumps are rare and to +oo if the jumps are sufficiently numerous (and Xy # 0).

Theorem 3.2.2. Under Assumption there exists x(8) € R such that, for any initial
measure v such that v({0} x {0,1}) =0,

1 P,—a.s.
Slog[1Xi]l === x(8). (3.7)
— 00
Moreover, there exist two constants 0 < 1 < B2 < o0 such that:

o if B < B1, then x(B) is negative and || X|| @) 0,
— 00

o if B> Ba, then x(B) is positive and || Xy|| % .
— 00

17



Chapter 4

Switched vector fields: quantitative
estimates

This chapter is essentially inspired by [BLBMZ12¢|. Let E be a finite set, (A(+,7));cp be
n nonnegative continuous functions on R%, P be an irreducible stochastic matrix and, for
any i € E, F' : R? — R? be a smooth vector field such that the ordinary differential
equation

{:c; = Fi(zi), t>0;

Tro =,

has a unique and global solution ¢ ++ ¢i(z) on [0, 00) for any initial condition 2 € R?. Let
us consider the Markov process

(Zt)t>o = ((Xt7It))t>0 on R x E

defined by its extended generator L as follows:

Lf(w,i) = (F'(x), Vo f(2,i)) + Ma,i) > P, 5)(f(2,5) — f(x,1)) (4.1)

jJEE

for any smooth function f : R% x E — R Let us describe the dynamics of this process.
Assume that (Xo,Ip) = (x,i) € R? x E. Before the first jump time 7; of I, the first
component X is driven by the vector field F* and then X; = ¢i(z). The time T} can be
defined by:

t
leinf{t>0: /)\(Xs,i)ds>E1},
0

where E7 is an exponential random variable with parameter 1. Since the paths of X are
deterministic between the jump times of I, the randomness of 77 comes from the one of
E1 and

t
Ty = inf {t 50 / Mt (2), ) ds > El}.
0
Remark 4.0.3. Notice that P, ;)(T1 = +00) > 0 if and only if

+oo .
/ AMeh(x), 1) ds < +o0.
0

If we assume that ) := inf(, ;y A(z,4) > 0 then the process I will jump infinitely often. Of
course this assumption is not necessary.
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At time 77, the second coordinate I performs a jump with the law P(i,-) and the vector
fields that drives the evolution of X is switched...

In order to get explicit rates of convergence, we have to assume that the jump rates
are smooth and that each vector field F* has a unique stable point.
Assumption 4.0.4. There exist 0 < A < X and k > 0 such that, for any z,% € R and
1€ F,

Az, i) € [AA] and | A(x,i) — N(Z,9)| < klx — &,
Assumption 4.0.5. Assume that there exists o > 0 such that,
(v — 7 F(z) - Fi(7)) < —alz — &>, z,7€R% ickE. (4.2)
Assumption ensures that, for any i € F,
6i(@) — @i(@)| < e e — i, =5 R

As a consequence, the vector fields F* has exactly one critical point o (i) € R?. Moreover
it is exponentially stable since, for any = € R,

|i(z) = o ()] < ez — a(d)].

In particular, X cannot escape from a sufficiently large ball. Let us now state the main
result of this chapter

Theorem 4.0.6. Assume that Assumptions|.0.4] and|[4.0.5 hold and that the supports of
po and fig are included in the ball B(0,7) where r is given by ([.3)). Then

o'
W ) < 2r(1 t ——Ft
(e fu) < 27( +C)6XP< 1—1—04/7)
where
2)) — 202 —
G2 Vet —8paX o 2epa) 7
2 @+ 7 /(a+2))% — 8pa)
with p = e~*/* and e = exp(1).

Corollary 4.0.7. Under Assumptions [{.0.4) and [{.0.5, the process Z admils a unique
invariant measure p and

Wi (e, i) < 2r(1 + ct) exp (—1;.;%}).

As for the TCP process, it is not possible to construct a coupling such that the discrete
components I and I jump always together: once I and I are equal, they can go appart
with positive probability since the jump rates depend also on X and X. Nevertheless, the
main idea is the following: if I and I are equal, the distance between X and X decreases
exponentially fast and then it should be more and more easier to make the processes I and
I jump simultaneously since the jump rates are Lipschitz functions of X.

This section is organized as follows. We firstly we prove Lemma[£.0.§ that ensures that
the process X cannot escape from a sufficiently large ball. In particular, the support of
the invariant law of X is included in this ball. Then we construct the coupling of two
processes (X, I) and (X, I) driven by the same infinitesimal generator with different
initial condition. At last we compare the distance between X and X to an companion
process that goes to 0 exponentially fast.
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A preliminary estimate

Lemma 4.0.8. Under Assumtigns [4£.0.4 and|4.0.5, the process Z cannot escape from the
compact set B(0,7) x E where B(0,r) is the (closed) ball centered in 0 € RY with radius r
given by

ez |Fi
- w' (4.3)
a
Moreover, if | Xo| > r then X hits B(0,7) exponentially fast.
Proof of Lemma[{.0.8 Setting & = 0 in (4.2)) ensures that, for € € (0, a),
(f(z,y),x) < —alz]* + ((0,y),2) < —(a —e)|z|* + C(e),

if C(e) = maxyeg |£(0,9)?/(4¢). In other words,

t t
X2 X = / 2 F (X, V), X dut < —2(cx — 5)/ X2 du + 2C(c).

As a consequence,

C(e)

a—¢&

‘Xt’2 < (1 o e—Q(a—s)t) + ’X0’26_2(a_6)t.

With € = «/2, one gets that X cannot escape from the centered closed ball with radius
2C(a/2)/a. With ¢ = a/4, one gets that if |Xo| > r, then X will hit B(0,r)
exponentially fast. O

The coupling

Let us construct a Markov process on (R? x F)? with marginals driven by (4.1]) starting
respectively from (x,i) and (Z,7). This is done wvia its infinitesimal generator which is
defined as follows:

o ifi#£y
Af (i, &, §) =(F'(2), Vo f (2,4, &,§)) + (F/ (), Vaf (2,1, %, 5))
+ Na, i) Y PG, (f (2,47, §) = f(x,i,E, )

ieE
+ )‘('%a]) Z P(]vj,)(f(x7yai'7]/) - f(wvyv'i'a]))
j'er

o if i = j and A(z,i) > A\(Z,1):

Af(z,i,&,7) =(F'(2), Vo f(z,i,2,1)) + (F(Z), Vaf(,i,,1))
+AE,4) > P, i) (f(x, ¢, 1) — f(x,i,3,1))

i'eE

+ (X(w,4) — M\(Z,1)) Z PG, i) (f(x,d',2,1) — f(x,i,7,1)),

i'eE
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o if i =7 and A(z,7) < A(Z,1):

Af(x,4,%,5) =(F'(z), Vo f (2,4,%,0)) + (F'(%), Vaf(2,i,3,1))
+ A, i) Y P(i, i) (f(, ', &,1) - f(x,i,3,1))

i'eR

+ (M, 0) = M, 8) > P, ) (f(w,d,2,1) — flx,i,3,1)).

'elR

Notice that if f depends only on (z,) or on (Z,7), then Af = Lf. Let us explain how this
coupling works. When I and I are different, the two processes (X,I) and (X,I) evolve
independently. If I = I then two jump processes are in competition: a single jump wvs
two simultaneous jumps. The rate of arrival of a single jump is given by |A(x,7) — A(Z,7)|.
It is bounded above by k|x — Z|. The rate of arrival of a simultaneous jump is given by
Az, 1) AN, 7).

Assume firstly that Xy and X belongs to the ball B(0,7) where r is given by .
Let us define D; as the distance between X; and Xt for any t > 0. The process (Dt)t>0 is
not Markovian. Nevertheless, as long as I = I, D; decreases with a rate which is greater
than «. If it is no longer the case, then D; can increase. Nevertheless it is still smaller
than d = 2r. After the coalescent time 17 of two independent independent copies of Y, D
decreases once again. If E = {0, 1}, then 77 is equal to the minimum of the jump times
of the two independent processes which are both stochastically greater than a random
variable of law £()A). Thus 17 is (stochastically) smaller than £(2)A). Then E(D;) < E(Uy)
where the Markov process (U) on [0,d]U{d + €} is driven by the infinitesimal generator

Gf(z) = —axf'(x) + rkx(f(d+e) — f(x)) ifz €]0,d],
2M(f(d) — f(d+¢)) fo—dte.

The companion process

Let us consider the Markov process V' = (V;),5, on [0, 1]JU{1 + €} defined by its infinitesimal
generator:

Hf(z) = —axf'(x) + ke(f(l+¢e) — f(z)) ifzel0,1],
bf(1) — F(1+2)) oo 1t

Theorem 4.0.9. For anyt > 0,

- pabe at 1
E(Vilvo =1) < (1 +(1+e¢) (\/(a e 4pab> - +7) exp <—1 - a/vat> (4.4)

where

(a+b)—\/(a—|—b)2—4pab: (a+b) —/(a—b)2+4(1 —p)ab
2 2 ’

—k/a

p=e and =

Remark 4.0.10. If a goes to oo, then 7 goes to 1 whereas v ~ pa/b if b goes to oc.

Proof. Starting from 1 + €, the process V jumps after a random time with law £(b) to 1
and then goes to zero exponentially fast until it (possibly) goes back to 1 4+ &. The first

21



jump time T starting from 1 can be constructed as follows: let E be a random variable
with law £(1). Then
1 ol

1 K
——1 if £ < —
TE a0g< /{) e

400 otherwise.

Indeed, conditionally on {V{ = 1},

¢ t o
/ AVy)ds = / ke “ds = —(1—e ),
0 0

(07

In other words, the cumulative distribution function Fp of T is such that, for any ¢ > 0,
1-— FT(t) = ]P)(T > t) = exp <_E(1 _ efat)>‘
«

Let us define p = e */®. The law of T is the mixture with respective weights p and 1 — p
of a Dirac mass at 400 and a probability measure on R with density

K —at —E(l—e—©
[t ) = 1—,° femall t)]l(O,Jroo)(t) (4.5)
and cumulative density function
1 — e all=e™®)
F t0—>F( ) = l—e_g 11(07+Oo)(7f).

Starting at 1, X will return to 1 with probability 1 —p. The Markov property ensures that
the number N of returns of X to 1 is a random variable with geometric law with parameter
p. The length of a finite loop from 1 to 1 can be written as the sum S+ E where the law of
S has the density function f given in , the law of F is the exponential measure with
parameter b and S and E are independent.

Remark 4.0.11. In the general case, E is not distributed as an exponential variable but as
the coalescent time of a finite Markov chain. Its Laplace transform is finite on a neigh-
bourhood of the origin.

Lemma 4.0.12. The variable S is stochastically smaller than an exponential random vari-
able with parameter o i.e. for anyt >0, F(t) > Fu(t) where Fo(t) = (1 — e )50y

Proof of Lemma[4.0.19 Recall that ¢"* — 1 < (e* — 1)u for any x > 0 and u € [0,1].
Indeed,

ux 1= kfllvk < xk _ (T 1
et — —uZu H\UZE—(G— )u.
k>1 k>1
As a consequence, for any t > 0,
ﬁefat
o —1
This ensures the stochastic bound. O
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As a consequence, the Laplace transform Lg of S with density f is smaller than the
one of an exponential variable with parameter a: for any s < «,

Ls(s) < —

a—s
If L. is the Laplace transform of S + E, then, for any s < a A b, we have

« b

L.(s) < .
(5) a—sb—s

Let us denote by T the last hitting time of 1 i.e. the last jump time of X and by L its
Laplace transform. Let us introduce N ~ G(p), (Si);>; with density f and (E;);,, with
law £(b). All the random variables are assumed to be independent. Then

N
TE Z(Sz + E;).
i=1
Classically, for any s € R such that (1 —p)L.(s) < 1, one has

B ST\ pLe(s) __b 1
M@—E@T)—l_ﬂ_pwdg_1—p<L41—MM@)_Q'

Let us denote by

N (a+b) —/(a+ b)% — 4pab ond 5 — (a+b) ++/(a + b)% — dpab

2 2

the two roots of X2 — (a+b)X + pab = 0. Notice that v < a Ab < 7. For any s < v, one
has (1 — p)Le(s) < 1 and
L(s) < pocli < ~pod) 1 .
(y=s)3—s) " F—sy—s
Let us now turn to the control of E(V;|Vy = 1). The idea is to discuss wether T' > St
or not for some 5 € (0,1) (and then to choose 5 as good as possible):

(4.6)

o if T < Bt, then V; < e~ (1Bt

e the event {7 > [t} will have a small probability for large ¢ since T has a finite Laplace
transform on a neighbourhood of the origin.

For any 8 € (0,1) and s > 0,

E(Vi|Xo = 1) = E(Vilir<ay) + E(Vilirs50)
< 67(17ﬂ)at + (1 —|—€)L(S)€7S’Bt. (47)

From Equation (4.6), we get that, for any s < v, log L(s) — Sts < h(s) where

h(s) = log <~pab ) —log(y — s) — Bts.

Y=

The function h reaches its minimun at s(t) = v — (8t)~! and

h(s(t)) = log (;D(_)zb}y) +log(Bt) + 1 — vpt.
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For t > 0 and 3 € (0, 1), choose s(t) =~ — (8t)~! in ([.7) to get
E(V;) < e”(17Aat 4 (1 4 £)ehO®)

e -Pat 4 (1 4¢) (?abe )ﬁte”ﬁt.

At last, one can choose 3 = a(a+~)~! in order to have (1 — 8)a = v3. This ensures that

pabe at ay
EV,) <14+ (1 - — t).
W ( + +E)<v—v>a+v>exp< 0<+’V)

Replacing 4 — v by its expression as a function of «, b and p provides (4.4]). O
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Chapter 5

Switched vector fields: qualitative
estimates

This chapter presents an overview of the papers [BHI12| and [BLBMZ12b|. The process
under study is a continuous time Markov process (Z; = (X, Y;)) living on M x E (where
M is a subset of R? and E is a finite set) whose infinitesimal generator acts on functions

g: M x E >R,
(2,1) = g(z,1),

smoothE] in z, according to the formula

Ly(a,i) = (F'(2), Vg(a,)) + Y A, j)(g(z, §) = g(z, 1)) (5.1)
JjEE

where
(i) = — A(z,1,7) is continuous;
(i) A(z,4,7) =0 for i # j and A(x,4,7) = 0;

(iii) For each x € M, the matrix (A(z,1,7))q; is irreducible.

5.1 What can be shown in general ?

The support of the law of the process can be described in term of the solutions set of a
differential inclusion induced by the collection {F* :i € E} (see [BLBMZ12h]).

A natural candidate to support invariant probabilities is the set of the points that can
be reached from any other starting point. For all n € N, let T,, = E"t! x R% . Given

(i,t) = ((io,. . .,in); (tl,.. . ,tn)) € ’]Tn

and x € M we let _ ‘ 4
Pi(z) =D,  o...00(x). (5.2)

The positive trajectory of x is the set

vH@) = {@i(2) : (iLt) e [J Tul.

neEN,

'meaning that g is the restriction to M of a smooth function on R™

25



The accessible set of (X¢) is the (possibly empty) compact set I' C M defined as

I'= ﬂ v ().
xeM
It can be shown that this accessible set T' is compact, connected, strongly positively in-
variant and invariant under the differential inclusion induced by {F* :i € E}.

Under some Hormander bracket conditions, the law of jump chain and the process
converge exponentially in total variation toward the unique invariant probability of the
process.

Let Fy the collection of vector fields (F* : i € E). Let F, = Fr_1U{[F", V],V € Fr_1},
and Fy(z) the vector space (included in T, M) spanned by {V (z),V € Fy}.

Similarly, starting from Gy = {F' — F7 i # j}, we define Gy by taking Lie brackets
with the F, and Gi(x) the corresponding subspace of T}, M.

Definition 5.1.1. We say that the weak bracket condition is satisfied at x if there exists
k such that Fi(x) = TpyM. If for some k, Gi(x) = T, M, we say that the strong bracket
condition holds.

Since Gg(z) is a subspace of Fi(x), the strong condition implies the weak one. The
converse is false, a counter-example is given below in Section [5.2.1

These two conditions are called A (for the stronger) and B (for the weaker) in [BH12].
The following result is a version of Theorem 2 from [BH12|, with an additional uniformity
with respect to the initial point and the time t.

Theorem 5.1.2 (Regularity — local form, bracket condition). If the weak bracket condi-
tion holds at xq, then the process is partly reqular at jump times: there exist an integer K',
a constant ¢ > 0 and non-empty open sets Uy, Vo such that

Vo € Uy, Vi, Poi[Xr,, €] = cArm(-N ). (5.3)

If the strong bracket condition holds, the process is partly regular: there is a ty, two
constants ¢ > 0 and € > 0, and two non-empty open sets Uy, Vy such that

Vo € Uy, Vi, Vt € [to,to + €], Pri[Xi €] = cArm(-NW). (5.4)

Thanks to this theorem one can easily deduce some exponential convergence to equi-
librium with respect to the total variation distance for both the embedded chain and the
continuous time process.

Moreover, under the weak bracket condition, the invariant measures of the embedded
chain and the continuous time process are unique and absolutely continous.

5.2 Elementary examples

We give here a few examples of systems given by (5.1)).

5.2.1 On the torus

Consider the system defined on the torus T™ = R"/Z" by the constant vector fields F" = ¢,
where (eq,...e,) is the standard basis on R™. Then, as argued in [BH12]|, the weak bracket
condition holds everywhere, and the strong condition does not hold. Therefore the chain
Z is ergodic and converges exponentially fast, the empirical means of Z,, and Z; converge,
but the law of Z; is singular with respect to the invariant measure.
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5.2.2 Two planar linear flows

Let A be a 2x2 real matrix whose eigenvalues 71, 73 have negative real parts. Set £ = {0,1}
and consider the process defined on R? x E by

FOz) = Az and Fl(z)= A(z —a)

for some a € R2. The associated flows are ®Y(z) = !4z and ®} (z) = !4 (z — a) + a.

First note that, by using the Jordan decomposition of A, it is possible to find a scalar
product (-) on R? (depending on A) and some number 0 < o < min(—Re(n1), —Re(n2))
such that (Az,z) < —a(z,x). Therefore

(A(z = a),2) < —a(z,z) — (Aa, z) < [lz]|(=allz] + [ Aal).

This shows that, for R > ||Aal|/«, the ball M = {x € R?, ||z|| < R} is positively invariant

by ®° and ®!. Moreover every solution to the differential inclusion induced by {F9 F'}

eventually enters M. In particular M x E is an absorbing set for the process (Z;).
Another remark that will prove useful in our analysis is that

det(FY(z), F'(z)) = det(A) det(a, z),

so that
det(FO(x), F}(x)) > 0 (resp. = 0) < det(a,z) > 0 (resp. = 0). (5.5)

Case 1: a is an eigenvector

If a is an eigenvector of A the line Ra is invariant by both flows, so that

['=~%(0) = 10,q]

and there is one unique invariant probability 7 (whose support has to be T'). Indeed,
it is easily seen that I' is an attractor for the set-valued dynamics induced by F° and
F. Therefore the support of every invariant measure equals I". If we consider the process
restricted to I'; it becomes one-dimensional and the strong bracket condition holds, proving
uniqueness.

Remark 5.2.1. If X(0) € Ra, X will never reach I'. As a consequence, the law of X; and 7
are singular. In particular, their total variation distance is constant, equal to 1. Note also
that the strong bracket condition being satisfied everywhere except on Ra, the law of X}
at finite times has a regular part.

Remark 5.2.2. Consider the following example: A = —Id, a = (1,0) and Ra is identified to
R. If the jump rates are constant and equal to A, it is easy to check (see [KB04, RMCO07])
that the invariant measure p on [0, 1] x {0,1} is given by:

1
qui(,ugx50+u1><51),

where po and pp are Beta laws on [0, 1],
po(dz) = Cra* (1 —x)*,
p1(dz) = Chat(1 — z) ML
In particular, this example shows that the density of the invariant measure (with respect

to the Lebesgue measure) may be unbounded: when the jump rate A is smaller than 1, the
densities blow up at 0 and 1.
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Case 2: Eigenvalues are reals and « is not an eigenvector

Suppose 11,72 < 0 and that a is not an eigenvector.

Let v = {®Y(a), t > 0}, v = {®}(0), t > 0}. Note that 1 and 7y are image of each
other by the transformation 7'(x) = a — x. The curve =y (respectively ;) crosses the line
Ra only at point a (respectively 0). For, otherwise, the trajectory t — ®9(a) would have to
cross the line Ker(A — A\ I) which is invariant. This makes the curve v = vy U~ a simple
closed curve in R? crossing Ra at 0 and a. By Jordan curve Theorem, R?\ v = BUU
where B is a bounded component and U an unbounded one. We claim that

I =B.

To prove this claim, observe that thanks to , FO and F! both point inward B at every
point of v. This makes B positively invariant by ®° and ®'. Thus I' ¢ B. Conversely,
v C T' (because 0 and a are accessibles from everywhere). If z € B there exists s > 0
such that ®° _(z) € v (because lim;_, o, ®Y(a) = —o0) and necessarily ®° ,(x) € ;. This
proves that # € v (0). Finally note that the strong bracket condition is verified in I \ Ra
proving uniqueness and absolute continuity of the invariant probability.

Case 3: Eigenvalues are complex conjugates

Suppose now that the eigenvalues have a nonzero imaginary part. By Jordan decomposi-
tion, it is easily seen that trajectories of ®° converge in spiralling, so that the mappings
(z) = inf{t > 0 : ®i(z) € Ra} and hi(z) = (I):"i(x) are well defined and continuous.
Let H : Ra — Ra be the map h® o k' restricted to Ra. Since two different trajecto-

ries of the same flow have empty intersection, the sequence z, = H™(0) is decreasing
(for the ordering on Ra inherited from R.) Being bounded (recall that M is compact
and positively invariant), it converges to z* € Ra such that z* = H(z*). Let now

7 ={® (%), 0<t < @)yt = {@)(h (%)), 0 <t < O(h1(z"))} and v =0 UAL.
Reasoning as previously shows that I' is the bounded component of R? \ v and that there
is a unique invariant and absolutely continuous invariant probability.

We illustrate this situation in Figure [5.1] with

-1 -1 1
A—( 1 _1) and a—<0>.
Remark 5.2.3. Note that if the jump rates are small, the situation is similar to the one
described in Remark the process spends most of its time near the attractive points,

and the density is unbounded at these points. Since they are in the interior of I', the
density is not even continuous in the interior of I'.

5.3 Knowing the flows is not enough

In this section we study in detail a PDMP on R?, where the strong bracket condition
holds everywhere except on I', and where there may be one or more invariant measures,
depending on the dynamics of the discrete part of the process.

This model has been suggested by O. Radulescu. The continuous part of the process
takes its values on R? whereas its discrete part belongs to {0,1}. For sake of simplicity we
will denote (in a different way than in the beginning of the paper) by (X;,Y;) € R? the
continuous component. The discrete component (1) is a continuous time Markov chain
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Figure 5.1: Double rotation.

on E = {0,1} with jump rates (\;),cp. Let & > 0. The two vector fields F* and F*' are
given by

a

— 2

Fo(x,y) = Tto and Fl(:v,y) = L+y
—yt+o «

Y _y—’_l—|—:n2

with (z,y) € R2. Notice that the quarter plane (0,+00)? is invariant under the action
of the vector fields F© and F!. If the support of the initial law of (X,Y) is included in
the quarter plane (which is assumed from now on), then it is still the case for the law of
(X, Y:) at any time.

5.3.1 General properties of the two vector fields

Obviously, the vector fields F° has a unique stable point (a, «), whereas F'! may admits
one or three critical points, according to the value of a.

Lemma 5.3.1. Let us define

1/3 1/3
a+/|a? — 4] und b:( 4/27—|—a2+a>/<\/4/27+a2—a>/'

a =

2 2 2

Notice that b is positive and is the unique real solution of b3 +b = . Then

e if a <2, then F' admits a unique critical point (b,b) and it is stable,
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o ifa > 2, then F' admits three critical points: (b,b) is unstable whereas (a,a™") and
(a=t,a) are stable.

Proof. If (z,y) is a critical point of F'* then (x,%) is solution of

z(1+y?)
y(1+2?) =

e}
As a consequence, x is solution of

0=a°—az’ +22° 202 + 1+ )z —a=(2° —azr +1)(2® + z — a).

The equation 23+ 2 — a admits a unique real solution b. It belongs to (0,a). Obviously, if
a < 2, (b,b) is the unique critical point of F'* whereas, if & > 2 and a and a~! are the roots
of 22 — ax +1 = 0, then F! admits the three critical points: (b,b), (a,a™1) and (a !, a).
Let us have a look to the stability of (b,b). The Jacobian matrix of F'! at (x,y) is given by

1 _ 20y
O I I
(14 22)? -
Since 1+ b? = a/b one gets that
-1 -9 27b
Jac(F1)(b,b) = 9% o
—2+=

and its eigenvalues are given by

20 —-b 20 b3 —b
m=-3+—=-1-22 and mp=1-2 =
« «

(o4

and are respectively associated to the eigenvectors (1,1) and (1,—1). Since b < «, 11 is
smaller than —1. Moreover, 72 has the same sign than b — 1 4.e. the same sign than o — 2.
As a conclusion, (b, b) is stable (resp. unstable) if & < 2 (resp. o > 2).

Assume now that o > 2. Then

1 2a
Jac(FY(a,a™ ) = 9 o
S |

aa

and its two eigenvalues —1 & 2a~! are negative. The critical points (a,a™!) and (a7!, a)
are stable. n

In the sequel, we assume that o > 2. The sets
D = {(z,x) : = > 0},
L={(z,y) : x>0and 0 <y <z},
U={(z,y) :y>0and 0 <z < y}
are invariant under the action of the flows F and F'. Moreover, the set D (and in
particular the unique stable point («,a) of F?) is included in the stable manifold of the
unstable equilibrium (b, b) of F.
What happens if (X,Y) starts at a point (z,y) € L? The answer may depend on the
parameters Ag, A1, a.
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5.3.2 Transience

Lemma 5.3.2. Assume that (Xo,Yp) € L. Then, for any t > 0,
t
0< X —Y, < (Xo—Yy)exp <—/ a([s)ds>,
0

with a(0) = 1 and a(1) =1 — ca < 0 with ¢ = (3/8)V/3.
Proof. If I; =0 then

d
—(X;:—Y)=—(X: - Y;).
dt( t —Y3) (Xt =)
On the other hand, if I; = 1 then
d X? —Y?
—(X;—-Y)=—-(X; - Y, L1

= —(1 — ah(Xy, Y3))(X: — V)
where the function & is defined on [0, c0)? by

rT+y
(1+a2?)(1+y?)

h(z,y) =
The unique critical point of A on [0,00)2 is (1/v/3,1/4/3) and h reaches its maximum at

this point:
3v3
c:= sup h(z,y) = i
z,y>0 8

As a consequence, for any t > 0,

d

—(X;—Y) < —a(l)(X; —Y:) where {a((]) =1

dt a(l) =1—ca.

Integrating this relation concludes the proof. O
Corollary 5.3.3. Assume that (Xo,Yo) € L. If A1 > Ao(ca — 1) then (X, Y:) converges
exponentially fast to D almost surely. More precisely,

. 1 )\1—(605—1))\0
1 —log (X; —Y;) < —
e los (X =Y S =T

<0 a.s. (5.6)

In particular, the process (X,Y,I) admits a unique invariant measure p which support is
the set
S={(z,x) : z €[bal}.

Proof. The ergodic theorem for the Markov process (1), ensures that

% /0 oL ds 2 [ a(i)dvi)

where the invariant measure v of the process (It); is the Bernoulli measure with parame-
ter Ao/(Ao+ A1). The upper bound is a straightforward consequence of Lemma/[5.3.2]
This ensures that the sets L and U are transient. At last, it is quite obvious that the set
of recurrent points in D is exactly S. O
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Figure 5.2: Trajectory of (X,Y) (red line) in the plane with A\g = 1, A\; = 0.6 and o = 5.

One can also get an estimate for the p* moment of X; — Y;.
Corollary 5.3.4. Assume that (Xo,Yy) € L. Let p > 0 such that
A1 > (Ao +p)(ca —1). (5.7)
Then there exists two positive constants cp, j, such that
E(IX: — Vi) < ¢E(|Xo — Yo ).

Proof. Once again, Lemma [5.3.2] ensures that

0 < E(|X; — i) < E(|Xo Yb|p)E[exp (- /Otpa(fs) ds)} |

According to [BGM10, Prop. 4.1], there exists ¢, > 1 such that, for any ¢ > 0,

1 t

—emt <R |:exp </ pa(ly) ds)] < cpeHt
p 0

where p, = —max{Ren : n € Spec(M,)} and

—Xo—p Ao
M, = .
( pY] A1+ plea—1) )

The real parts of the eigenvalues of M,, are negative if and only if their sum S is negative
and their product P is positive with

=S =X+ M\ +p(2—ca),
P =p(A1 = (ca—1)(Ao +p)).
The sum S is always negative and the positivity of P is given by (5.7). O
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Figure 5.3: Trajectories of X (blue line) and Y (red line) with A\g = 1, Ay = 0.6 and a = 5.

5.3.3 Recurrence

In this section, we aim to show that (X, Y, I) may admit several invariant measures if the
jump rate \g is large enough. Let us define

X, +Y, X, - Y,
U, = t;t and V, = t2 L

Of course (U, V, ) is still a PDMP. If

d{ Xe\ 1 a( U\ a1
dt( Y, )-F(Xt,Yt) then dt<V¢} =G (U, V),

a(l +u? + v?)
(IT+(u+v)?)A+ (u—v)?)
2cuv
I+ (u+v)?)A+ (u—0)?)

Corollary ensures that, if A\; /)¢ is large enough, then V; goes to 0 exponentially fast.

Let us show that this is no longer true if A\;/Ag is small enough. Let € > 0. Assume
that, with positive probability, V; € (0,e) for any ¢ > 0. Then, for any time ¢ > 0,
(U, Vi) € [b,a] x [0,¢]. Indeed, one can show that the set Xy + Y; > 2b for any ¢ > 0 as
soon as it is true at the initial time.

—u+

—v +

Lemma 5.3.5. Assume that (u,v) € [b,a] x [0,e]. Then there ezists u. € (b,a) and
K,0,v,7 > 0 (that do not depend on ) such that b. = b+ Ke? and

Gl(u,v) < Hi (u,v) with Hi(u,v) = —6(u — b.).
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and
Gy(u,v) = Hy(u,v)  with Hy(u,v) = ((v + ) Ljucu} — 7)0-

Proof. Notice firstly that
|1+ (u+0)*)(1+ (u—v)?) — (1 +u*)?| < K. (5.8)

Thus, using that u3 +u — a = (u — b)(u? + bu + a/b) we get that

G%(u,v)é—u+1+u2—l—K52
24b b
g_w_wu4lﬁ;%/+Kg
2b% + /b
< —(u—b)———— + Ke2.
(u—10) T+ a? + Ke

We get the desired upper bound for G} with

20% + a /b
0= ———
1+ a2

Similarly, Equation (5.8]) ensures that

and b, = b+ (K/8)e2.

. 20u
Gi(u,v) > vk(u) with k(u) = o 1 - Ke2
Obviously, if e is small enough, k(b) > 0, k() < 0 and k is decreasing. Thus, if @ is the
unique zero of k£ on (b, ), then one can choose

u—+b
we="2" y=ku) and 7 =k(a).
To get a simpler bound in the sequel we can even set ¥ = k() V 1. O

Finally, define H?(y,v) = G?(u,v) = —(u — a) and HY(u,v) = GY(u,v) = —v and
introduce the PDMP (U, V', I) where I = I is the switching process of (U, V,I) and (U, V)
is driven by H? and H' instead of G° and G'. From Lemma [5.3.5 we get that

Uy <Uy and Vi<V, (t20)

assuming that (Uo,ffo,fo) = (Uo, Vo, Ip). The last step is to study briefly the process
(U,V,I). Let us firstly notice that if A;/)\g is small enough, then (Iy,Us) spends an
arbitrary large amount of time near (1,b.) (and b. can be assumed smaller than wu, if € is
small enough). Thus

1. V, 1 [t . B
;g 75/0((7+7) (I=10,<u} — 1) d8

since 4 > 1. The right hand side converges almost surely to a positive limit as soon as
A1/Ao is small enough. This implies that V' cannot be bounded by e forever.

Corollary 5.3.6. If \i/)\g is small enough, the process (X,Y,I) admits three ergodic
measures.
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